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Preface 



This textbook is intended for an intermediate course in optics. It can be 
used for a course running through either one or two terms. Some familiarity 
with electricity and magnetism, at the intermediate level, and some knowl- 
edge of calculus, vectors, and complex numbers are prerequisite. 

In the collection and organization of material for this book certain topics 
that have been popular in other textbooks have been omitted — mainly topics 
that the student will encounter in subsequent courses in modern physics and 
in spectroscopy. And only the very beginning of crystal optics is included. 

On the other hand, various short topics of lively research interest appear 
later as appendices. These are intended to give the student the flavor of cur- 
rent activities and interests in our field. The appendices may be used inform- 
ally, simply as reference material, or may be incorporated formally by the 
instructor. 

The problems have been devised to serve as work incentives for the serious 
student. The student who works them out will assure himself of a full under- 
standing of the material covered in the text. And furthermore, many items of 
optics that are not presented in the main body of the text are revealed in 
the problems. 

The mathematical treatments are largely restricted to the limiting cases 
where qualitative validity can be retained with little or no quantitative com- 
promise. This restriction facilitates the exposition of the concepts of classical 
optics with the minimum of concern for mathematical details. The use of 
complex numbers, and the vector representation of them, further simplify 
the mathematical expositions. 

Many of the problems are designed to be solved by such methods as are 
used in the text. By these methods, which we may characterize as the mathe- 
matics of modest rigor, transcendental and irrational functions, when their 
arguments are much less than unity, are reduced to simple algebraic form by 
series expansions. Any fluency that the student can acquire in the application 
of these methods will advance his power in physics generally. 
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Optics has been a mother of concepts to both experimental and theoretical 
science. On the side of appreciation, there are many beautiful patterns of 
color to be seen in optical experiments. On the other side, physical optics 
has moving mysteries in its theoretical structure. And a practical knowledge 
of geometrical optics is necessary for effectiveness in any applied science. In 
short, optics is the most important background science — even if, currently, 
it appears to have yielded to particle physics in philosophic popularity. 

I wish to acknowledge Mrs. Elsa Clark's indispensable help in preparation 
of the manuscript. I am indebted to Henry Fisk Carlton for teaching me 
much about writing. And finally, I need especially to acknowledge the gener- 
ous understanding and vigorous cooperation of my publisher during all the 
ordeal of getting this manuscript ready and in press. 

^ 7 JOHN STRONG 

October 1957 
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Introduction 



"The more I dive into this matter of [optics] and push my researches up to 
the very spring head of it, so much the more am I impressed with its great 
honorableness and antiquity; and especially when I find so many great demi- 
gods and heroes, prophets of all sorts, who one way or another have shed 
distinction upon it, I am transported with the reflection that I myself belong, 
though but subordinately, to so emblazoned a fraternity." (From Chap. 
LXXXII of Melville's Moby-Dick.) 

Thus goes Ishmael's testimony of enthusiasm for whaling, paraphrased to 
apply to our science. 

A short history of optics appears below to afford us at least a minimum 
setting for subsequent expositions. Here the names of our heroes, and the 
incidents by which they gave our science its honorableness, can only briefly 
be mentioned. 



1 . Optics in Ancient Times 

If the ancients failed to reach the heights in optics, the most sophisticated 
of their sciences, that they reached in art, in literature, and in law, it was 
not because of any lack of talent of the type that is effective in science today; 
rather it was because then man did not have the scientific method. The scien- 
tific method did not exist until much later, notably after Bacon and Galileo 
had lived. By virtue of our inheritance of it and of the experimental revela- 
tions that that method accredits, we now enjoy transcendent appreciations 
of light and color. Because of the scientific method we ourselves may be able 
to embellish the present structure of optical science with contributions that 
can last throughout all time to come, even though we may not have the 
intellectual power of those great Greeks, and even if we live in an age too 
late to participate in the establishment of basic concepts. 

In its ancient beginnings, optics as a science consisted mainly of the law of 
reflection, enunciated by Euclid (300 B.C.), and a first approximation to the 
law of refraction, as expressed by Ptolemy of Alexandria (70-147 a.d.). 
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Ptolemy measured the angles of incidence and refraction of light rays at 
air-water, air-glass, and water-glass boundaries. From his measurements (un- 
usual at that time of experimental sterility) Ptolemy stated that, for a given 
boundary, the ratio of his measured angles was a constant. We know now 
that his statement is only an approximation, and that it is rather the ratio 
of the sines of his angles which is constant. 

Although ancient science was weak, from the lack of experiments, the 
ancients knew empirical optical properties of crystal spheres, such as were 
used as magnifiers by engravers to facilitate their art, as well as properties of 
plane and curved metal mirrors. Aristotle (384-322 b.c.) recognized that 
rainbow colors were due to droplets of water. Also, Seneca of Rome (from 
4 b.c. to 65 a.d.) recorded the colors that are produced from white light when 
it penetrates a glass prism, leaving it for Newton to show that a second prism 
can be used to recombine those colors and thus reconstruct white light from 
them. 

In ancient times the Platonists (Plato, 427-347 b.c.) speculated that vision 
was due to a "divine fire," a stream of particles emitted by the eye, and that 
the particles, after combination with solar rays at the object seen, returned 
to the eye to give it its perceptions. There is, indeed, in a very real intuitive 
sense, something projected out and away from the eye; that something, how- 
ever, is not a stream of particles but a projection of geometry. No doubt the 
ancient "divine fire" or tactile theory of vision satisfied a compulsive need to 
believe that in some way the eye must touch the objects around us that it 
helps the mind to perceive so nicely. This feeler-emission explanation retained 
some repute through many centuries — until the Arabian physicist Alhazen 
(965-1020) finally effectively banished it. 

Aristotle's contrasting proposal was that light was an activity in a medium. 

Various forms of these opposing views have oscillated. The pure or modified 
idea of Platonic particles dominated over Aristotle's proposed activity until 
Hooke (1635-1703) as well as Huygens (1629-1695) brought forth activity 
ideas anew. However, Newton's (1642-1727) influence brought the particle 
theory to dominance soon thereafter. It was sustained until Young (1773- 
1829) and Fresnel (1788-1827) established the wave theory, confirmed by 
Foucault (1819-1868). Now, finally, in our present century, it has become 
necessary again to ascribe to light emanations some of the properties of 
particles as well as waves. 

2. From the Dark Ages to the Renaissance 

In spite of the fact that the first organization of optics in ancient times 
was an effective start, all scientific progress vanished in Europe with the 
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beginnings of the Dark Ages. This period extended roughly from the sack 
of Alexandria (389 a.d.) to the thirteenth century— after Arabian political 
power declined, the European cultural heritage was recovered from the Arabs. 
The Dark Ages began to end in Europe as men began to give priority to the 
direct knowledge revealed by experiment, as contrasted to the sophistry 
of pedants, based on established writing. Precursors of the coming rebirth of 
science appeared in the writings of Friar Bacon (1214-1294). This was also 
the time of St. Thomas Aquinas (1227-1274). 



3. The Seventeenth Century 

Although a full history of the revitalization of our science would mention 
the writings of Leonardo da Vinci (1452-1519) and Giambattista della Porta 
(1538-1615), and historical incidents of early times, the events of the rebirth 
of optics are largely a recapitulation of the works and discoveries of but a 
few personalities: Kepler (1571-1630), Snell (1591-1626), Grimaldi (1618- 
1663), Bartholinus (1625-1698), Huygens (1629-1695), Roemer (1644-1710), 
and, above all, Galileo (1564-1642). Their works and discoveries aroused the 
wide interest that never thereafter waned. The discoveries in the beginning 
years of the seventeenth century in astronomy were particularly significant 
in this regard : the rotation of the sun as revealed by sunspots, the mountains on 
the moon, the phases of Venus, the satellites of Jupiter, the stars in the 
Milky Way, the rings of Saturn and satellites of Saturn. Except for Cassini's 
(1625-1712) discovery of the satellites of Saturn, and Huygens' participation 
in the clarification of observations of Saturn's rings, all these discoveries were 
made by Galileo. 



4. The Eighteenth Century 

The eighteenth century was introduced by Newton's publication of his 
Optics (in 1704). Nothing can be said about this book that is both brief and 
adequate. The student should read Einstein's Foreword, Whittaker's Intro- 
duction, Cohen's Preface, and Roller's Analytical Table of Contents, as well as 
Newton's own advertisements of the first and subsequent editions of this 
imagination-moving masterpiece; these writings are available, all together, 
in a Dover publication. 

The eighteenth century is notable also for an optical discovery born of 
effort to terminate controversy that had been started by Galileo — the con- 
troversy between proponents of the Copernican and of the Ptolemaic concepts 
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of the planetary system. Although the discovery of Jupiter's satellites and of 
the gibbous phase of Venus of the previous century had played a large role 
to effect acceptance of the heliocentric system of Copernicus, an important 
expectation as a consequence of the theory of Copernicus (1473-1543), not 
required by the older system of Ptolemy (loc. cit.), and not yet observed, 
was an annual parallax of the near stars as seen against the "backdrop" 
of those farthest away. If the Copernican idea was the true one, it was 
argued, astronomers should observe an annual parallax produced by the 
earth's motion around the sun. Indeed, Bradley (1693-1762) was searching 
for just this required annual parallax when he made the century's most 
fruitful optical discovery. Instead of this parallax, he discovered (in 1728) 
a parallax-like annular motion, but it was arrayed in the wrong direction. 
He explained this manifest annular motion (the same for all stars) as the 
aberration of light. Bradley was thus able to confirm Roemer's as yet un- 
accepted velocity, which had been derived from the irregularity in eclipses 
of Jupiter's moons, measured a half century earlier. Bradley never found the 
annular stellar parallax he had sought because of its extreme smallness. 
That parallax was not a reality until Bessel (1784-1846) found it in 1838. 
Even the nearest star, Proxima, at 4.3 light-years distance, has an apparent 
annual movement among the fixed stars of less than one second of arc. 

The most important optical invention of the eighteenth century was the 
achromatic lens; Hall's (1703-1771) unpublished realization of it was in 1730, 
and Dolland's (1706-1761) patent was in 1757. 



5. The Nineteenth Century 

The unequivocal establishment of the wave nature of light came with the 
beginning of the next century. The experiments that established it, by Young 
in Scotland and Fresnel in France, accelerated the development of our science 
to its liveliest pace yet. And soon afterward the new light waves were estab- 
lished as being transverse in character. 

Before the century was half expended, manifold new experimental results 
had been consolidated in beautiful theories; and, for example, the science of 
crystal optics had been established. 

At mid-century Newton's persistently accepted and long established con- 
cept of light as corpuscles was finally contravened by Foucault's measure- 
ments of the velocity of light in both air and water. (It was his doctor's 
thesis.) Foucault's measurements gave final support to the critics of the cor- 
puscular concept — critics that included the mathematician Euler (1707-1783) 
and our own philosopher-statesman, Benjamin Franklin (1706-1790). 
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It was during these mid-century times that Faraday's (1791-1867) discov- 
ery of the connection between light and magnetism became, as Sommerfeld 
(1868-1951) has put it, "an impressively strong hint of the electromagnetic 
nature of light." And, indeed, Faraday himself sensed the meaning of that 
hint. 

The nineteenth century saw a continuing development of theory, generally 
following, but often transcending, the requirements of experiment. Those 
developments had their culmination in Maxwell's (1831-1879) equations for 
electromagnetic radiation and in the Lorentz (1853-1928) electron theory of 
matter. 

Experimentally, the nineteenth century saw Hertz (1857-1894) generate 
electromagnetic waves, and discover the photoelectric effect. 

6. Our Own Times 

Hertz's experimental discoveries of the waves predicted by Maxwell tight- 
ened the coherence of our science; however, a by-product of this discovery 
led to disruptive perplexities — the perplexities that came from further study 
of the photoelectric effect, which Hertz also discovered. 

In addition, other perplexities arose: for example, the disparity between 
the predictions of thermodynamics and the measurements of heat radiation. 
New spectroscopic observations created other mysteries. And, finally, the 
negative results of the experiments of Michelson (1852-1931) and Morley 
(1838-1923) created still further theoretical frustrations. 

But with the coming of our own century, these difficulties and frustrations 
were resolved finally by means of the quantum ideas of Planck (1858-1947), 
Bohr (1885- ), and Einstein (1879-1955), and by Einstein's concept of 
relativity. 

7. The Future 

What, then, shall we, or our children, expect with the beginning of the 
next century? Do we now see all the fundamental structure of our science 
fully erected, or will Ishmael's maritime philosophizing, quoted below, again 
apply? 

"Hardly have we mortals by long toilings extracted from the world's vast 
bulk its small but valuable sperm; and then, with weary patience, cleansed 
ourselves of its defilements, and learned to live here in clean tabernacles of 
the soul; hardly is this done, when — There she bloivs! — the ghost is spouted up, 
and away we sail to fight some other world, and go through young life's old 
routine again." (From Chap. XCVIII of Melville's Moby-Dick.) 



Chapter \ 

Light as Wave Motion 



Some of the philosophers of the seventeenth century, in thinking on what 
must come to the eye from a luminous body to excite the sensation of light 
and color, pictured light as a wave motion. 

Robert Hooke was a notable proponent of this picture. But it was one 
thing for him to have the idea that light was a wave motion, and quite an- 
other to give that nascent idea sufficient substance to make it a significant 
contribution to physics. 

It remained for Christian Huygens to come forth with sufficiently specific 
ideas to establish the wave concept of light as an hypothesis subject to validifi- 
cation. Huygens' ideas were generalizations of his notions about a mechanism 
by which a wave motion would propagate or advance on the surface of water; 
a notion which was inspired, no doubt, as he watched and contemplated ex- 
panding ripples as they propagated across the surface of a Dutch canal. 
Huygens generalized his notions of the explanation of the progress of a two- 
dimensional wave front on a water surface, to the three-dimensional medium 
in which he imagined light propagated, which he called ether. 

Huygens pictured a mechanism by which a later form of a wave front 
could come out of an earlier or preceding form; and with his mechanism he 
could explain the rectilinear propagation of light. In particular, he advanced 
an argument to show how light could be a wave motion and at the same time 
not travel around and behind obstacles, as water waves and sound waves do. 
And, in addition, Huygens' mechanism explained the law of reflection of 
light, as at a mirror surface, and the law of refraction, as at the surface of a 
lens. 

After these early successes of Huygens, and even after later interference 
experiments of Young and Fresnel in the beginning 1800's, a strong case 
indeed was made for explaining light as wave motion; but it was not clear 
that the wave motions implied were transverse, not longitudinal. From 
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Huygens' time until the middle of the nineteenth century, and even after 
the experiments of Young and Fresnel, the wave concept was not generally 
accepted. Sir Isaac Newton was the most notable among those who greatly 
influenced the sustained opposition to it. Newton believed that light was some 
kind of corpuscular emanation. 

We shall see below how both Newton's notions of light as corpuscles, as 
well as Huygens' concept of light as a wave motion, equally explain the law 
of reflection, as at a mirror surface, and the law of refraction, as at the surface 
of a lens. But between these equal explanations there was a great difference. 
Newton's notions required the corpuscles to propagate faster in glass or water 
than in air. In contrast Huygens' ideas required just the reverse, that the 
waves propagate less quickly through glass or water than through an equal 
path in air. It remained in 1850 for Foucault to measure the relative velocities 
of light both through air and through water; and the result of his experiment 
was decisively in favor of Huygens' wave ideas — he got an inferior velocity 
in water. 

But opinions do not always quickly accommodate themselves to new facts. 
Such was the case here. This philosophical inertia is apparent in a report on 
the opinion of 1853 that appeared in the October issue of The Scientific 
American of that year: 

"There are in vogue two theories by which the phenomena of light are 
explained, the one that of Descartes, Huygens and Euler, commonly called 
the undulatory theory, the other that of Newton and Brewster, known as 
the theory of emanations. Both are unsatisfactory in certain respects. The 
advocates of the undulatory theory maintain that light is in all respects 
similar to sound, and the colors are compared to the notes of an octave. 
But, carrying out the parallel with sound, what would be the result if an im- 
mense multitude assembled together were each at the same time to shout 
with a different cry? Would a listener be able to hear distinctly the voice of 
any one? Most certainly not; yet gazing among the myriad orbs which spangle 
the starry vault, the eye can readily single out the smallest, whose light is 
sufficient to affect it, and contemplate it, untroubled by the light of the more 
powerful luminaries shining in other parts of the heavens." 

1-1. Huygens 3 Ideas 

Mach sets forth Huygens' ideas in an unimprovable manner in his classic, 
The Principles of Physical Optics. We can do no better than quote him:f 

t From Ernst Mach, The Principles of Physical Optics. Reprinted with the permission 
of Dover Publications, Inc., New York. Mach gives an excellent account of the history of 
the concepts of optics. As he puts it in his Preface, "I hope that I have laid bare, not 
without success, the origin of the general concepts of optics and the historical threads in 
their development, extricated from metaphysical ballast." 
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"The medium in which light is propagated cannot be the air, since light 
passes through a Torricellian vacuum, which is impermeable to sound. It 
was more likely to be a medium which can readily permeate all matter, con- 
sisting also of elastic particles able to impart their impulse one to another. 
Their elasticity, according to Huygens, was afforded by their being composed 
of still smaller elastic particles, and so on, a conception which appeared 
quite plausible to Huygens. He illustrated the transference of impulse by a 
row of contiguous elastic spheres, for which a velocity imparted to the first 
is transferred in a short, but finite, time to the last, all the intermediate 
spheres remaining at rest. Such impulses may traverse the series in opposite 
directions simultaneously, and cross one another. 

"The conception of a regular sequence of equidistant waves sent out by 
the source of luminosity was alien to Huygens; in fact he explicitly refuted 
the idea of a periodicity analogous to that of sound waves. His conception 
of light waves was rather of an irregular succession of isolated pulses, whose 
effects only become noticeable when several of the weak individual impulses 
coming from different centres add up or unite to form a stronger wave. 
Impulses such as these are imparted not only in one direction along a straight 
line, but to all the particles in contact with the pulsating one. Thus in general 
the spreading out occurs simultaneously on all sides spherically. 

"These conceptions give a method of derivation of the optically effective 
waves from the 'elementary waves'; this has been designated the Huygens 
principle." 

We can best understand Huygens' principle by applying it to a spherical 
wave front expanding about a source point as it propagates through the ether. 
At some prescribed instant of time we consider that this parent spherical . "£5^ 
wave front instantly disappears, and in its stead a myriad of daughter wave- 
lets appear, one from each elementary surface area of the parent wave front 
surface. These daughter disturbances themselves expand as spherical waves 
in the ether. According to Huygens' principle the disturbances that the ad- 
jacent daughter wavelets produce are only manifest as a resultant disturbance 
on their common forward envelope. Elsewhere, not on that envelope, the 
disturbances produced by isolated daughter wavelets are to be ignored. Thus 
Huygens imagined two transformations as continuously taking place: A 
fission transformation of a parent wave front into a myriad of daughter wave- 
lets; and, inversely, a fusion transformation of these wavelet motions along 
the common envelope, at a later time, back again into a subsequent single 
wave front. 

The bow of a small boat passing along a canal or pond produces a succession 
of disturbances, or Huygens' wavelets, which thus combined produce its 
V-shaped wake. In the case of this boat the legs of the V on the water surface 
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FIG. 1-1 Huygens' wavelet envelope, illustrated by waves on a surface of water. 



represent the common surface envelope of the disturbances recently produced. 
In the case of light Huygens conceived that the individual wavelets which 
do not lie on such a common envelope, and are not thus reinforced by neighbor 
wavelets, were too feeble to be seen. 

Fig. 1-1 illustrates an application of Huygens' common-tangent construc- 
tion. Here a surface wave front has struck an aperture in an opaque obstruc- 
tion, and the figure illustrates the conceived daughter wavelets that were 
then formed. Beyond the aperture their common tangent extends only from 
D to B. Similarly, in the case of light, an observing screen placed beyond an 
aperture is predicted to show full light within the silhouette of that aperture, 
with a sudden transition to darkness at its border. However, when such a 
silhouette is examined for its fine details it is found to be bordered by Fresnel's 
diffraction fringes. Therefore these predictions, based on Huygens' construc- 
tion, cannot be closely relied upon. They are correct, however, in first approx- 
imation, as everyone knows from seeing the projected pattern of a window 
when the sunlight falls on an opposite wall through it. Huygens' common- 
tangent constructions were matured by the physicist Fresnel; and his theo- 
retical method of summing Huygens' wavelets gives a more successful 
description of such a silhouette border, including its fringes. As we shall see, 
Fresnel's mathematical methods were further refined by Kirchhoff . In Kirch- 
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hoff's modification we have a theory which gives enormously more detail 
than Huygens' simple graphical construction of the common-tangent, or 
Fresnel's more sophisticated method of wavelet summation. But even with 
these refinements the theory is still not completely true, as a determined 
comparison of its predictions with careful observations will show. We shall 
concern ourselves later extensively with both the Fresnel and Kirchhoff 
refinements over Huygens' common-tangent construction ; but for now, let us 
see how his primitive graphical construction gave substance to the wave 
concept of light, as first proposed by Hooke. 

Fig. 1-1 illustrated Huygens' demonstration of straight-line propagation 
on a water surface by means of a common-line envelope. Fig. 1-2 shows the 
construction generalized to the case of light, by means of a common surface 
envelope. The envelope, in each case, extends only so far as adjacent wavelets 
intersect on a common line or surface. In so far as we take it that the wavelets 
which are not tangent to this common envelope are "too feeble to produce 
light," this construction predicts darkness beyond the straight-line projec- 
tions of the aperture; in other words, Huygens' construction predicts the 



FIG. 1-2 Huygens' wavelet envelope as applied to light waves in an extended 
medium. 
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FIG. 1-3 Reflection of surface waves. 



straight-line propagation of light. Huygens must have regarded this demon- 
stration with some satisfaction. Alone it was a satisfactory result since 
straight-line propagation does not seem compatible with wave motion as we 
know it from water waves and sound. But Huygens' thinking along these 
lines yielded more. 

Fig. 1-3 shows a water wave, reflected by the two-dimensional counterpart 
of a mirror. Huygens' principle predicts the law that the angle of reflection is 
equal to the angle of incidence: Zi = Zr. 

Fig. 1-4, similarly, shows a water wave that is refracted at a boundary 
where the wave velocity changes. In the case of a water surface this velocity 
change may be produced by a shelf where the water depth becomes quite 
shallow. Fig. 1-4 may be taken as a sectional representation of an extended 
light wave refracted at an air-glass interface. Huygens' principle, here, pre- 
dicts Snell's law of refraction — that the ratio of the sine of the angle of inci- 
dence, sin i, to the sine of the angle of refraction, sin r, is a constant. 

Fig. 1-5 demonstrates how these laws of reflection and refraction are pre- 
dicted from Huygens' principle. In Fig. 1-5 we divide an incident plane parent 
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FIG. 1-4 Refraction of surface waves. 



FIG. 1-5 Huygens' construction applied to reflection (a) and refraction (b). 
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wave front into only a few elements, and instead of taking a myriad of wave- 
lets as being generated simultaneously, we take only these few daughter 
wavelets. We consider these daughter wavelets generated successively as the 
elements of the parent wave front successively arrive at the reflecting or 
refracting surface. 

In reflection, Fig. l-5a, the interval of time from first contact of the wave 
front on the glass until the final contact of the last element is the same as 
the interval from generation of the first wavelet until the final wavelet is 
generated. Because of this equality the reflected wave front is oriented such 
that AD sin i — AD sin r, and Zr = Zi. 

In refraction, Fig. l-5b, the interval of time from first contact until final 
contact of the last element, for the incident wave front, is the same as the 
interval from generation of the first wavelet until the last wavelet is generated 
in the glass. Because of this equality the refracted wave front is oriented 
such that corresponding distances in the figure, AD sin *, and AD sin r, 
after they are divided by appropriate velocities, v and v g , are equal. Thus 

AD sin i AD sin r sin i v _ v 

— = or — — = — — iv 

v v a sinr v„ 

Huygens' construction requires v > v g since experience shows i > r. The 
ratio of velocities is the index of refraction, N. 



1-2. Newton's Ideas 

The above relations between angles of incidence and reflection and angles 
of incidence and refraction can be differently arrived at by means of Newton's 
concepts. Newton conceived of light as an emanation of corpuscles, rather 
than as waves, and reflection and refraction as altered straight-line corpuscle 
trajectories. He conceived the trajectory alterations occurring on refraction 
at a boundary between different homogeneous media, such as a polished 
glass-air boundary surface, as due to unbalanced short-range forces of attrac- 
tion exerted on light corpuscles by the glass near its surface. As these short- 
range forces were conceived, they were much like van der Waals forces as we 
now know them. Corpuscle trajectories within such a medium were, of course, 
straight lines, since the corpuscles were subjected to balanced forces. When 
the light particles or corpuscles were incident from the outside, and the light 
was reflected rather than refracted, Newton conceived of an opposite action, 
namely, unbalanced short-range forces of repulsion. Newton avoided the 
difficulty inherent in thus explaining simultaneous reflection and refraction, 
at external incidence, by his proposal that the glass periodically assumed 
"fits of repulsion, and fits of attraction." 
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In either case the resultant force acting on one of Newton's corpuscles was 
always directed normally to the air-glass surface because, in an isotropic 
material like glass, there would be no asymmetry to give this force a compo- 
nent parallel to the glass surface. Since a force directed normally to the reflect- 
ing or refracting glass surface could not change the parallel component of 
corpuscle velocity, Newton's unbalanced forces only altered the perpendicular 
velocity component. 

In reflection, the perpendicular component of corpuscular velocity is simply 
reversed. On external incidence, the reversal at reflection required the repul- 
sive forces between glass and corpuscle. On internal incidence this reversal 
required the attractive forces. Fig. l-6a shows the ^-component of velocity 
reversed by surface repulsive forces, with the ^-component unchanged. Thus, 
on reflection, the angle of reflection is predicted to be equal to the angle 
of incidence. 

As for refraction, the energy of an externally incident particle falling under 
the influence of the short-range attractive force near the glass surface would 
be expected to increase by the amount /5v dy, where $ y is the perpendicular 
component of unbalanced force. This integral is, of course, independent 
of the angle of incidence. Fig. l-6b shows the perpendicular ^-component 
of corpuscle velocity increased by Newton's postulated short-range verti- 
cal forces, the ^-component of velocity being unchanged. Expressed quanti- 



F I G . 1-6 Newton's corpuscular concept applied 
to reflection (a) and refraction (b). 
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tatively, v Q sin i = v a sin r. In contrast to the Huygens result Newton's ideas 

give -* = N : 

sin i _ Vg _ „ 
sin r vo 

Thus the attraction of the glass surface for Newton's corpuscles leads also 
to Snell's law of refraction. But whereas Huygens' deduction of Snell's law 
requires v g < v , Newton's deduction requires v g > vo. As we pointed out 
before, Foucault's measurements of the relative velocity in air and water 
showed v g < v . Accordingly, here we shall follow Huygens' rather than New- 
ton's ideas, and treat light as a transverse wave motion. 

1-3. Complex Numbers^ 

In our development of the concept of light as a transverse wave motion, 
our discussions will be greatly facilitated if we use complex numbers. This 
use of "complex" mathematics is not intended to make the subject arbitrarily 
difficult — we use complex numbers because optics is inherently complicated 
and their use makes substantial simplifications in the mathematical exposi- 
tions. Once understood, the use of complex variables frees one to think with 
more facility about the physical concepts of the science, without a distracting 
concern with mathematical details. 

The reason why the use of complex variables simplifies mathematical expo- 
sition in optics is not far to seek. In order to describe a wave motion we have 
to describe both its amplitude and the phase or "timing" of its oscillations. 
It is because complex numbers are double numbers that they are appropriate 
here. When we write a complex number in exponential form, its scalar coeffi- 
cient can express the amplitude of wave motion, while its imaginary exponent 
can express its phase. And in addition to this appropriateness complex num- 
bers obey the laws of ordinary algebra, and in their exponential expressions 
they are easily integrated and differentiated. This appropriateness and facility 
combine to endow our quantitative expositions in optics with an awesome 
beauty, and not a little mystery. We shall first apply the exposition of complex 
numbers to simple harmonic motion; then to mechanical waves in a string; 
next to waves in a surface; and finally to mechanical wave motions in an ex- 
tended medium. In Chapter III we shall recapitulate the theory of electro- 
magnetic waves, applying our complex number exposition. 

Ultimately we shall use complex notation in the addition of the myriads 

t For an excellent intuitive account of the use of complex numbers see E. A. Guillemin's 
Communication Networks (John Wiley & Sons, New York), Vol. I, Chaps. I— III. 
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of Huygens wavelets to determine their effect in aggregate; or to determine 
when the segments of wavelets, in the aggregate, are indeed "too feeble to 
produce light" Such additions take account of both the strength and phase 
of the added wavelets, as Fresnel did; and furthermore our addition of wave- 
lets will incorporate all the finesse that was introduced by Kirchhoff. 



1-4. Simple Harmonic Motion 

Fig. 1-7 shows a damped oscillating mass. Here the mass is mounted on a 
spring and constrained so that it can move only in a vertical direction (x of a 
coordinate system). A dashpot introduces a frictional restraint to its motion, 
which restraining force is proportional to the velocity of motion. And in addi- 
tion, we suppose that the mass is driven by a periodic force of $ cos at newtons. 
Although later we shall use the symbol m for mass, for the present we repre- 
sent mass, in kilograms, by the symbol X. The spring restraint is described 
by a compliance, t, expressed in meters of displacement of the mass per 
newton of applied force. The damping coefficient p is expressed in newtons 
per meter per second of velocity. We write down the equation for the equi- 




FIG. 1-7 Model of a damped harmonic oscillator 
(a), and the electrical analogue, an LRC-series cir- 
cuit (b). 
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librium of forces acting on the mass to get a differential equation whose 
solutions will describe its motion. The expression (a), below, equates the sum 

of the inertial force X -3-5-. the f rictional force p —, and the spring restraint -, 

to the periodic driving force ;7 cos cot. 

. d?x , dx , x 

x de +p di + y = * coslat ( a ) 

Here to is the angular frequency in radians per second (being 2t times the 
frequency of oscillation v, in cycles per second) and t is the time. 

Since it is our purpose to use complex numbers, we transform this equation 
into a complex equation before solving it. We imagine our mass identically 
constrained along an imaginary but independent direction (y), and driven 
by an imaginary periodic force in phase quadrature with our former force. 
The equation expressing force equilibrium for this imaginary case gives a 
second similar differential equation. We signify the imaginary character of 
each of its terms, in the expression (b) below, by incorporation of a factor 



&(jy) j_ d(jy) , (Jy) 
7 

The sum of the two equations above is 



X d? +p-M- + —=J$smcot (b) 



. d 2 ® dw , W ^ 

x * +p * + ^ = /? («) 

where W is the complex number W = x + jy, and where P, also complex, is 
F = 5 (cos cot + j sin tot), ff, a scalar quantity, we call the amplitude of the 
oscillating force, f 

We are now involved in a mathematical "circumlocution." Our real differ- 
ential equation (a) is buried in the complex equation (c), involving the com- 
plex numbers W and P. We may recover our real quantities whenever we wish 
by applying the operation symbolized by 1$, discussed below. It will develop, 
as we proceed, that many practical advantages inhere in using this "circum- 
locution." 



t Here and subsequently we shall use a super tilde to indicate that a symbol represents 
a complex number. Examples are w, F, V, d, f, £, and z. An italic symbol without the 
tilde, such as F or V, represents the real part of the complex number; for example, 
F =tfF = I><F<3*»* = JF cos cot 
V = fyV = I$W»« = V cos td 

Finally, script symbols, such as JF and V, represent scalar or static quantities, such as 
the amplitude of oscillating or o( complex quantities. 
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We differentiate both sides of equation (c), getting the equation below, 
which we solve for the velocity, v = — • 

rl T) fff) /5 

X d? + p dt + y- j ^ e>M=jl " F (d) 

The steady state solution of (d) which interests us here is 

v = v Q e> ut (e) 

Here i> is a complex constant. If this solution, V, and its derivatives are sub- 
stituted in the differential equation (d), we get 



v = 



Or, multiplying both sides by e 3 '" 1 , the ratio of F to d is a complex number, 3, 
which depends on the constants of the motion and the frequency of the 
driving force. 

?.,. p+i ( aX _±) (g) 

Now this complex number is quite analogous to the ratio of V to t in an 
L-R-C electrical circuit. When V = V^ al is an alternating electrical poten- 
tial, written in complex notation, and t is the alternating current which it 
produces, similarly written, then their ratio, z, is a complex number which 
depends only on the circuit constants and on «: 

f = z = «+;( M L-i) (h) 

z is called the electrical impedance, and analogously, in our oscillator problem, 
% is a mechanical impedance. Corresponding terms and expressions appear 
in Table 1-1 to illustrate this analogy. R is the electrical resistance and p the 
corresponding mechanical resistance. X is the mass, which corresponds to 
the electrical self-inductance L. And finally, the electrical capacity, C, and y, 
play similar roles in these analogous problems. 

At the resonance frequency co where co L = — -p., or cooX = — > the imped- 

a>oC coo7 

ances, z and d, become real. The frequency of the driving potential, or of the 

driving force which produces resonance, is co = , — > or «o = , — • 

*vLC VX-y 

The maximum velocity, and its phase or timing, may be written by the 

product of a scalar coefficient and a complex exponential. Thus the complex 
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TABLE 1-1 



L-R-C 

L — inductance 

R — resistance 

C — capacitance 

q — charge 

t — current 

z — electrical impedance 

V— -\ 

^electrical potential 



S-H-M 
X — mass 
p — resistance 
7 — spring compliance 
HO — displacement 

— velocity 

% — mechanical impedance 

1 -,+,•(,* -i) 

^mechanical force 

$ —J 



velocity is written 

= voei^-f') (i) 

The value of <p is easily obtained if we write I as a complex exponential. 

We divide and multiply I by 3 = Jp 2 + (coA - — Y, writing £ = cos <p and 

(.X -±) 

^ ■r ml = sin <p. Then 

5 = d (cos v? + j sin ^?) = de-'*' 

P $ 

and from = r-, writing v for -, we get the expression (i) for 0. <p is the phase 

angle by which the phase of lags the phase of P. The dependence of <p on w is 

^ = tan-^l— — S2J 

V? becomes zero and the velocity and driving force are in phase at resonance. 
If we want now to know the mechanical displacement tf>, rather than the 
velocity 0, we may integrate just as we would integrate I in an electrical 
problem to get the electrical charge q. This is particularly easy in the case 
of our exponential exposition. Neglecting the constant of integration, 



• -/ 



dt = ~ &'<*-*> 
3<* 



dx 



As mentioned above, our real displacement x, or the real velocity j?, lies bur- 
ied in the complex displacement W, or the complex velocity 0. To uncover x, 
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FIG. 1-8 Maximum displacement 

(solid) and phase (dashed) of an under- 
damped and critically damped harmonic 
oscillator. 
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or -r , we apply the operation of taking the real part of the corresponding com- 
plex quantity. We symbolize this operation by the druggist's prescription 
symbol ]$. 

x = ~Rj,w = — sin (cot — <p) = — sin (cot — <p) 

CO coo 

dx 3" 

— == Jtyv = y C os (cot — <p) — - cos (cot — <p) 

The dependences of the real displacement and <p on co are illustrated in Fig. 
1-8. 

The integrity of the real motion of a mass, buried in the complex notation, 
is uncompromised, while it is thus buried, when we make the regular algebraic 
manipulations, and integrate or differentiate. 

A special feature of tf> and f), which is of great use in optics, is that they may 
be represented as vectors in the complex plane. This representation has im- 
portant applications for adding oscillations. As an illustration, we represent 
two harmonic motions, together with their sum, as vectors in the complex 
plane in Fig. 1-9. In the illustration we suppose that a single mass is driven 
by two separate forces, $„£>'(<■><+ *>°) and SFte* <«*+»»). The corresponding motions 

Is. 

jood jcod 



will be W a = t 2 ^ ei^+v-fd and #6 = 7-7 e>" ( "*+»»-»»>. The real motions in the 



5 
steady state will be x a = fyw a = — f sin (cot + <p a 

coo 



<po) and x h = tfWi = 



16 



Light as Wave Motion 



[CH. i] 




FIG. 1-9 Vector addition of two complex num- 
bers, w a and w b . 



— sin {<at + <p b — <pd). It is as if we had solved two problems. The sum of the 

two solutions is of course a solution to our single differential equation and to 
our problem, so that the total steady state motion due to the two driving 
forces isx = x a + x b = ~fy(W a + W b ). 

A cardinal point in the use of complex numbers follows from the fact that 
the operation 1$, and operations of addition, are interchangeable: it is true 
not only that x = x a + x b = fyW a + ~fyWb] but x = T$W where w = w a + W b . 
Thus, we can add the two motions as complex numbers or complex vectors 
and later extract their real resultant. Thus Fig. 1-9 shows our w a and W b 
plotted in the complex plane, as well as the closing vector, their sum. The 
projections of these two vectors on the real axis of abscissa give the real com- 
ponents of motions, x a and x b ; and projection of W gives the real component 
of their sum, x. This graphical representation of complex numbers is much 
employed in optics. 



1-5. Polarized Waves in a Stretched String 

Continuing, we apply complex notation now to wave motions in a stretched 
string. Such wave motions may be thought of as the coordinated simple 
harmonic motions of the various elements of the string. We can generalize 
what we learn of string wave motions to wave motions in a drumhead or on 
water surfaces, thus introducing the treatment of wave motions in an extended 
three-dimensional medium. 

The description of the wave motions of a stretched string is inherent in 
the differential equation expressing the equilibrium of forces acting on an 
elementary length of it. The solution of this equation represents the coordi- 
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FIG. 1-10 Vertical forces acting on the 
element dz of a string, due to tension in it. 




z + dz 






nated simple harmonic motions of its segments. Fig. 1-10 shows a short seg- 
ment of a vibrating string and the deflected element of it that lies between 
z and z + dz. Here z is a coordinate that runs along the length of the unde- 
flected string. This coordinate axis is represented by a dashed abscissa line 
in the figure. We take the azimuth of the wave motion of the string to be 
in the xz-plane, with polarized waves in this azimuthal plane running toward 
larger and smaller z's; and we neglect friction for the present, to make our 
treatment simple. The deflection in the a^-plane in Fig. 1-10 is represented 
by the coordinate x. 

Let the tension along the stretched string be 5 , and consider that the de- 
flections are all small, so that &, the inclination of the string to the z-axis, 
is nowhere large, and so that horizontal forces acting on the segment will be 
equal and opposite. The horizontal forces are doubly equal, because & is small 
so that cos i? is very nearly unity on the one hand, and because z lies near 
z + dz, on the other. The vertical force (downward), at z, is 

So sin 0, ^ So (j£) 

At z + dz, the vertical force (upward) is 

(dx\ 
Tl 
°Z/z+dz 

Using the second derivative of x to express this force at z + dz: 

\Tz)z +d z = \Tz) z + {~d?), dz 

we subtract the upward and downward forces to get the net force on the ele- 
ment, arising from the string tension : 

S^x 
Hfoj^dz 

Since we have neither a driving force nor a friction force, we get the differ- 
ential equation for the motion of the string by setting this string tension force 
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equal to the inertial force. The inertial force is, of course, the product of mass 

d 2 x 
of the segment, ju dz, and its acceleration, —, where n is the mass per unit 

length for the string. Thus the differential equation becomes 

cFx = ti_&x = ±SPx 
dz 2 So dt 2 ~ v 2 dt 2 

As in § 1-4, where equation (a) was the real part of equation (c), we set 
W = x + jy, and make this equation the real part of the complex differential 
equation : 

d 2 W = ±cP® 

dz 2 ~ v 2 dt 2 

This differential equation has two steady state solutions at frequency co, 
which are significant here, and they can be shown to be solutions by differ- 
entiation and substitution back in the differential wave equation. These two 
solutions describe polarized waves that propagate along the string with veloc- 

ity v = */— • Together, these two solutions describe the composite total polar- 
ized wave motion of frequency co: 

a = w a + w b = aH' + $ + W"H) 

tyw = x a -f- Xb = A cos <w ( t + - j + B cos « ( t ) 

Here co = 2irv is angular frequency, and v is the number of complete vibra- 
tions per second at a particular point on the string. The two complex solu- 
tions Wa and Hbb, or their real parts, x a and x b , represent two waves, one propa- 
gating in one direction along the string, the other propagating in an opposite 
direction. A and B are the amplitudes of these two waves. 

We shall first discuss only one of these solutions, taking B = for the other. 



x = x a = A cos CO 



(-0 



When the phase angle, wit + ~)> is repeated, or when the phase angle is in- 
creased or decreased by 2ir, then or there the deflection, as well as the neigh- 
boring configuration of the string, is likewise repeated. 

We interpret Wa as representing a wave traveling to the left because 

x a = A cos co f t + - j defines a configuration at the place z lf and at the time 
h, which is the same as the configuration at a larger value of z at an earlier 
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time ■< ( ti + - 1 J = (h — At + - J > • Thus w) B represents a wave con- 
figuration traveling to the left. 

The maximum deflection at Z\ comes when (alt -{-—)= 0, or when it is 
equal to an even integral number of it's. Then x a = A and A is the amplitude 
of the wave. The minimum deflection at Z\ comes when w 1 1 + — J is an odd 
integral number of 7r's. 

The deflection and adjacent configuration is repeated whenever <a ( t + - j 

changes by 2ir or when v 1 1 + - 1 changes by ±1. First, considering the time 

Az 
fixed, the configuration is repeated wherever v — = ±1. This length incre- 
ment ±Az is called the wavelength, and it is symbolized by X. We previously 
used X for mass; but we now abandon this for its customary use, symbolizing 
wavelength. On substitution of X for ±Az we have \v = v. 

Next, considering a fixed point along the string, when v 1 1 + - J now changes 

by ±1, we have vAt = ±1. If we write r for this time interval, called the 

1 2tt 

period of the wave motion, we have t = - or w = — 

v T 

All these considerations apply similarly for A = and B finite. Then 

x b = B cos <al t V This equation describes a wave traveling to the right, 

since an increase of t yields the same configuration at an increased z. 

The kinetic energy of the element of our string, dz, due to such wave 
motions, is half of the product of the mass, m dz, and the square of the velocity, 

( j7 ) • Invoking x = A cos « ( t + - V we get for this kinetic energy 

i(,*)(|)*-^ V -o..(« + i) 

The time average of this kinetic energy is 

t f TjL 2 i A V Sin2 w + ~v ) dt = i mA V dZ 
In contrast, the energy of configuration of the same element of our string 
is equal to an integral from x — out to x. It is the integral of the product 

d?x 
of the restoring force, — 3F ~r- 2 dz, and dx. On averaging this integral over one 
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period of oscillation we get the same time average that we got before for the 
kinetic energy. And the sum of these average kinetic and potential energies 
gives a constant total energy for the element, 

in dz AW 

That is, the average linear energy density in the string due to its wave motion 
is equally divided between the energy of configuration of the string, or po- 
tential energy, and the energy of motion of the string, or kinetic energy. 
These energy densities are each proportional to co 2 , and also proportional to 
the square of the amplitude of motion. 

1-6. Velocities of Mechanical Waves 

The phases for our two solutions were o 1 1 ± - J — the + sign being as- 
sociated with waves traveling toward z = — <x> , and the — sign with waves 
traveling toward z = +<». The velocity of propagation in either case was v, 
and this velocity was determined by the square root of the ratio of a tension 
(or force term) and a linear density (or mass term) : 



° = ^ 



The velocity of transverse waves in an extended isotropic solid medium is 
also the square root of the ratio of a force term and a mass term. But in this 
case the force term is the shear modulus of elasticity of the solid, n, and the 
mass term is the density of the solid, p. The velocity of transverse waves is 



Vt = ^ P 



In 

These transverse waves are polarizable just like waves in our stretched string. 
And further, in an extended isotropic solid medium the velocity of longi- 
tudinal waves is the square root of the ratio of a force term and a mass term : 



Vl-yj- 



j k+jn 

Here the force term is more complex; it includes both n and the bulk modulus 
of compressibility of the solid, k. Longitudinal waves are, of course, not 
polarizable. 

For gases and liquids the shear modulus n is zero; and, therefore, transverse 

mechanical waves do not occur. For gases the bulk modulus k is — P where 

c 
P is the pressure and — is the ratio of specific heats. For a gas the density is 
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p = — where M is the molecular weight and V is the gas molecular constant. 

We invoke the ideal gas law, PV = (RT where T is the absolute temperature, 
and get 



R(RT 



Vi = 



Cy 



M 

for the velocity of the longitudinal waves of sound. 

Ripples and surface waves on water, such as originally inspired Huygens, 
afford a final category of mechanical waves to interest us. When the length 
of surface waves on water is large, the dominant restoring force is gravity; 
but when X is small, it is surface tension. In case the water is not too shallow, 
the velocity is given by 



V ~ \2t + X P 



Xp 

Here g is the acceleration of gravity, and a is the surface tension of the water 
or other liquid of density p. 



Chapter \ \ 



Superposition of 
Wave Motions 



In the preceding chapter we saw how the density of kinetic or potential 
energy along a stretched string, arising from wave motion, was proportional 
to the square of the amplitude of that wave motion. And, also, when we had 
the superposition of two transverse waves of the same frequency, expressed 
as complex functions, we saw how the aggregate wave motion was the sum 
of the complex functions representing the superimposed components. In 
this chapter we shall be concerned with the methods of determining such sums 
by vector addition in the complex plane. We shall see in the next and later 
chapters that these mathematical methods may be applied to light since it 
also is a transverse wave motion, being oscillations of electric and magnetic 
fields. The problems of mathematical expression and summation of such 
electric and magnetic field oscillations are the same as for the transverse 
mechanical waves in our stretched string. 

The superposition illumination that we see when two beams of the same fre- 
quency are superimposed is proportional to the square of the aggregate ampli- 
tude. Thus, two equal light wave amplitudes of opposite sign could cancel 
each other, and two equal waves of the same sign would add to give an aggre- 
gate amplitude twice as great as either component alone. In the first case we 
have the adding of light to light to get darkness, as Francesco Maria Grimaldi 
expressed it; and in the second case, with the doubling of amplitude, or quad- 
rupling of the illumination, we have an apparent violation of the principle 
of conservation of energy. The explanation of these matters is now also our 
concern. 

Two particular solutions for the differential equation of the stretched string, 
22 
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which we discussed previously, were characterized by the phases oo 1 1 + - 1 

and 03 (t ]• There is, however, no restriction on the phases we may take 

for our solutions, nor on the amplitudes. And, for that matter, azimuths of 
polarization along the string also are unrestricted. 

Although waves in the stretched string must run to the right or the left, 
waves in a drumhead, for which the equations are similar, can propagate in 
various directions in its plane. Propagation directions for waves in an extended 
medium are unrestricted. In a drumhead, all wave motions are restricted to 
lie perpendicular to the membrane, and are thus mutually parallel, irrespective 
of the direction of propagation. In contrast with these restrictions, transverse 
waves in an extended medium may have different azimuths of vibration as 
well as different directions of propagation. 

If, on the one hand, component transverse waves are in phase, we may get 
their sum from algebraic addition of the geometric vector components. On the 
other hand, when parallel displacements of geometrically parallel component 
transverse wave motions are not in phase, we can get the resultant wave 
motion by a vector summation in the complex plane. This is the vector addi- 
tion of the graphical representations of the complex numbers that describe 
the geometrically parallel component wave motions. In the general case, 
however, when component waves at a point are neither in phase nor parallel 
in displacement, owing to differing directions of propagation or azimuths of 
polarization, we must use both types of vector summation to get the resultant 
wave motion. The summation in geometric space of parallel components takes 
account of different propagation directions and polarization azimuths; the 
vector summation in the complex plane takes account of different phases. 
This general case is treated in § 2-5. 

2-1. Sum of Two Cosine Functions of the Same Frequency 

Let us consider the addition of two cosine functions representing two par- 
allel wave motions with amplitudes A and B and with phases a and /?. These 
two cosine functions may be taken as the real components of two complex 
functions, and their sum may be written 

x c = x a + x b = A cos (cot + a) + B cos (cot + 0) = C cos (cot + 7) 

The expansion of the double arguments of the cosine functions above, for 
x a and x b as well as for x e , gives the interrelationships 
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_ + _, A sin a + B sin j3 
A cos a + B cos /3 

C = V(A cos a + B cos #) 2 + (A sin a + 5 sin /3) 2 
= VA 2 + £ 2 + 245 cos (a - 0) 
Thus the sum of two cosine functions, x a and x b , of the same frequency, is 
also a cosine function of that frequency, x c . And it is evident that the sum of 
two, added to a third, and so on, ad infinitum, will give a final sum that is 
still a cosine function of the same frequency. Thus we have a kind of integrity 
of frequencies in these summations. 

On the physical side, as we proceed into the following chapters, we shall 
see demonstrations of this integrity of frequency, that the sum of two or 
many component light wave motions of the same frequency also has that 
same frequency. And it is also a fact of experience that the observed composite 
amplitude that several superimposed known amplitudes of light of the same 
frequency produce, when made to pass simultaneously through a given 
point, conforms to the calculated sum of the amplitudes that each component 
alone would produce. Of course we must take proper account, in the calcu- 
lated sum, of the component amplitudes, phases, azimuths of polarization, 
and directions of propagation. The statement of experience, that we have 
this strict conformance for light between observed and calculated superposi- 
tions, is called the principle of superposition. 

Whereas the expressions above, for the superposition of only two waves, 
easily yielded the lumped phase and a lumped amplitude (a and /? yielding y, 
A and B yielding C), when many waves are superimposed the finding of the 
sum becomes a more complicated procedure. And in addition to this com- 
plexity for parallel wave motions, we encounter other complexities arising 
from the different directions of propagation of components or their different 
azimuths of polarization. The azimuth of polarization in the case of polarized 
wave motion in our string is the plane that contains the undeflected string 
as well as its polarized motion. Previously this plane was the xz-plane. 

2-2. Standing Waves 

In some cases the complex functions representing component waves can be 
algebraically combined, in other cases not. As a special example of the first, 
let us consider the following combination of two complex functions: 

H> = Wi + 4h = Aie"{ t+ *' + Aj^v 
This sum represents a combination of two wave motions, both polarized in 
the £z-plane. These wave motions are propagating in opposite directions in 
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our string, and the sum takes on a special significance when Ai = — A 2 . 
This particular combination describes the case where the string is clamped 
at z = 0, so that there W = 0, and where $i represents an infinitely long train 

of waves traveling to the left, with phase « f t + - V In this case we may 

consider $ 2 as representing these same waves after reflection at z = 0, with 
both a reversal of propagation direction and a phase change tt there. At 

2 = 0, the phase of the reflected waves W2 becomes w It J + ir. The change 

in sign, before the term -> comes from the reversal of direction. And at z = 0, 

our clamping condition requires Ai = — A 2 so that W = 0. This reversal of 
the sign of the amplitude of tf> 2 is equivalent to +A 2 with the phase change t, 
since e ir = — 1. Adding both incident and reflected waves gives the combina- 
tion which applies to our string clamped at z — 0. 

Remembering the exponential definitions of the circular functions, the paren- 

thesis above is seen to be 2j sin « - Taking the real component of W, we get 

v 

x = R$ = — 2Ai sin o>£ sin co - 

The standing wave pattern which HO represents has nodes where « - takes 

z 
on integral values times x; and iD has antinodes where w - lies midway between 

these nodes. At the nodes x is always zero; between, at the antinodes, the 
maximum string deflection x takes on the values ±2A. 

The inherent interest in this expression, which describes standing waves 
in our string, resides in the fact that standing waves are also encountered in 
optics. 

2-3. Graphical Summation of Wave Motions 

Above we considered the algebraic sum of two complex functions repre- 
senting two wave motions. Now we consider the graphical sum of two com- 
plex functions that are plotted as vectors in the complex plane; in particular, 
we consider the graphical sum of the two vectors shown in Fig. 2-1, represent- 
ing W c = iJOa + 1fo. Here we take A and B of H> a and tf> 6 equal; and we repre- 
sent the $'s graphically at the instant when t = 0, or when e*"* = 1.0. Obvi- 
ously the vector sum l w c is the bisector of the angle between the equal vec- 
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FIG. 2-1 Vector addition of two com- 
plex numbers of equal amplitude. 



tors n> a and ti) b ; and obviously, also, half the length of the vector for w e is 

the projection of either component onto this bisector. Thus y = a ~t ® and 

& • 

a a 

C = 2A cos — r-^, so that 

H)c = 2A cos — ~- e^ 2 1 

Fig. 2-2 shows the vector representations where A and B of W a and W h are 
not equal. The vectors make the angles (ut + a) and (co£.-f- 0) with the 
I^-axis. Thus, as time flows, both vectors rotate counterclockwfse. But at the 
instant when t = 0, or when e jut = 1.0, the vector sum is 

tf) c = A& a + Bert = Ce™ 

The real projections of these rotating vectors will oscillate as time flows; 
and their projections on the I^-axis correspond to our results of § 2-1. We may 



FIG. 2-2 Vector addition of two com- 
plex numbers of unequal amplitude. 




.(cot+cc) 
*/-(cot+7) 



R 
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regard the display in Fig. 2-2 as a snapshot of these rotating vectors. As time 
flows past the instant this figure represents, the triangle of vectors will rotate, 
all together, counterclockwise in the complex plane, all with the same angular 
velocity a>. And although these three vectors all rotate as time flows, they 
rotate together so that their mutual internal relationships are unchanging. 
Going beyond this simple case, we add more than two parallel wave mo- 
tions of the angular frequency co as follows: we first specify a convenient time 
and represent each component for that instant with a complex number #>»; 
then we plot these W/s as vectors end to end in the complex plane; and finally 
we draw the closing side to get their sum it). And, finally, the operation I$iZ) 
gives the real aggregate wave motion. This is the circumlocution we referred 
to in the previous chapter. Components thus added will give us sums that 
will be of value for the explanations of optics. 

2-4. Superposition of Polarized Wave Motions 

The above summations in the complex plane relate to wave motions with 
parallel displacements, such as waves that are polarized in the same xz-plane 
as they were in our stretched string; or such as wave motions in a drumhead, 
where all displacements are necessarily perpendicular to the membrane, and 
hence mutually parallel. 

We shall consider the superposition of two wave motions in our stretched 
string that are mutually perpendicular. Let one motion, say W x , be polarized in 
the xz-plane; and the other, W y , be polarized in the yz-plane; with both wave 
motions traveling together along the 2-axis of our string. For reasons which 
will become evident later we endow these two wave motions with a relative 

phase difference of -• And further, we endow the waves, W x and vb y , with equal 

amplitudes of motion, A. We represent these waves by the complex numbers 

iJO x = Ae v »/ 

® y = aH'-*)^ = Ae^e'^ 
The corresponding real motions are, of course, 

fyti) x = x = A cos col t J 

'Bj.Hiy = y = A sin u It ) 

We must not confuse the real y here with the imaginary part of iJ> X} for which 
we only evanescently used the same symbol y. Here we use y for the real 
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part of w y , just as we use x for the real part of w x . If we represent the aggre- 
gate displacement of any point in our string by the cylindrical coordinates 
r and 0, and z, our expressions for x and y yield 

r = Vf -f- y 2 = A 



6 = tan" 1 % = co (t - -\ 



Thus, on adding these mutually perpendicular wave motions, it is apparent 
that they give, together, at any point z x a constant string displacement. 
At the point Zi the string segment executes a circular motion at the angulai 
rate co. This constant displacement, r = A, varies with z in such a manner 
as to give the string, at any instant, an helical configuration. And this helical 
configuration rotates with time like a rotating screw thread. 

These representations of this circular mechanical motion will be of value 
to us later because the mechanical motions here are easily visualized, and be- 
cause the complex expressions that represent them have the same form as 
the complex expressions we shall encounter in the representations of circularly 
polarized light. 

2-5. General Procedures of Superposition 

Light, as we shall see in the next chapter, can be treated as a polarizable 
transverse wave motion. Actually light waves are progressing transverse 
electric and associated magnetic fields. These fields are vector fields, just as 
the wave displacements in our string are. Therefore, the complex expressions 
for describing light waves of some prescribed frequency in an extended me- 
dium must include the specification of the azimuths of polarization as well as 
directions of propagation, amplitudes, and phases of wave motion. We can, 
for example, express the electric displacements at some point in free space, 
P, for three wave motions, all of the same frequency, as follows : 

E' = (S*'i + S/j + S/k)e^+*') 

E" = (S/'i + S/'j + S*"k)e^+*>"> 

W" = (& x '"i + S/"j + S z f,, k)e^+^ 

In these equations, E, with a tilde over it, means the oscillating electric 
field of a light wave expressed as a complex number. E, with a bar also over 
it, means that the direction of the electric field is also expressed. The electric 
fields parallel to the axes of a Cartesian coordinate system, which we use here, 
have their respective amplitudes expressed as S x , & y and S 2 . Here i, j and k 
are the usual unit vectors of the coordinate system. Single, double and triple 
primes are used to distinguish the three component wave motions. Although 
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all the wave motions above have the same frequency, they have different 
characterizing phases, <p', <p", and <p'". Unprimed symbols, below, characterize 
the aggregate wave motion. This example illustrates how we may add any 
number of superimposed component waves. The procedure is as follows : 

First, vector additions of the Cartesian components are made in the com- 
plex plane. Each set of the Cartesian components, at a time when & wt = 1.0, 
gives a Cartesian component for the aggregate motion : 

E x = S*VV + & x "e>*" + S*"VV" 

E y = & v 'ei*' + 8,/V*" + S/'V>'" 

E z = S,W + 8/W + S 2 "VV" 
Second, after these first vector additions have been made in the complex 
plane, the resultants are combined vectorially in geometric space to give the 
final direction and phase of the resultant electric field: 

E = E x i + E y j + EJs. 

Several exercises for the student to work out are given as problems. 

Fortunately, in many of the superpositions we encounter in optics, it is 
possible to proceed as if all the vectors were parallel, or at least lay in one 
plane. 



2-6. Single-slit Diffraction 

In Fig. 2-3 a light wave-train of parallel waves is imagined to be incident 
from the left on a rectangular slit of width a. As each wave front arrives be- 
tween the slit jaws we imagine that it acts as parent to produce seven daughter 
Huygens wavelets, one emitted from each of the seven strips into which the slit 



FIG. 2-3 Single-slit diffraction as treated with seven equal Huygens wavelets 
originating between the slit jaws and superimposed at P. 



parallel U 
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FIG. 2-4 Vector addition of the seven wavelets of Fig. 2-3. 



is shown divided. The produced equally strong seven wavelet trains are all in 
phase in the plane of the slit, and they are polarized in parallel planes. How- 
ever, because of unequal distances to the point P, as shown, the wavelets 
will have progressively different phases as they arrive at P. In Fig. 2-3, if 
2D ^> a we may assume that the Huygens wave motions at P lie geometrically 
parallel. Fig. 2-4, at the right, shows seven equal vectors Si plotted in the 
complex plane. These vectors represent the Huygens wavelets at P. We take 
8i as the amplitude of the field at P due to each one of the equally strong 
Huygens wavelets. The phases of the seven vectors are, however, not the same 
at P; but they are uniformly distributed throughout the phase interval 

At 
A<p = w — i where Ar is the geometrical path difference. In the same figure, 

at the left, these seven representative vectors are shown plotted in the 
complex plane end to end. 

If we had divided the slit into a larger number of strips, 91 ;» 7, the end- 
to-end vectors would have closely followed the arc of a circle, of arc length 
9l8i. The chord of the rudimentary arc that these seven vectors approximate 
is their vector sum. This sum can be expressed analytically, as follows: If 
the phase difference between successive Si's is 8<p, and the difference between 
the first and the last A<p = 3l8<p (shown as <p in Fig. 2-4), then, for 91 very 

large, this arc is of a circle with the radius of curvature, p = — • The ampli- 

A<p ^ 

tude of the vector resultant is equal to the length of the chord of this arc. 
The length of this chord is 2p sin ~ = g P . Thus the electric field at P is 
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0, 



&p = 9fl8i 



Sln (f) P Sin (f) 



since 8i is inversely proportional to 91. 

To pursue single-slit diffraction further now would disrupt the organization 
of our study; therefore, we leave the discussion of diffraction for a later chap- 
ter. The equation above was developed here as an illustration of superposi- 
tion in a case where we have many geometrically parallel, and equally strong, 
wave motions characterized by a regular distribution of their phases over a 
total phase-angle span of A<p. 

2-7. Superposition of Waves with Random Phases 

The next case of superposition we treat is different from the one above; foi 
now we take the total phase-angle span as A<p = 2r. And further, we take the 
phases of many equally strong component amplitudes as distributed through- 
out this interval according to a different rule: the phase of any particular 
component wave has an equal probability of falling anywhere in the interval 
A<p = to A<p = 2ir. If we have a large number of equally strong and parallel 
components, thus defined, we might expect that the real components of as 
many of them would be negative as positive, thus giving a negligible resultant. 
The following analysis, however, shows this not to be the case. 91 such equally 
strong component wave motions, all parallel, are added as follows: We write 
the complex number £ fc = g^^+v*) for each of our components, letting the 
phase of each wave be described by <pk, which has equal probability of lying 
anywhere within the interval 2ir. The resultant for such a superposition may 
be accomplished either graphically, or analytically. Here we add all the rep- 
resentative complex numbers analytically, writing E for the sum. 

31 
k=l 

We evaluate this sum at the instant when e*"* = 1.0, remembering that the 
sum vector remains unchanged in length in the complex plane as time flows. 
This sum E, then, is 

E = X) Sie' v * 
fc=i 

If we multiply this complex number E by its complex conjugate we get the 
square of the length of its vector in the complex plane, i.e., 8 2 . This squaring 
is equivalent to applying the theorem of Pythagoras. The sums of the squares 
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FIG. 2-5 Vector addition of seventeen vectors of equal amplitude and random 
phase (determined by telephone numbers). 



of the real and imaginary components of the resultant vector E are given 
below. 

r 31 ~|2 r 91 91 31 -i 

2 Si cos <pk\ = Si 2 X) cos2 <Pk + S S cos <p k COS <pi 
Lfc=i J l_fc=i fc=ii=i J 

t9l "12 r 91 91 31 -i 

X) Si sin p fc = Si 2 X) sin2 ft + SS sin ^ sin <p t 
fc=i J Lfc=i &— i z=i J 

It is to be noted that there are two kinds of sums on the right : the first single 
sum, for k = I, and the second double sum, for k 9^ I. The second kind can 
be taken to vanish, when 91 is large, because the sines and cosines will be as 
often positive as negative. But the first kind adds terms that are always posi- 
tive. The square of the length of the hypotenuse, S 2 , is thus 



S 2 = Si 2 [~X) (sin 2 <p k + cos 2 <p k )~\ = 3l8i 2 



Fig. 2-5 illustrates these sums at a particular instant for 91 = 17 components 
of equal amplitude. 

Here Si 2 is proportional to the illumination that one component alone would 
produce at P taking the electric fields to be due to light. Our result states 
that all components together, in random phase interrelation, produce an 
illumination represented by 9l8i 2 , which is equal to the sum of the illuminations 
which the components alone would produce. The result is the same for the 
superposition of many unequal components of random phase interrelation, 
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although we shall not prove this here. If S av is the average component ampli- 
tude, for such a case, the superposition sum is such that 

This result applies to light because no means is available to synchronize 
the emissions of the light from the component atoms of a source. Each com- 
ponent atom emits its fixed frequency with an independent phase. Thus 
S av 2 might represent, at a point P, the average intensity of emission from 
sodium atoms in a Bunsen flame. Then if there were 91 atoms in the flame 
simultaneously emitting toward P, the aggregate intensity at P would 
be OlSav 2 . 

Lord Rayleigh's treatment (Theory of Sound, Vol. I, pp. 35-37) of the iso- 
periodic case of equal component amplitudes is somewhat different from that 
given above, and it is quoted below :f 

"We have seen that the resultant of two isoperiodic vibrations of equal 
amplitude is wholly dependent upon their phase relation, and it is of interest 
to inquire what we are to expect from the composition of a large number (91) 
of equal vibrations of amplitude unity, of the same period, and of phases 
accidentally determined. The intensity of the resultant, represented by the 
square of the amplitude, will of course depend upon the precise manner in 
which the phases are distributed, and may vary from 9l 2 to zero. But is there 
a definite intensity which becomes more and more probable when 91 is 
increased without limit? 

"The nature of the question here raised is well illustrated by the special 
case in which the possible phases are restricted to two opposite phases. We 
may then conveniently discard the idea of phase, and regard the amplitudes 
as at random positive or negative. If all the signs be the same, the intensity 
is 9l 2 ; if, on the other hand, there be as many positive as negative, the result 
is zero. But although the intensity may range from to 9l 2 , the smaller 
values are more probable than the greater. 

"The simplest part of the problem relates to what is called in the theory 
of probabilities the 'expectation' of intensity, that is, the mean intensity to 
be expected after a great number of trials, in each of which the phases are 
taken at random. The chance that all the vibrations are positive is (I) 31 , 
and thus the expectation of intensity corresponding to this contingency is 
(|) 3l 9l 2 . In like manner the expectation corresponding to the number of posi- 
tive vibrations being (91 — 1) is 



Q W 9l(9l - 2) 2 



t From Lord Rayleigh's The Theory of Sound. Reprinted with the permission of Dover 
Publications, Inc., New York. 
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and so on. The whole expectation of intensity is thus 

^{l-W + 91(91 - 2f + »<* ~ 'X 81 ~ W 
z L 2-1 

, 91(91 - l)(9l - 2)(9l - 6) 2 . 1 

"Now the sum of the (91 + 1) terms of this series is simply 91, as may be 
proved by comparison of coefficients of x in the equivalent forms 

(e* + e-*) 91 = 2 91 (l + I z 2 + • • X 

- e nx _^_ y le (tH-2)x _j_ ^(^ ~ 1) e W- i)x _|_ . . . 

Z' I 

The expectation of intensity is therefore 91, and this whether 91 be great or 
small." 

2-8. Superposition of Waves of Different Frequencies 

We have restricted ourselves, heretofore, to the superposition of component 
waves of the same frequency, such as steady-state solutions to a common 
second order differential wave equation for a vacuum space. The sum of two 
expressions that describe component waves of different frequencies, which 
two waves each satisfy a common differential equation, is also its solution. 
From this fact it follows that the principle of superposition applies equally to 
component waves of different frequencies. 

2-9. Transients 

As a matter of casual interest we now consider the transient solutions to 
our differential equations, such as the one for the driven mass of § 1-4. 

Suppose we have a repetitive applied force, or even a repetitive "square 
wave" applied impulse. We know, from Fourier's theorem, that it is possible 
to represent such a complicated force, by means of a Fourier series, as a sum 
of component simple harmonic driving forces. Now for each of these com- 
ponents of the driving force we shall have a component motion of the same 
frequency as a solution to the differential equation. And the sum of these 
separate solutions represents the aggregate motion which the complicated 
driving force produces. Just as Fourier's series representation serves to solve 
for the aggregate motion that a complicated repetitive periodic driving force 
produces, Fourier's integral representation serves to solve for the aggregate 
transient motion that an aperiodic driving force produces. We may under- 
stand how this method of determining transient motions goes if we imagine 
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a Fourier series representation that has gone to the limit where the funda- 
mental repetition rate approaches zero. All the successive arguments, then, 
of the representing trigonometric series, which arguments are multiples of 
this fundamental repetition rate (2t/ ), are successively different by the 
fundamental amount 2rfo} and as this amount 2irfo approaches zero, the 
Fourier series changes to the Fourier integral. We may expect a separate 
motional solution for each one of the infinite number of infinitesimal elements 
of that driving force integral. And the sum of all these infinitesimal elementary 
motions, which is also an integral, gives the appropriate overall resultant 
transient motion. Since the procedures of manipulating Fourier series and 
integrals are described elsewhere, this is as far as we shall go here with these 
considerations. 

2-10. An Apparent Failure of the Principle of Superposition 

In our last chapter we gave a quotation: ". . . the eye can readily single 
out the smallest [star], whose light is sufficient to affect it, and contemplate 
it, untroubled by the light of the more powerful luminaries shining in other 
parts of the heavens." Perhaps the strongest evidence we have to support 
the principle of superposition is the experience of seeing a star whose rays 
have come to us during a total eclipse, passing close by the eclipsed sun, 
without being modified in any way by the strong field of streaming sunlight 
which it has penetrated. 

We shall finish this chapter with a quotation from Rayleigh's Theory of 
Sound which is concerned with the principle of superposition. This example, 
although unconcerned with optics, does illustrate an interesting complexity 
encountered in the field of sound where the principle of superposition appar- 
ently fails. It represents a complexity from which we are happily free in optics 
since the principle of superposition does not fail for light. Rayleigh saysrf 

"The simplest periodic functions with which mathematicians are acquainted 
are the circular functions expressed by a sine or cosine; indeed there are no 
others at all approaching them in simplicity. They may be of any period, and 
admitting of no other variation (except magnitude) seem well adapted to 
produce simple tones. Moreover it has been proved by Fourier, that the most 
general single-valued periodic function can be resolved into a series of cir- 
cular functions, having periods which are submultiples of that of the given 
function. Again, it is a consequence of the general theory of vibration that 
the particular type, now suggested as corresponding to a simple tone, is the 
only one capable of preserving its integrity among the vicissitudes which it 

t From Lord Rayleigh's The Theory of Sound. Reprinted with the permission of Dover 
Publications, Inc., New York. 
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may have to undergo. Any other kind is liable to a sort of physical analysis, 
one part being differently affected from another. If the analysis within the 
ear proceeded on a different principle from that according to the laws of dead 
matter outside the ear, the consequence would be that a sound originally 
simple might become compound on its way to the observer. There is no rea- 
son to suppose that anything of this sort actually happens. When it is added 
that according to all the ideas we can form on the subject, the analysis within 
the ear must take place by means of a physical machinery, subject to the same 
laws as prevail outside, it will be seen that a strong case has been made out 
for regarding tones as due to vibrations expressed by circular functions. We 
are not however left entirely to the guidance of general considerations like 
these. In the chapter on the vibration of strings, we shall see that in many 
cases theory informs us beforehand of the nature of the vibration executed 
by a string, and in particular whether any specified simple vibration is a 
component or not. Here we have a decisive test. It is found by experiment 
that, whenever according to theory any simple vibration is present, the cor- 
responding tone can be heard, but, whenever the simple vibration is absent, 
then the tone cannot be heard. We are therefore justified in asserting that 
simple tones and vibrations of a circular type are indissolubly connected. 
This law was discovered by Ohm. 

"According to the literal statement of Ohm's law, the ear is capable of 
hearing as separate tones all the simple vibrations into which the sequence 
of pressures may be analysed by Fourier's theorem, provided that the pitch 
of these components lies between certain limits. 

"The principle of superposition assumed in ordinary acoustical discus- 
sions, depends for its validity upon the assumption that the vibrations con- 
cerned are infinitely small, or at any rate similar in their character to infinitely 
small vibrations, and it is only upon this supposition that Ohm's law finds 
immediate application. One apparent exception to the law has long been 
known. This is the combination-tone discovered by Sorge and Tartini in the 
last century. If two notes, at the interval for example of a Major Third, be 
sounded together strongly, there is heard a grave sound in addition to the 
two others. In the case specified, where the primary sounds, or generators, 
as they may conveniently be called, are represented by the numbers 4 and 5, 
the combination-tone is represented by 1 . 

"In the numerous cases where differential tones are audible which are not 
reinforced by resonators, it is necessary in order to carry out Helmholtz's 
theory to suppose that they have their origin in the vibrating parts of the 
outer ear, such as the drum-skin and its attachments. Helmholtz considers 
that the structure of these parts is so unsymmetrical that there is nothing 
forced in such a supposition. But it is evident that this explanation is admis- 
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sible only when the generating sounds are loud, i.e., powerful as they reach 
the ear . . . My own experience tends rather to support the view of Helm- 
holtz that loud generators are necessary. On several occasions stopped organ- 
pipes d'", e'", were blown with a steady wind, and were so tuned that the 
difference-tone gave slow beats with an electrically maintained fork, of pitch 
128, mounted in association with a resonator of the same pitch. When the 
ear was brought up close to the mouths of the pipes, the difference-tone was 
so loud as to require all the force of the fork in order to get the most distinct 
beats. These beats could be made so slow as to allow the momentary disap- 
pearance of the grave sound, when the intensities were rightly adjusted, to 
be observed with some prevision. In this state of things the two tones of 
pitch 128, one the difference-tone and the other derived from the fork, were 
of equal strength as they reached the observer; but as the ear was with- 
drawn so as to enfeeble both sounds by distance, it seemed that the combina- 
tion-tone fell off more quickly than the ordinary tone from the fork. 

"An observation, of great interest in itself, and with a possible bearing 
upon our present subject, has been made by Konig and Mayer. Experiment- 
ing both with forks and bird-calls they have found that audible difference- 
tones may arise from generators whose pitch is so high that they are separately 
inaudible. Perhaps an interpretation might be given in more than one way, 
but the passage of an inaudible beat into an audible difference-tone seems to 
be more easily explicable upon the basis of Helmholtz's theory. 

"Upon the whole this theory seems to afford the best explanation of the 
facts thus far considered, but it presupposes a more ready departure from 
superposition of vibrations within the ear than would have been expected." 



Chapter Hi 

Electromagnetic Waves 



We have derived the differential equation for a stretched string and discussed 
its solutions, and the superposition of its solutions. We have compared these 
and other mechanical waves with light, taking light as a combination of trans- 
verse electric and magnetic oscillating fields propagating through space to- 
gether. Now we shall outline the empirical formulas for electric and magnetic 
fields from which we derive two fundamental differential wave equations for 
light, one for electric and one for magnetic oscillations. We shall examine some 
of the simplest solutions of these differential equations that will reveal the na- 
ture of light waves. Our main objective in this chapter is to establish an easy- 
familiarity with the representation of light as electromagnetic waves that 
can be described with complex numbers and associated rotating vectors in 
the complex plane. Students who do not yet use the vector calculus notation 
freely, or who do not care to prepare themselves to follow the swift derivations 
of the differential wave equations that are possible with it, can either resort 
to more pedestrian derivations,! or they may take the results we develop 
here for granted. 

Only a small part of the whole of electromagnetic radiation is capable of 
exciting the retina to produce the sensation of vision. And this small part 
lies between the part of the total electromagnetic spectrum where radiations 
are mainly particle-like (such as X-rays or 7-rays) on the one hand, and the 
part where radiations are mainly wave-like (such as radio waves or radar) on 
the other. Fig. 3-1 illustrates the narrow interval that light occupies in the 
total electromagnetic radiation spectrum. Although light, in its complete 
character, partakes of both these characteristics and simulates the dominant 
properties of both ends of the spectrum, here we shall be concerned mainly 

t See N. H. Frank, Introduction to Electricity and Optics, 2nd ed. (1950, McGraw-Hill 
Book Co., New York). See also F. K. Richtmyer, Introduction to Modern Physics, 2nd ed. 
(1934, McGraw-Hill Book Co., New York), Chap. IV. 
38 
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FIG. 3-1 The gamut of the electromagnetic spectrum from gamma rays to radio. 



with its wave nature. It is this wave nature of light that affords explanations 
of the main topics of physical optics: namely, reflection and refraction; veloc- 
ity and dispersion; polarization and crystals; and, finally, interference and 
diffraction. 

The equations and mathematical formulations we shall derive for light 
waves provide us the mathematical basis of determining superposition sums 
for Huygens' wavelets as well as a quantitative basis for discussing the inter- 
action of light and matter. The superposition of Huygens' wavelets explains 
interference and diffraction. Our formulations will serve to explain the inter- 
action of oscillating electric fields with elastically bound, charged, mass parti- 
cles, which we shall invoke to represent the atoms or molecules of matter. 
And our formulations with these representations will serve to explain absorp- 
tion and emission, velocity and dispersion, reflection and refraction, and, 
finally, polarization and crystals. 

The complex number representation of the transverse electric fields of a 
plane wave train of light propagating in vacuum in the positive ^-direction, 
polarized in the xz-azimuth, is already somewhat familiar to us: 

s, = s,/-H) 

If the same wave were propagating in an absorbing medium of index of refrac- 

c 

tion N, with velocity v = j-, the formulation representing the amplitude 

would become 

Here a is the amplitude extinction coefficient, and S x is the amplitude of mo- 
tion at z = 0. 



40 • Electromagnetic Waves [ch. hi] 

D = KKoE § = ^ h 

div D = q v div B = o 

curl f = -ju |S curl S - i v + KKo $L 

FIG. 3-2 Maxwell's equations for an isotropic dielectric medium, for which \i — 1 .0. 

The corresponding formulation for a polarized expanding spherical wave 
in vacuum is 

f i = §i/-'H) t 
r 

where t is a unit vector tangent to the spherical wave front, and lying in 
whatever azimuth the light is polarized. In all these formulations we assume 

that the "clock is set," so to speak, so that it makes the phase, <o ( t ) 

or co ( t ]> equal to zero when t = 0, and where z or r is zero. The factor 

-i in the case of the spherical wave, is equivalent to the inverse square law 

"geometric attenuation factor," — • According to this well known law the il- 
lumination by a spherical wave expanding about a small source, at a point P, 
is inversely proportional to the square of the distance from P to the source. 
Such expressions as those above are solutions to the electromagnetic differ- 
ential wave equations that we shall derive from the empirical laws describing 
the phenomena of electricity and magnetism. Maxwell has condensed these 
descriptive empirical laws into six differential equations, the so-called Max- 
well equations. Fig. 3-2 presents these equations. Four of these equations 
represent our knowledge of electric and magnetic fields. The fifth represents 
electromagnetic induction. The sixth relates magnetic fields with electric 
currents and contains Maxwell's famous invention of the displacement cur- 
rent. We shall derive the wave equations from these six as soon as we have 
reviewed briefly the history of the electromagnetic nature of light. 



3-1. History of Electromagnetic Waves 

The concept of Hooke and Huygens of light as a wave motion, first put on 
a sound quantitative basis by the interference and diffraction experiments of 
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Young and Fresnel, and put in dominance over the corpuscular concept by 
the velocity measurements of Foucault, was even more firmly established 
when Maxwell derived the correct velocity of light by his theory from results 
of measurements that had been done entirely in the laboratory with electricity 
and magnetism. 

In the interval after the experiments of Young and Fresnel, and before 
Maxwell's theory was published, the burning question was "waves in what?" 
A hypothetical medium, the luminiferous ether, had been invented by Huy- 
gens to fill the philosophic vacuum and serve as the answer to this question. 
The concept of this medium was, however, encumbered by a dilemma: the 
medium must be substantial enough, on the one hand, to serve as transient 
repository of the solar energy, as it streamed from the sun to the planets, 
and rigid to support transverse waves; and on the other hand, the medium 
must be mechanically quite tenuous so that the planets could pass through it 
without suffering any substantial damping. 

The beginning suggestion which led to our current theory of light came 
from Professor Michael Faraday, f In the words of Maxwell, J in his famous 
paper of 1865: "The conception of the propagation of transverse magnetic 
disturbances to the exclusion of normal ones is distinctly set forth by Professor 
Faraday in his 'Thoughts on Ray Vibrations.' The electromagnetic theory 
of light, as proposed by him, is the same in substance as that which I have 
begun to develop in this paper, except that in 1846 there were no data to 
calculate the velocity of propagation." 

In the paper to which Maxwell referred above, Faraday had said: "The 
view which I am so bold as to put forth considers . . . radiation as a high 
species of vibrations in the lines of force which are known to connect particles 
and also masses of matter together. It endeavors to dismiss the ether but not 
the vibrations." From the orbit of our moon around the earth, and from 
Newton's theory of it, as well as from the solar tides, we know that gravita- 
tional forces act over long distances. Faraday pictured each mass point of 
the sun as connected by a line of gravitational force with each mass point of 
the earth, connected in a manner not unlike two masses connected by a 
stretched string: and he similarly conceived of long lines of magnetic force. 
It was along such magnetic lines that Faraday suggested that the waves of 
sunlight could propagate. This was his conception. 

The student will find it quite worth-while, as a lesson both in prejudice 
and contrasting open-mindedness, to compare an almost ridiculously critical 
article § that appears in the same volume of the Philosophical Magazine as 

f Michael Faraday, Phil. Mag., 28, 345 (1846). 

X James Clerk Maxwell, Phil. Mag., 29, 152 (1865). 

§ G. B. Airy, Phil. Mag., 28, 532 (1846). 
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Faraday's article with the later article by Maxwell which presented a con- 
structive extension of Faraday's conception. 

Several attributes make Maxwell's theory masterful. First, by the invention 
of a displacement current Maxwell made the differential equations for electric 
and magnetic fields beautifully symmetrical. Second, his theory predicted the 
velocity of light from electrical and magnetic measurements which had been 
made entirely in the laboratory. And finally, his theory stimulated Heinrich 
Hertz to produce waves which were of the same character as light. He pro- 
duced these waves by means of electric sparks in a resonant electric circuit. 

The vector product of the vectors representing Maxwell's electric and mag- 
netic fields gives Poynting's vector, correctly describing the forward flux of 
radiant energy. This last attribute of Maxwell's theory, coupled with our 
certain experimental knowledge that a vacuum can indeed support both 
changing electric and magnetic fields, makes a convincing case for his electro- 
magnetic theory — even though we do not yet have an easy answer to the 
question "waves in what?" 

3-2. Maxwell's Equations 

The first of Maxwell's six equations defines relations between the electrical 
fields D and E. The second relates the magnetic quantities B and H similarly. 
The third and fourth equations are generalizations of the Gauss theorem 
relating to electrical and magnetic fields, respectively. The fifth equation is a 
generalization of Faraday's law of induction. The sixth and last equation 
relates magnetic fields with the currents that produce them. This last equation 
is a generalization of the law of Biot and Savart, and it contains Maxwell's 
invention of the displacement current. This sixth equation connects variable 
magnetic fields with the variable electric currents that originate them, while 
the fifth connects the induction of variable currents with oscillating magnetic 
fields. These last two equations reciprocally interconnect the electric and 
magnetic waves which together comprise light; since, according to Maxwell, 
oscillating electric fields have the magnetic attributes of alternating currents. 

In the first equation E is the electric field which determines force on a 
charge; while D is the electric displacement. D, like E, is a vector field. D is 
proportional to the placed charge density, and it is related to E, in a homo- 
geneous dielectric medium, by the equation 

D = KKoE 

Here k is the electric permittivity of free space, being determined by meas- 
urement to be 8.85 X 10~ 12 in the MKSfj^ units, k is the dielectric constant. 
Although the dielectric constant in a crystal is a complex tensor quantity 
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when we are concerned with varying fields, it is only a complex scalar quan- 
tity for varying fields in an isotropic medium; and it is just a plain scalar 
for static fields. Finally, k, for vacuum, is unity. Thus, for vacuum, D = k E. 

The magnetic induction, B, determines the force on a moving charge 
(or current). H is the magnetic field. These two vector fields are similarly 
related: B = fi(j. H. Here na is the magnetic permittivity of free space, being 
by international agreement 4tt X 10~ 7 in MKSno units, n is the magnetic 
permeability which in our optical study here is unity, both for vacuum and 
for glass. Thus B = noH . 

The theorem of Gauss says that the enclosed charge is equal to the flux 
of the field D integrated over an enclosing surface. // D-dS =/// q v dv. 
Here q v is charge density. In the limit of an enclosing volume of infinitesimally 
small dimensions, this equation assumes the differential form; div D = q v . 
And in charge-free vacuum, div D = 0. Since there are no magnetic charges, 
the Gauss theorem for magnetic induction gives ff B-dS = 0. And in the 
limiting case this expression assumes the differential form, div B = 0. 

These four equations are valid for variable fields, which we may express 
with complex numbers as follows. 

3 = «M (a) 



B = mo# 



(b) 



div D = div E = ( c ) 

div B = div 3 = (d) 

Faraday's law of electromagnetic induction, generalized, yields Maxwell's 
fifth equation. This law states that the electromotive force induced in a closed 
circuit is the negative rate of change of flux linking that circuit. If the flux 
through the area enclosed by a circuit is $ =// B-dS, Faraday's law states, 



I**'-$~iH> 



dS 



Now if the area enclosed by the circuit has very small dimensions, B may be 
taken as a constant and removed from under the integral. Dividing by the 
area gives the curl and we get 

IIf = curlS and ifc = .M 
And taking m = 1.0 for free space, 

at 



44 • Electromagnetic Waves [ch. hi] 

Biot and Savart's law, generalized and combined with Maxwell's invention 
of the displacement current, yields the sixth equation of Fig. 3-2. This law 
of Biot and Savart states that the magnetomotive force in a circuit is equal 
to the enclosed current; writing t„ for current density, / H -dl = fft v -dS. 
Again, we may remove t» from the integrals, taking it as a constant in the 
limit of a vanishingly small closed circuit. On invoking the definition of the 
curl as a line integral per unit area, we get, similarly, 

curl/? = i„ 

Of course, in a charge-free space we must use Maxwell's displacement current 
for i„: 

t _ dD _ dE 

tv ~ dt ~ Ko dt 

In the section below we explain how this curl H equation created the neces- 
sity that mothered Maxwell's invention of the displacement current; but 
first let us write the two last relationships with complex numbers and com- 
plete the list of Maxwell's six beautifully symmetric equations: 

curl E = - Mo — (e) 

curl H = no — (f ) 

at 



3-3. Maxwell's Displacement Current 

The necessity that mothered Maxwell's invention of the displacement cur- 

rent, writing — for t„, arose from the inconsistency illustrated by Fig. 3-3. This 

figure shows an alternating current generator with a connected condenser. It is 
well known that an alternating current can flow in such a circuit with no real 
current flowing across the space between the condenser plates. If we were to 
integrate the real current density, t„, over the indicated surface around the 
upper condenser plate, we should find that our integral does not vanish — 




FIG. 3-3 Illustration of Maxwell's prin- 
ciple of no open circuits with alternating 
currents. 
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meaning that div i v , within, does not everywhere vanish. And yet, in such a 
circuit, an alternating magnetic field is generated, and / H -dl has a real value. 
These findings contrast sharply with what we would expect from the differ- 
ential equation, curli? = i„ : if we take the divergence of both sides of this 
differential equation, since div curl H is identically zero for any vector field, 
we find, mathematically, that div iv must be zero. Thus we have the fol- 
lowing embarrassing inconsistency: experience with alternating currents gives 
div i v 5* 0, while mathematical theory gives div t„ = 0. The inconsistency is 
embarrassing because the arguments leading to these contrasting results are 
both valid. Obviously a serious need for interpretation is created. Maxwell 

removed this embarrassing inconsistency by construing -— -> or k -rr> as a 

at at 

second current to be added to the flow of real charge. This is called the dis- 
placement current. In the case of our condenser, the displacement current 
term, proportional to the changing field between the condenser plates, yields 
a total current exactly equal to the real current in the connecting wires — a 
circumstance expressed by the statement that open circuits cannot occur 
when we are dealing with alternating currents. Thus, according to Maxwell's 
sixth equation, a changing electric field in a vacuum has the attributes of an 
electric current, although no real electric charges are involved. 

3-4. Derivation of the Differential Wave Equation 

The equation for electromagnetic waves in free space may be derived from 
Maxwell's six equations in the following mathematical steps. First we take 
the curl of both sides of Eq. 3-2e : 

curl curl E — — mo curl -— = — /*<, — curl H 
at at 

The left side, by a vector identity, is 

curl curl E = grad div E — V 2 E 

and since div E is zero in free space, from Eq. 3-2c, the left side reduces to 

ffiT? 

— V 2 i£. The right side, substituting Eq. 3-2f for curl if, becomes — kohq-tz- 

at 

after differentiation. Thus we get a wave equation for electric field. 

V 2 f = V 2 f x i + V 2 f J + V 2 f,k = urn || 

Similarly, taking the curl of both sides of Eq. 3-2f and substituting Eq. 3-2e, 
and remembering that div R = 0, following Eq. 3-2d, we get a differential 
wave equation for magnetic field. 

V 2 # = V*H x i + V 2 #J + V 2 #,k = moko ~|f 
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Both of these equations are of the same character as the differential equa- 
tion that we got in § 1-5 for W. The solutions, too, have the same character, 
although here they apply to an extended medium and are consequently more 
complicated. 

These two differential equations for M and 3 do not yet give us electro- 
magnetic waves; rather, they give us independent electric fields E and mag- 
netic fields H. However, each of these fields has the character of a wave mo- 
tion, and the two wave motions are indissolubly associated with one another 
by the reciprocal interconnections that Maxwell's equations impose, Eqs. 3-2e 
and 3-2f. 



3-5. Mature of Electromagnetic Waves 

We shall illustrate the interrelationship of our E and 3 waves by means 
of two compatible solutions to our two wave equations; namely, two com- 
patible plane waves of infinite extent. We make them compatible by giving 
them equal angular frequencies, «, and by taking their directions of wave 
propagation parallel. These simple solutions may be written 

3 = (au + aej + ae*)*^** 

Here we have written these equations without prejudice as to phase inter- 
relationships between the fields E and 3 and without prejudice as to field 
directions relative to the common direction of propagation, or mutual polari- 
zation azimuth. The differential equations show that both fields have the same 

velocity, wo = -j* 

It is required of two such infinite plane wave motions, since the waves 

are of uniform strength across their wave fronts, that -r— and -r— as well as 

dx ay 

Aft dfif 

— and — must be zero. And, furthermore, the requirements of Eqs. 3-2c 
and 3-2d apply. Therefore, since the divergences of the fields must be zero, 
div E = —* + -r-* + -jr 1 = 0; and similarly div 3 = 0. In combination, 

all these conditions make -r- 1 and —r 1 both zero, meaning that E z and ff z are 

constants. Thus E z and R z are either static fields or zero; and because, in 
radiation, we are not concerned with static fields, the necessary vanishment of 

-r 1 and — - means that the oscillating fields of our plane waves can have no 
oz oz 
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z-components— therefore E z and B z are zero. In short, electromagnetic waves 
in free space are transverse waves, as Faraday surmised. 

We accordingly set £ 2 and 3C* in the equations above equal to zero. And if 
we set our clock so that <p = 0, these expressions for our compatible but as 
yet unrelated wave fronts reduce to 

£ = (S x i + &v})e°V~ 1 ' 

H=(3C x i + K y j)e J < t -^ +J * _ 
To establish the interrelation of E and H we take the curls and time deriva- 
tives of E and H and substitute them in Eqs. 3-2e and 3-2f. Afterward, on 
equating i and j components, we get 

3C&* = —CKO&y 

5C v e^ = ckq&x 
For one thing, these final two relations show that \f/ = 0; i.e., the oscillations 
of electric and magnetic field are in phase. The second geometrical result of 
these final two relations is that E and H are required to be mutually perpendic- 
ular. 

The velocity given by the combination of k and mo as they appear in our 
two differential equations is: 

c = -±= = (2.997930 ± 0.000005) X 10 s ^^ 

VkoMo SeC 

This velocity of light as determined purely from laboratory electrical and 
magnetic measurements agrees closely with that obtained by travel-time 
measurements in vacuum. The agreement between this velocity of light cal- 
culated from ko and mo and the velocity of light from the astronomical observa- 
tions of Roemer and Bradley, as it was known in Maxwell's time, provided 
the original touch of authenticity for Maxwell's theory. 

Hertz's discovery of electromagnetic waves in 1886-1888, when he found 
that the oscillations in a resonant circuit could excite sympathetic oscilla- 
tions in a distant tuned circuit, provided an additional authenticity for 
Maxwell's theory. 

Finally, a convincing result of Maxwell's theory is manifest by the time 
average of the vector product of E and 5. These vectors are mutually per- 
pendicular to each other, and perpendicular to the direction of propagation 
as well, so that Poynting's vector lies in the direction of propagation. This 
vector has the dimensions of flux of energy per unit area. From the values 
of E and H for waves in vacuum, the average value of Poynting's vector is 

(E X #)av = hCKo(& x 2 + 8„ 2 )k 

f av = £c/«,S 2 k 
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In the MKSno system of units the time average of this vector, when 8 is 
expressed in volts per meter, is 

$av = 2.65 X 10 -3 8 2 k watts per square meter 

3-6. Light Waves in Glass 

The index of refraction of glass, or other isotropic transparent medium, is, 

as we determined from Huygens' principle, N = -> where v is the velocity of 

light in the medium, and c is its velocity in vacuum. It will appear in the next 
chapter that N for a transparent medium, at very long wavelengths, is equal 
to the square root of its dielectric constant k. When the Maxwell equations 
are solved for such a medium, where k and n are not unity, just as we solved 
them for free space, the differential equations turn out to contain kkommo 
where before we had only k mo. Also, such manipulations, with Maxwell's 
equations for plane waves, for a medium of index N, yield \ / /jLfM,3C g = \ / kkqE, . 

Since n = 1.0, v = —7=, or N = vk. Thus the relationship of corresponding 

Vk 

magnetic and electric field amplitudes in such a medium becomes 

5Cg = iV \j £« 

And Poynting's vector in this medium of index N becomes 

% v = (E g X 5„) aT = icco#S 2 k 

3-7. Boundary Conditions 

At a boundary between dielectrics the definitions of D and B require that 
there be no discontinuity of the normal components of these vector fields 
there. Also, the principle of conservation of energy requires that there be no 
discontinuity of the tangential components of E and H there. Application of 
these boundary conditions to electromagnetic waves gives us a mathemat- 
ical procedure for deducing reflection and transmission coefficients when light 
is incident on dielectric interfaces. Such application also gives directions of 
propagation of the reflected and refracted light. These boundary conditions 
serve for calculation of the diffraction of light, but the procedures of using 
them for such results are often very difficult to carry out mathematically. 
The mathematical modus operandi for treating the case where a wave is inci- 
dent on a dielectric surface, both the incident wave and the dielectric boundary 
surface being represented mathematically, is to conjure up such mathemat- 
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ical expressions for reflected and refracted or diffracted waves as will give in 

combination with the mathematical expression for the incident wave, normal 

continuity of D and B, and tangential continuity of E and H over all the 

dielectric boundary surface. Although this task is generally formidable, in 

some cases it is simple; for example, when we have an infinite plane wave 

incident on the infinitely large plane boundary between glass and vacuum. 

This simple case illustrates the physics involved in the intractable ones. 

In this case we take our incident plane wave of infinite extent to be incident 

on a vacuum-glass boundary from the vacuum side; and we use a 3-dimen- 

sional Cartesian coordinate system for the mathematical formalism that we 

shall need. We consider the glass surface to be represented by the equation 

z = 0, with vacuum at z < 0. Further, we take the incident light wave 

fronts to be oriented such that their normals are parallel to the plane y = 0. 

r~ C 

At z > 0, the index of refraction of the glass, N =Vk makes v = jf The 

boundary conditions, at the glass-vacuum interface, at z = 0, must be satis- 
fied at all times, as well as at all places over the boundary surface. These 
conditions require certain compatibilities between any reflected and refracted 
waves that we conjure up to combine with the incident waves. 

For the associated electric and magnetic vectors of the incident light we take 

(x sin i+z cos i \ 
t— 1 ) 

I . I x si n t+z cos i \ 

B, - > tun" • > 

The wave fronts of this incident light are the surfaces of constant phase 
represented by the general equation 

x sin i -(- z cos i 

(o — constant = wh — a> 

^ c 

For the refracted light we conjure up the following plane waves, each of 
which is a solution for Maxwell's equations. 

( t _«x±m±3*\ 
E g = & g e \ * ' 



■ I \ ax+0y+yz \ 



R = N x p &„e 

Here v is ^ and a, and 7 are the as yet unspecified cosines of the direction 

of propagation within the glass. Also, co a is an unspecified angular frequency 
of the fields in the glass. 

For the reflected light we conjure up the equations, 
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Our first requirement of compatibility among these six vectors, that they 
satisfy the boundary conditions at all times, yields co = w a = av. 

Our next requirement of compatibility among them is that and £' both 
be zero. This requirement stems from the fact that the wave amplitudes at 
any instant of time are of uniform strength over the surface, with respect 
to y; and hence, for satisfaction of boundary conditions over the whole surface, 
the reflected and refracted amplitudes must also be uniform with respect to y; 
i.e., both reflected and refracted waves must have wave front normals in the 
y = plane. 

Furthermore, if the refracted and reflected wave trains are to be compatible 
with the incident wave train over all of the boundary surface, they must have 
the same functional dependency on x, as the incident wave; i.e., 

x . .x 

— a - = — sm i - 
V c 

+ i X . X 

a. - = — sin i - 
c c 

Writing a = sin r and a' = sin r', where r is the angle of refraction and r' is 
the angle of reflection, we find that these conditions yield Snell's law of refrac- 
tion and the law of reflection: 

sin i c Ar , 

— — = - = jy an( j i = — r > 

sin r v 

3-8. Fresnel Reflection Coefficients 

We use the symbol r for the ratio of the amplitude of the electric field in 
the reflected light, to its amplitude in the incident light; and we use the 
symbol dt for the ratio of reflected to incident illumination. The values 
of these amplitude- and intensity-reflection coefficients, r and Stt, depend on 
whether the incident transverse oscillations are polarized with the electric 
vector in the plane of incidence, x v and 9t T ; or perpendicular thereto, x a and 
9?,. The subscripts tt and a mean, respectively, parallel and perpendicular 
orientation of , the electric oscillation with the plane of incidence. If r is the 
angle of refraction, and i that of incidence, the dependence of the r's on i and r 
can be derived from our boundary conditions. Such a derivation yields the 
so-called Fresnel equations: 

Xa = _ sin (i ~ r) = tan (i - r) 

sin (i + r) * tan (i + r) 
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These expressions are to be derived by the student (as set forth in the problem 
section). Here, as a guide to a procedure for these derivations, we solve for 
r* and Xo in the limiting case where i = r = 0, in which case we would expect 

r* = r„. 

First we write expressions for the incident, refracted and reflected vector 
fields, keeping the amplitudes, S„ and 8', unspecified, so that they may be 
determined from boundary conditions. For normal incidence the E% and the 
associated #'s,of the incident, the refracted and the reflected fields are related, 
respectively, as follows: 

The first two equations describe an incident electromagnetic wave traveling 
at velocity c. The second two equations concern the refracted ray traveling 
in the same direction, but at velocity v. Here, as set forth in § 3-6, the asso- 
ciated magnetic amplitude is N times larger than it would be in vacuum for 
the same & g . The last two equations represent the reflected ray as traveling 
in the opposite direction, at velocity c. We note that H' is given a negative 
sign, as is necessary in order to reverse Poynting's vector. 

We get r by equating tangential E's. and H's where 2 = 0, and when 
e M = io. There and then, 

8o + 8' = & g for the electric fields 

So — S' = N&g for the magnetic fields 

Eliminating S ff gives r: 



_ Sj / l .- N \ 
8 \1 + N) 



Now r is —0.2 for glass of index 1.5. This negative sign of r means a change of 

phase of ir for the electric vector on reflection, f This is reminiscent of § 2-2 

where we saw how the mechanical wave #>i was reflected with a change of 

phase of x to become #> 2 . 

Poynting's vector gives the illuminations for the incident and reflected 

light proportional to So 2 and (S') 2 , so that the intensity-reflection coefficient 

becomes 

t That it is the electric vector that changes phase, not the magnetic vector, was estab- 
lished by O. Wiener's experiment [Wiedem. Ann., Bd. Jfi, 203 (1890)]. 
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(£7 

(So) 2 



<K 



= (sT = / i - iv y 
U + A7 



3-9. Conventions of Sign 

If we take limiting values of r, and r ff , when we let i and r go to the limit 
i — r = 0, we get 

t- / tan (i - r) l / iV - 1\ 

^ V* = tan (* + r)| = ViV+T; 

i^o I sin (« + r)J \iV + 1/ 

However, the plane of incidence loses its meaning at i = 0. Thus, this dis- 
agreement in signs presents a contradiction. But this contradiction is not a 
real one — it is only an apparent contradiction, as the argument below will 

show. At grazing incidence, or when (t + r) > J then tan (i + r) < and 

both r's are negative, and there is no contradiction. Then 

r, = x a = -1 

At grazing incidence both r's mean the same thing; namely, a change of phase 

of jt on reflection. It will appear, when (i + r) < -, that the contradiction 

resides in our convention of signs. The explanation of our difficulty lies in 
the fact that r T > means a phase reversal on reflection at normal incidence 
just as x a < does. Their meanings come from our convention of signs: 
Vectors lying in the plane of incidence are reckoned negative if directed to- 
ward the boundary surface, and positive if directed away. Thus, r T > 
near normal incidence means that the incident vector lies almost exactly 
antiparallel to the reflected vector. On the other hand, vectors perpendicular 
to the plane of incidence are reckoned positive or negative depending on 
whether the field is directed to the right side or left side of the plane of inci- 
dence, as we look toward the light source. 

The phase relationships at the surface both just before and just after reflec- 
tion are illustrated for the parallel or perpendicular azimuths of the electric 
vector in the incident light, in Figs. 3-4a and 3-4b. These figures represent 
the vector field directions and Poynting vector fluxes at S, where reflection 
occurs, both before and after reflection, and for r T > and x„ < 0. The 
Poyinting vectors before and after reflection are seen to be in the proper 
directions — applying the right-hand rule for vector multiplication of E and S. 

The arbitrary negative sign we gave W in order to give Poynting's vector 
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In both cases 
(&<o<t^ at i=o) 
the vectors 
sh own apply 
to the boundary 
at the point S. 



FIG. 3-4 Change of phase on reflection for electromagnetic waves polarized with 
the electric vector in the plane of incidence and perpendicular thereto. 



a reversal at normal reflection is in agreement with the convention of signs 
which we have just described. This convention is an easy one to remember, 
for it makes M the vector that exhibits a phase reversal on reflection. However, 
the opposite convention (with B' not negative, but M') would have been 
equally workable. We must, however, in order to avoid much confusion, 
choose a convention and stick to it. 

Our main objective of this chapter, so far, has been to get an easy familiarity 
with the expressions which describe associated electric and magnetic fields, 
and to get a starting fluency in the manipulation of these expressions. This 
fluency should now suffice for an introduction to the consideration of the 
photometric quantities. 
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3-10. Photometric Magnitudes 

We cannot measure the vector fields of light, E and H, directly because of 
their high angular frequency. Rather, we determine the flux of energy of the 
radiation by absorbing it; and then we infer the E and H of the wave motion 
by interpreting (E~ X 5), averaged, as the measured energy flow. Various 
means are available to determine relative energy flow. When light is absorbed 
on a photoelectric surface it liberates electrons in amounts which may be 
measured. Chemical effects can serve the same purpose (as in photographic 
sensitometry). Also, when radiant energy is absorbed by a radiometer, it pro- 
duces a measurable force. And finally, light absorbed in the eye produces 
nervous impulse and sensation. This sensation, at least, serves for comparing 
two fields of radiant energy. But all of these means are calibrated when the 
radiant energy is also measured absolutely by the instrument called the 
pyroheliometer. We estimate (E X H), averaged, from the rate of tempera- 
ture rise and thermal capacity of the instrument's radiation absorber. 

Neither a perfectly monochromatic flow of energy, nor a perfectly uni- 
directional flow of energy, is encountered in the physical world. The distribu- 
tion of energy flow in various directions is accounted for by the photometric 
magnitude brightness; while further, the distribution of energy flow through- 
out various wavelengths is described by spectral brightness. The symbols are, 
respectively, 53 and 53x- Whenever we measure light we measure an ensemble 
of different frequencies propagating over an ensemble of different directions, 
and hence the specific flow quantities, 53 and 53x, are very useful practically. 
When 53x dh is integrated over wavelength we get total brightness; when 53 is 
multiplied by area we get intensity /; and when 53 dSl is integrated Over 
solid angle we get illumination, Qj. (g has the same dimensions, watt meter" 2 , 
as Poynting's vector averaged. 

The units of brightness and illumination, as well as intensity and flux, 
are given in Table 3-1 in the MKSno system. The several photometric quan- 
tities for spectral brightness, spectral illumination, and spectral intensity are 
designated by adding the subscript X to the several symbols and by making 
a corresponding alteration of dimensions. Thus the multiplication of the 
spectral magnitudes by a length, d\, gives the dimensions tabulated. 

The table below also gives the names of the corresponding visual photo- 
metric magnitudes. The fundamental unit of the physical magnitudes is flux 
and its basic measure, related back to the MKSno units, comes from the rate 
of temperature rise of a pyroheliometer element multiplied by its heat capacity 
in joules per degree. The fundamental unit of the visual magnitudes is the 
candela, for intensity. The candela is ^ of the normal intensity emitted from 



[§ 3-10] 



Photometric Magnitudes 



55 



one square centimeter of a window that opens into a cavity maintained at 
the temperature of melting platinum. Within such a cavity, radiation and 
incandescent matter are in thermal equilibrium. This new candle, the candela, 
is about 2% less than the former sperm candle standard, but it is a much 
more definite and reproducible quantity. 



TABLE 3-1 




Unit Physical Magnitudes 


Visual Magnitudes 


$ Radiant flux [watt] 


Luminous flux [lumen] 


3 Intensity ; or flux per unit solid angle 




[watt steradian -1 ] 


[lumen-steradian -1 ] or [candela] 


d Illumination; or flux per unit area 




[watt meter -2 ] 


[lumen meter -2 ] 


SB Brightness; or flux per unit area, 




per unit solid angle 




Radiance 


Luminance 


[watt meter -2 steradian -1 ] 


[candela meter -2 ] 



Because of differences in responsiveness of the normal eye to various wave- 
lengths, as illustrated by the curves of Fig. 3-5, different amounts of flux of 
different colors are required to produce the same subjective response. The 
relationship of subjective response to irradiation by different colors, or the 
spectral sensitivity of the eye, as shown by the visibility curves of Fig. 3-5, 
is different for the rods and the cones of the retina. 



FIG. 3-5 Luminous efficiency of light 
in producing sensation in the eye at low 
(scotoptic) and at ordinary (photoptic) 
levels of illumination. 




400O 50OO 600 O 7000 

>Nd\e length in angstrom units 
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At the point where the relative luminous efficiency, "Ux is 1.0, the eye requires 
1467 microwatts of 5550 A radiation to produce the same subjective response 
as one lumen of white light. Thus the total subjective response to any colored 
light, ^f, is the integral 

10 6 [" 
$v = Y^j / "UxSx <fo lumens 

where $x is the spectral flux measured in watts. 

A comparison of white light with light of X = 5550 A, or the intercompari- 
son of colored lights, which Fig. 3-5 implies, involves heterochromatic visual 
photometry. The visual comparison of white lights, or comparison of lights 
of the same color in contiguous fields, requires only that the brighter one be 
dimmed by a known amount until the two appear equal, or that the same 
field shall flash between first one of the lights and then the other, with a 
known attenuation of the stronger light until the sensation of flicker vanishes. 
But in heterochromatic photometry we must judge a subjective equality of 
different things. In this connection a quotation from J. W. T. Walsh's Photom- 
etry is cogent:! 

"An observer faced with the problem of making a photometric measurement 
by the comparison of two surfaces differing markedly in colour is tempted at 
once to condemn the operation as senseless, and the result obtained as almost 
without meaning, and he is to a certain extent justified by the physical 
principle that things which differ in kind cannot be compared in degree 
except by some quality which is common to both. Thus, in the case of two 
lights of different colours, while there is no theoretical difficulty in comparing 
their relative energies expressed in watts, this quantity being common to all 
forms of radiation, there is very considerable difficulty in comparing their 
relative effects on the retina, since these effects are different in kind as well 
as in degree. This argument, however, if pushed to its logical conclusion, 
would almost deny the possibility of photometry at all. The position has been 
well expressed by C. Fabry, as follows: 'Confining oneself to the region of 
pure theory, one would therefore be tempted simply to condemn the problem 
as, by its very nature, contrary to reason. But it is not only from the theoret- 
ical point of view that the problem of heterochromatic photometry must be 
faced; its interest is pre-eminently practical and even commercial; the problem 
demands solution, even if it be partly by means of a convention.' 

"It is self-evidently essential that the results obtained by any method of 
photometry should be in accordance with the ordinary laws of physical 
quantities, i.e. that two luminances found to be each equal to a third should 
also be equal to each other, and that the luminance which results from super- 
posing two illuminations should be equal to the sum of the luminances due 
to each illumination separately." 

t From J. W. T. Walsh, Photometry (1953, Constable & Co., London). 
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We do not go into these esoteric matters here, except to say that the situa- 
tion is fortunately manageable. The student is referred to Walsh's book for 
the solutions of questions raised in the quotations above. We pass on to a 
consideration of the interrelationship of the physical photometric units, 
which interrelationships, happily, apply equally to both the physical and 
visual magnitudes. 



3-11. Interrelation of Photometric Units 

Fig. 3-6 shows an elementary black emitting surface of area dSi. The surface 
of a black radiation source emits radiations in all directions in amount pro- 
portional to its projected area; i.e., proportional to $$idSi cos 0i. A surface 
thus characterized (and a window in a cavity is such a surface) is called a 
Lambert surface. The flux sent from an element of it, dSi, through a second 
surface element, dS 2 , at the distance r, is proportional to the projected area 
of the second element, dS 2 cos 2 ; or more properly to the solid angle it sub- 
dS 2 cos 02 



tends at dSi; i.e., dSl = 



Thus the total flux emitted by dSi that also 



passes through a hemisphere above it, is 



O- / 2 /CO. JO n\ (dSi COS 02^ 

% = J ($Ji dSi cos 0i) 



/ dSi cos 2 \ 



If we take a zone on the hemisphere as dS 2 , and replace r by the hemisphere 
radius a, then 

dS 2 = 2xa 2 sin 0i ddi 

Entering this area element in the integral, we get the total flux : 



$ = 271-93 



71 

1 dSl io 



d(sin 2 0) = ttSBi dSi sin 2 



= t Si dSi 



FIG. 3-6 Interrelationships between bright- 
ness, flux, and geometric factors. 
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optic ax»5 FIG. 3-7 Flux from a point source collected by 
\*^ k a lens. 



object 
point 



ft 



The illumination GJi at dSi then is -75- > making 

©1 = T#l 

Our integral for § gives the flux emitted within this angle O , such as might 
be intercepted by the lens of Fig. 3-7, as 

ft = ti-SBi dSi sin 2 O 

For small angles AC = 27r(l — cos do) = x0 o 2 ; so that, for small angles ft = 
58i dSi AG = ttSi 0g dSi. 

The solid angle subtended by less than the whole hemisphere, say within a 
cone of angle radius O , as shown, is 

' Bo 2ira 2 sin dd 



fi 



= / dfi = / 

.70=0 yo 



= — 2x cos 



Substituting O = r we get, for the whole hemisphere, ft = 2ir. We might ex- 

pect the brightness of the window in a cavity emitter to be the total emission 
into a half space, i.e., (Si, divided by the area of the window and the solid 
angle into which the energy is emitted, 2x. But our relationship above gives 

53x = — • This factor of 2, difference between expectation and calculation, 

IT 

arises from the projection factor cos 0, in the integral for ft, which does not 
appear in the integral for 0. 



3-12. Energy Density of Radiation 

Let us consider an aperture of area $ in the walls of a cavity from which 

G? 
radiation characterized by S81 = — - is emerging through each surface element 

of the aperture equally in each direction. That is to say, we have a homo- 
geneous angular distribution of energy flow with respect to direction within 
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the cavity. From the radiation propagating through S in directions 6 relative 
to the surface normal of S, or in directions adjacent to lying within the 
solid angle dtt, we may calculate the energy in a layer of the cavity of thick- 
ness r, adjacent to S. Fig. 3-8 illustrates this calculation. Half the radiant 
energy in this layer t, propagating at the angle with respect to S, will pass 

T SOP 

through S in the time dt = This radiation, propagating in a slant 

direction, occupies a parallelogram of cross section dS cos 0, and of slant 
height t sec 0. The energy in the parallelogram propagating in this direction 
is the product of dt and the illumination $8\ d\ d£l. Or, in joules, this energy 
passing through dS is 

^ d\ 2x sin dd T -^-? X dS cos = ^^ r dS sin 6 dd 

7T C C 

On multiplying this energy by 2 to account for energy which would leave the 
layer through its other bounding surface, and then integrating over 0, we 
get the total energy that would lie between the bounding surfaces if the 
window were closed. On dividing this total energy by the volume between 
the bounding surfaces, r dS, we get a relation between the illumination in 



dS J window 




area of 
window 
ds 



FIG. 3-8 Flux emitted through a window 
from a blackbody cavity containing energy 
density of radiation e. 




para)\e\eptped^y 
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the cavity, (§ x , and its energy density, ex. 

4 c 

- d\d\ = ex d\ or (g x = 7 ex 
C 4 

This relationship is both important and useful since the derivations of the 
spectral distribution of energy in a cavity, for radiation in equilibrium with 
matter, give e x . 

Before leaving this subject of interrelationships, it is proper that we should 
point out here an extra engineering unit for brightness, the foot-lambert. 
When brightness is expressed as candles per square foot, the illumination, 

(§, is — However, to avoid the factor it, engineers have invented the extra 

unit, the foot-lambert, for which Qs = S3'. 



Chapter IV 

Interaction of Light 
and Matter 



We have just worked through a review of the electromagnetic theory as it 
pertains to light as a wave motion in free space, with velocity c = , — • 
The waves were described as electric and associated magnetic fields with 
amplitudes for vacuum related as follows: 3C„ = yj— & T . Likewise the equiv- 
alent theoretical treatment for light as a wave motion in glass, or some such 

c c 

transparent isotropic dielectric, gave the velocity v = —t=> with N = - and 

3C„ = nJ— 8*. Finally, we saw how the requirements of field continuity at 

a glass-vacuum interface, the so-called boundary conditions, yielded the laws 
of refraction and reflection, with Fresnel's equations for r, and x a . These 
results afford an introduction to our present topic. 

We shall now work through a treatment of the interaction of light and 
matter in which we determine the action of an oscillating electric field that 
engulfs the component molecules of matter. There are myriads of these com- 
ponent molecules and each may be considered to be a charged simple har- 
monic oscillator. When these component oscillators are driven by the engulfing 
electric field of the light they become excited by that field and emit Huygens- 
like spherical wavelets, as any oscillating dipole would. Such excitations and 
stimulated emissions will explain many of the phenomena of optics. 

This representation of matter as oriented or random arrays, or dense or 
tenuous clouds of identical oscillators, may be applied to solids, liquids, and 
gases. As for the identical oscillators themselves, we shall first consider them 
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as isotropic— with spherically symmetrical friction and restoring forces acting 
on the charges of each separate oscillator. Later, in Chapter VII, we elaborate 
this picture and invoke a species of oscillator characterized by anisotropic 
restoring forces acting on its charges. Although generally a mixture of oscil- 
lator species is required to represent optical properties realistically, our simple, 
single-species representation, with lumped characteristics, will suffice for 
present purposes, which are mainly pedagogical, and qualitative. Our treat- 
ment of liquids and vapors differs especially as regards the population density 
of the oscillators that we invoke to represent them. By population density 
we mean the number of oscillators per unit volume or, more meaningfully, 
the number of oscillators in a cube which is a wavelength on a side. Liquids 
are pictured as dense clouds, vapors as tenuous clouds; and in both we take 
the oscillators to be randomly oriented. Glasses are treated as congealed 
liquids, while crystals have their oscillators located in regular fixed positions 
with repeating orientations. 

When we thus represent matter, and subject it to an engulfing field of 
light, the constituent oscillators are stimulated by means of excitation energy 
extracted from the engulfing light. When, then, we shall have taken ac- 
count of all such stimulated emissions, as well as any residue of the light (not 
used up in excitation), then we shall have a basis for our optical explanations 
of reflection and refraction, velocity and dispersion, polarization and crystals, 
and finally interference and diffraction. Owing to the primitiveness of our 
representations, using only one species of oscillator, our considerations of 
these optical topics are incompletely quantitative, but the explanations 
are the qualitatively correct classical ones. And this classical picture serves 
admirably to introduce more advanced and sophisticated treatments. 

To proceed with our explanations of the optical properties of matter, we 
first calculate the motion of the excited charge of one component typical 
oscillator submerged in an engulfing field of light; then, with this motion 
determined, we can calculate the variable dipole moment that the incident 
electric field induces. At first we apply this result to describe the optical 
properties of a tenuous cloud of oscillators, randomly oriented and spaced 
as in a gas. The individual typical oscillator which we invoke is considered 
to be comprised of a pair of equal charges, a heavy one and a fight one. The 
lighter is characterized by a mass ra, charge q, friction coefficient mp, and 
restoring force coefficient wco 2 . The heavy charge is considered immobile at 
light frequencies, due to its large mass, M. To represent a gas by a tenuous 
cloud of randomly spaced oscillators, we take the population density of oscil- 
lators, 3l„ as a relatively small number. When 9l„ is not low, but mp is zero, 
we have a second representation that can be simply treated mathematically. 
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It affords representation of a transparent dense medium such as a transparent 
glass or liquid. Finally, when co = 0, we have a useful model for representa- 
tion, at low radiation frequencies, of the optical properties of metals. 

4-1. Harmonic Oscillator 

We first solve for the motion of the lighter charge. We characterize our 
oscillator by opposite charges q, and masses to and M. The lighter charge 
is considered to be constrained in its motion by a friction coefficient rap; 
and it is considered to be bound to a rigid nucleus, of opposite charge, by 
a binding force raco 2 . Fig. 4-1 shows a purely mechanical representation of 
this typical oscillator. All of the quantities mentioned above are expressed 
in the MKSno practical system of units: q is in coulombs; to in kilograms; 
t in seconds; and the engulfing field E is expressed in volts per meter so 
that qE, the forcing term, is in newtons. We may think of q and to as ap- 
proximating the charge and mass of an electron, and <o as its resonant fre- 
quency. This frequency may correspond to some wavelength of light between 
4000 A and 7200 A, say X = 5892 A as for the sodium atom. This particular 
frequency may be considered as representative of the lumped resonance 
response of the sodium atom. Actually, sodium has two resonances, one at 

o o 

wavelength 5890 A and the other at 5896 A, the first being twice as strong as 
the second. The motion induced into the heavier oppositely charged sodium 



FIG. 4-1 Model of charged harmonic 
oscillator. A spherical shell of charge q, 
with associated mass m, is here bound 
isotropically to a fixed anchor point of 
opposite charge. Both charges, in the 
absence of an electric field, here coincide 
effectively. 
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nucleus, to which we consider the electron bound, is negligibly small, because 
it is thousands of times heavier than the lighter electron. 

We shall now calculate the motion of the lighter charge when our typical 
oscillator is subjected to an engulfing field E. We consider this electric field 
of the light beam as propagating in the s-direction, and polarized in the 
xz plane. Thus, with our clock properly set, the field at the oscillator will 
be E = Soe**. This field will produce a real force on the lighter charge of 
l$c\E = qS cos ut. This real force will lie parallel to the x-axis. The differential 
equation for the resulting real motion of the charge therefore is 
mx + mpx + ma) 2 x = q& cos cat 

This equation is similar to Eq. a of § 1-4. The corresponding equation, with 
the real motion buried in the complex variable, W = x + jy, becomes 

mw + mpib + mux?® = qE 

For this equation, as before, we assume an exponential steady-state solution 
involving a complex constant A : 

W = Ae 3 ' at 

ib = jcoW 

# = — W 2 tP 

Substitution of this motion and its derivatives in the differential equation 
yields the value of A, which we may write as A = Gie^: 



m L (coo 2 — co 2 ) + jcapj 
A = Get* = g cos <p + jG sin <p 

™ W (coo 2 - co 2 ) 2 + co 2 p 2 / 



COS <p = 



coo 



.2 — /.,2 



sin <p 



V(co 2 - CO 2 ) 2 + co 2 p 2 
— cop 



\coo 2 — coV 



The above equations specify the motions of the charged mass, both its ampli- 
tude Ct and its phase <p. 

4-2. Electrical Polarization and N 

We now use this charge motion to calculate the index of refraction of a 
dielectric represented by a cloud of these typical oscillators. We get the index 
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from the previously mentioned result from the theory of electromagnetic 
fields, when p. = 1.0: 



N = C = Vwmo ^ y/- K 
V VkoHo 

Our oscillator motions are used first to get the dielectric constant of the cloud 
of the typical oscillators representing the dielectric. The dielectric constant 
k is related to the polarization which an applied electric field E produces in 
a dielectric. From the theory of electric fields, E and the polarization of a 
cloud of oscillators, p v , are related as follows: 

KKqE = KqE + p v 

Here p v is the product of p, the dipole moment of our typical oscillator, mul- 
tiplied by the population density of oscillators, ?fl v . And of course, for oui, 
individual oscillator, p is the dipole charge multiplied by the separation fron, 
its opposite heavy charge ; namely, p = qx. In our complex notation, with the 
variable x buried in w: § = qW. This complex variable $ gives $„ = 3l„qw>. 
Substitution of the expressions we have derived for W gives the complex 
polarization as 

From this expression we get a complex dynamic dielectric constant, 
kkoE = KoE + $„ or k = 1 + -^b 

KoE 

Finally, taking the square root of this k, we get the complex index of refrac- 
tion for our cloud of oscillators. In this complex index of refraction we write n 
for the real part, and jk for the negative of the imaginary part : 

Vk = N = n — jk 
We call ~fyR = n the propagation constant; and we call k in the imaginary part 
of fit the absorption constant. The complex N gives a complex velocity -=, 
and on putting this in the expression for E g , we find that n appears in the 

(7iz\ 
t — — ]> and thus determines wave propagation; while jk 

combines with the exponent factor j to give a negative exponential decay 

term, e c . These meanings are illustrated if we substitute the complex 
ff, for an absorbing medium, where we formerly had a real N for a trans~ 
parent medium. Formerly, in an expression for E 0i we had 



E g = S/-H) = 8- *('-T) 
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Now, writing St = n — jk where we formerly wrote N, we get 
E g = & g e c e v c ' 

The negative real coefficient of z, a = co -> is called the extinction coefficient. 

To recapitulate the genesis of these relationships: The quantities q, m, p, 
and o) determine the motion of a typical oscillator that is produced by a field E. 
This motion, W, and the oscillator charge determine £. $ combined with the 
population density of oscillators, 9X„, determines the polarization %. This 
polarization gives ic. And N = n — jk = VH. Or, all together, 

n - jk = ^1 + -^ = ^1 + 24- ^____i___ j 

4-3. Optical Properties of Sodium Vapor 
When a vapor of sodium is sufficiently tenuous, then -*^ = e will be much 

KqE 

less than unity, and the square root may be taken simply because, when 
e <<C 1.0, Vl + e = 1 + -, even if e is complex. 

ZK m L ("o — co 2 ) + jup J 

Rationalizing the complex fraction, in parenthesis, and equating reals and 
imaginaries, we get 

(n _ n = ?Mir "Q 2 - " 2 I 

V ' 2 Ko m L(wo 2 - co 2 ) 2 + coVJ 

. _ 9M 2 r top 1 

2 Ko wL(coo 2 -co 2 ) 2 + co 2 p 2 J 

Fig. 4-2 indicates how these values of (n — 1) and k vary with co in the vicinity 
of coo. The absorption constant exhibits a peak at co , with (w — 1) running 
through zero there. 

In the solar spectrum Fraunhofer's absorption line, D, is due to such a 
resonance absorption peak for the sodium atomic oscillator at X = 5892 A 
(as seen in a low-power spectroscope). This dark line in the sun's continuous 
spectrum is due to the peaked absorption by sodium vapor in the cool outer 
layers of the sun's atmosphere. 

The variation of (n — 1) near co gives negative values, meaning phase 
velocities v which are greater than c. This circumstance is particularly inter- 
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FIG. 4-2 Variation of propagation con- 
stant (n) and absorption constant (k) with 
frequency, near the resonant frequency. 




esting; and an experiment with sodium vapor which demonstrates v > c is 
explained in the next chapter. 

4-4. Optical Properties of Glass 

Above, we have represented matter by means of only one species of typical 
oscillators. Glasses and liquids are, of course, actually comprised of several 
species of oscillators, and we should have solved for the polarization due to 
each of these superimposed species, and then added these polarizations to- 
gether to get the total polarization. It is polarizations which are to be superim- 
posed, and not indices of refraction, or some other quantity. To illustrate: 
let us represent a glass as a superimposed mixture of v species of oscillators, 
individuals of each species being characterized by the magnitudes q if m if pi 
and cat. If the population densities for each of these species is 31;, then the 
resultant total polarization, when the same applied electric field simultane- 
ously engulfs all, will be: 

$ v >z, Siva,- 2 r 1 



K E i = l WiKo 



|_(« t * - co 2 ) + ja P i\ 



w 2 ) + jupi 

If our oscillators form a dense cloud so that the 9l/s are large, the oscillators 
will no longer behave independently in the engulfing field; but they will 
polarize each other. This interaction is due to the fields that the oscillators 
themselves emit to engulf each other. In this case, the relationship between Jc 
and fr,, which we used before, is no longer adequate. That relationship, 

K ~ 1= iff 
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must be modified to take account of these interactions between oscillators, by 

3 
means of the correction factor, —-7>- The student will find this factor derived 

in texts on electricity and magnetism. The relationship corrected to take 
account of oscillator interactions becomes 



3 ( * ~ l \ = -&- 
V* + 2/ Ko E 



It is very difficult to solve this relation for V7 except in the special case 
where k is not complex; i.e., when all p/s are negligible as when we have a 
transparent glass. Neglecting the p/s, the expression for Ha becomes 

Wi = — t— * 

W;(a>i 2 — co 2 ) 

Use of these W/s makes fl» real. Then K becomes real, and ft is real also. 

4-5. Formula of Clausius and Mossotti 

With the above real expression for Obi we now derive the equation of Clausius 
and Mossotti which gives the index of a transparent homogeneous mixture 
in terms of the index of each pure component and its concentration in the 
mixture. 

Here we consider a transparent medium as a mixture of v species of oscil- 
lators with characterizing population densities, 91;, and with the individual 
oscillators of each species characterized by q», m,- and co,-. The 9l/s can be 
expressed in terms of the partial densities of the components 5; and the total 
oscillator mass Mi. The sum of polarizations, giving k and N, is 

N 2 - 1 



£i Mi \_3Komi (co,- 2 - co 2 ) J Sk E ~~ k + 2 ~ 



N 2 + 2 

In practice we solve for N by representing the term in brackets above by R t . 
The RiS are determinable from observations on each pure species i (having 
density d if and index N t ). The term R { is called the refractivity. Substitution 
of Ri for the brackets, in the sum above, gives the equation of Clausius and 
Mossotti : 

^ Sj Nj 2 - 1 N 2 - 1 
& di Ni 2 + 2 N 2 + 2 



4-6. Cauchfs Formula 

The index of a transparent optical glass varies with the frequency of the 
light much as the index of sodium vapor varies with frequency; and this 
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variation may be represented throughout the visible spectrum by the equa^ 
tion of § 4-5. When we lump all oscillator characteristics and represent them 
by a eloud of representative oscillators characterized by 9l„, q, m and co : 

JV 2 -1 = 9W / 1 \ (a) 

JV 2 + 2 3/coW \coo 2 - wV 

It is possible to lump these characteristics because the significant w 's, for 
all the v species comprising optical glass, fall in the ultraviolet. 

In 1836 Cauchy put forth a simple and very useful formula which expressed 
the variation of the index of optical glasses with wavelength. Cauchy's formula 
may be derived from the formula above if we invoke several approximations, 
all of which depend on the fact that «„ » co. Cauchy's formula has enjoyed 
much use because of its simplicity— it uses only two empirical constants A 
and B: 



N = A+- 



First we solve Eq. 4-6a for N 2 - 1, writing — = r 1 and coi 2 G = -f-, with 



Oil X koW 



„_ „ 9l„q 2 • • 
1 X 2 



Because X » Xi, and since wi is not greatly less than « , the application of the 
binomial theorem gives 

iV 2 ^ (1 + G) + G (^y 

On applying the binomial theorem again, we get Cauchy's formula: 
4-7. Optical Properties of Metals at Low Frequencies 

In adapting our model for matter to explain the optical properties of so- 
dium vapor (§ 4-3) by taking a low density for our cloud of oscillators we 
were able to remove a radical and express ft = n — jk explicitly. And in 
adapting our model for matter to explain transparent solids, to get the theory 
that culminated above in Cauchy's equation, it was necessary for us to ignore 
absorption by the oscillators, setting p = 0. We now adapt our model for 
matter to explain the optical properties of metals, letting the binding forces 
become vanishingly weak. Thus, in the limit, our model comes to represent 
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a cloud of free charges. It happens that the computed optical properties of 
such a cloud do approximately describe the optical properties of metals at 
low frequencies; and at such low frequencies, the electrical conductivity of 
metals and these optical properties are simply related. 

When we set co = 0, our differential equation for the motion of a charge 
becomes 

mib + mptb = qE = qZe 3 " 1 
The steady state solution of this differential equation is 

W = - iL — — 

m or — jpa) 

This expression for the free charge motion gives k, and from a = N 2 we get 



(n - jky = R = 1 + -4 = 1 - ^ 
kqE hiko 



(-t-M 



If the population density of the free or unbound charges is 91/, the current 
density which a field E induces will be l„ = qm f = j'coq^Dl/. Thus the direct 
and alternating electrical conductivities for our cloud are given by the ratio 

-p = 5. For alternating current 



5 = h = , q 2 9l// P \ 
E mp \p-\- fa) 



The direct current conductivity at u> = is 



q 2 9t/ 

(To ~ 

mp 



Using this value <r , the alternating current conductivity becomes 



<T0 



—j tan i 



V-(-;) ! 



(:) 



ao is the handbook value of conductivity. It is useful here because it contains 
91/, q, m, and p — quantities that are needed to calculate the optical properties 
of metals at low frequencies. Writing this handbook value in the expression 

above, k = (n - jk) 2 , rationalizing 2 _ . , and then equating reals and 

imaginaries, we get the following expressions: 

1 



n 2 - k 2 = 1 - 



(TO 
KOP 



nk 



-f-( e ) 

ZKop \a)/ 



1 + 
1 



©' 



1 + 



® 



~ 1 _ ^2 
~ up 



i JL<L 
2 kqu 
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At low frequencies where co «; p, these expressions take on the approximate 
simpler forms indicated above at the right. And these simpler forms, at very 
low frequencies, require that n 2 — k 2 must remain constant, while nk grows 
very large. This means that n and k become approximately equal at low fre- 
quencies: In the limit, setting n = k makes k = a/tt 2- - At w = 1.9 X 10 13 (for 

X = lOOju), taking k = 8.85 X 10 -12 , and using the handbook value of 
o-o = 5.8 X 10 7 mho per meter for copper, we get k = 415. Such values of k 
may be used to calculate 9J as follows. 

We calculate f for normal incidence from Fresnel's equation of § 3-8, 
simply putting N for N: 

1 ~ N _ (1 - n) + jk 
1 + N (1 + n) - jk 

And the intensity reflection coefficient, SK, is obtained from this amplitude 
reflection coefficient by multiplying f by its complex conjugate I*. Since 
k >>> 1.0, our assumption k = n gives 

a> = n * = i _ 1^ ~ 1 _ - 

* 2k 2 + 2k + 1 k 

This theory for metals was originally developed by Hagen and Rubens, 
and its predictions were compared by them with laboratory measurements 
of $1 at very low frequencies. This theory is valid for metals at X > 100/x. 
Unfortunately it is of only qualitative value for the near infrared and of no 
value at all for the visible or ultraviolet spectrum. 

4-8. Optical Properties of Metals for Light 

The theory of the interaction between visible light and metals is not simple. 
Many observations on the optical properties of metals for visible light have 
been made using thin films deposited on glass plates by means of the process 
of thermal evaporation. The obtained values of n and k for thermally evap- 
orated silver and aluminum films are given in Table 4-1. The values for 

table 4-1 Optical Constants for X = 5896 A 



Metal 


n 


k 


Silver 


0.1 


4 


Aluminum 


1.0 


6 


Germanium 


4.0 


0.1 
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FIG. 4-3 Reflectivity of evaporated metal films, 9i. 



l.o 



x.z 



germanium are also given, since this material contrasts interestingly with 
silver. 

Although the theory of thin absorbing films is far too complex for considera- 
tion here, the following formulas for massive metal surfaces giving 9i, and 9J,, 
and their dependence on angle of incidence i, are interesting: 

(n — sec i) 2 + fc 2 ' 

(n - l) 2 + fc 2 
in + l) 2 + h 2 



9L = 



9?, = 



^9L=o = 



(n + sec i) 2 + A; 2 

(n — cos z') 2 + k 2 
(n + cos i) 2 + A; 2 . 

Fig. 4-3 shows the reflectivities of massive silver, aluminum, copper, and 
gold for wavelengths throughout the visible, and for the adjacent ultraviolet 
and infrared. Although sufficiently thin films of all metals are found to be 
partially transparent, silver is so selectively transparent at or near 3160 A, 
where it exhibits a minimum of reflectivity, that it is often used as an ultra- 
violet filter. For example, R. W. Wood used thin silver films as a filter to take 
his ultraviolet photographs of the moon. Although to the eye the crater 
Aristarchus appears to be one of the brightest areas on the moon, Wood's 
ultraviolet pictures showed it to be relatively dark. Because sulfur appears 
light to the eye, but reflects ultraviolet light poorly, Professor Wood explained 
the darkness of Aristarchus, in his ultraviolet pictures, as due to lunar de- 
posits of sulfur. 

The reflection of light by metals may be qualitatively ascribed to induced 
alternating currents in the metal surface. The motions of individual free 
charges in the metal surface, when they are excited by a common engulfing 
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incident light, are all synchronous. Because of this synchronism, the ampli- 
tudes of the wavelets which the free charges emit, rather than their intensities, 
will add. These synchronous wavelet amplitudes add up to produce strong 
waves. As contrasted with the behavior of Huygens' wavelets, as described 
in § 1-1, the re-emitted wavelets here cancel any residue of the original excit- 
ing wave in the forward direction. And furthermore, here, because of differ- 
ent phase shifts on re-emission, the back wave is strong and the forward wave 
is absent, also contrasting with the results of § 1-1. 

The Huygens-like wavelets emitted here by free electrons are the same in 
character as emission from an oscillating dipole, as treated below. 

4-9. Dipole Emission 

As we saw above, a harmonically variable dipole moment may be written as 
a complex number, j) = qfl> = poe^" 1 "^, where p = <\Xo and x = x cos (cot + <p). 
The real motion of oscillating charges here is equivalent to a real current 

i = q -t: or to the complex current t = q — • This harmonic current may be 

expected to produce an associated harmonic magnetic field just as a displace- 

ment current k ~jf produces a magnetic field R a , as defined by Maxwell's 

equations. These harmonic magnetic fields and the variable electric fields of 
the dipole, together, propagate away from the dipole with velocity c as 
spherical electromagnetic waves. These fields, at a distance r from the dipole, 
and at the time t, are a result of what happened at the dipole at an earlier 

time, ( t — - h where - is the travel time required for the spherical wave to 

get itself expanded to a radius r. 



FIG. 4-4 Coordinates used to express 
the emission of an oscillating dipole. 
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When Maxwell's equations are applied to this problem of spherical waves 
they yield the associated fields E and H. These fields are expressed below by 
equations in polar coordinates. The coordinates are oriented with respect to 
the direction of the dipole oscillation, 9 = 0, as shown in Fig. 4-4. These 
field equations, just as those we developed earlier for plane waves, are solu- 
tions to the differential wave equations for E and H; and they have the inter- 
relation required by Maxwell's equations. These fields are : 

H r = He = E<p = 

B, = - 2&-J1 -&- ^} S in fc*('-9 

47TKoC d (^ cor arir co d r J 



4ttC 2 \ 



cor coV 2 



When r is large, so that we may ignore terms involving higher orders of 
( — )> the only remaining components of field are 



E e = — < t 2 — Y sin 6e v c ' 

TK C I 47TC J 

v rl 4?rc J 



5, = Js 



Eg 
Mo 



These expressions represent a polarized spherical wave with the plane of 
polarization of the electric field parallel to the polar axis. 
When the above expressions for field vectors are cross multiplied to yield 

Poynting's vector, we find that illumination is proportional to -$ as required 

by the inverse square law, or "geometric attenuation factor" referred to in 
the beginning of Chapter III. The student can show that the time average of 
(E X H) for the emission direction has the magnitude 

(§av = 7n 7"/°\9 — «i sin 2 [watts per square meter] 
2r 2 (47t) 2 k c 3 

Then he can get the total flux of radiation emitted by the dipole if he integrates 
this illumination over the whole spherical wave front. This integration gives 

'■//^^'iw [watts] 



[§ 4-10] Radiation Pressure • 75 



4-10. Radiation Pressure^ 

Light produces many effects in its interaction with matter. It ejects photo- 
electrons; it induces the property of electrical conduction in photoconductors; 
it produces fluorescence and phosphorescence in crystals; it heats any surface 
which absorbs it; in photography, as one example, it produces photochemical 
response; and in the retina of the eye it produces nervous response. These 
topics need not be treated here, for the student may learn of them in atomic 
physics, photochemistry, and physiology. But it is cogent for us briefly to 
consider radiation pressure and to review the laws describing the character 
of radiations when they are in thermal equilibrium with matter. Such equi- 
librium radiation is called blackbody radiation. 

When radiation falls on a metallic surface and is reflected, the pressure it 
exerts may be explained qualitatively as follows: Consider a field of pol- 
arized light incident normally on an ideal metal surface (with assumed unit 
reflectivity). This field induces alternating currents, or oscillating charges, 
in the metal surface. The oscillating electrons in the metal surface are driven 
by the incident field E in directions that would lie parallel to the surface if 
they were not subjected also to the associated incident magnetic field, H, 
which lies perpendicular to both the induced current and E. This magnetic 
field deflects the oscillating electrons in the direction of propagation of the in- 
cident light. Of course all electron motions interact' eventually with the 
crystal matrix structure which contains them. The lateral collisions of the 
electrons with the lattice structure of the metal, however, cancel each other 
so that there is no net lateral force. But there are unbalanced thrusts in the 
direction of propagation of the incident light. These unbalanced forces give 
a net force which is the origin of the radiation pressure. 

There is a relationship between (E X S) for the incident light and the 
pressure produced when we have total reflection or absorption. We do not 
deduce this relationship here; but it may be found elsewhere — as in Harn well's 
Principles of Electricity and Electromagnetism, McGraw-Hill, 1949, p. 578. 
It is shown there that the pressure produced is e' when a plane wave is 
absorbed or 2e' when reflected. Here e' is the energy density of the normally 
incident monodirectional radiation. Poynting's vector, averaged, has the di- 
mensions of watt meter -2 . If we divide (E X 5) by c we get a quantity that 
has the dimensions watt sec meter -3 — the same as the dimensions for energy 
density and also the same as the dimensions for pressure. Consider now 
radiation of energy density e propagating homogeneously at all angles. We 

t Richard A. Beth [Phys. Rev., 50, 115 (1936)] succeeded in measuring the torque pro- 
duced by the angular momentum of circularly polarized light in interaction with a crystal. 
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may compute the overall pressure it exerts from an average of the normal 
pressures produced by its directional components. The normal pressure of 
each directional component will be proportional to the cosine of its angle 
of incidence on the absorbing surface. The illumination must be multiplied 
by an area-foreshortening factor, cos 6. Finally, the illumination will be 
given by the brightness multiplied by a solid angle, dtt, proportional to 
2tt sin 6 dd. Thus the average of the normal pressure components of all 
incident irradiations is 

f 2 cos 2 6 2tt sin 6 dd x 

~z = 3 

J o 2 2tt sin 6 dd 

And the total pressure exerted on a black surface by such homogeneous radia- 



tion, of overall density e, is 



e 



4- 1 1 . Blackbody Radiation Laws 

It is important that the student become familiar with Planck's distribution 
law for blackbody radiation and with the associated laws presented below. 
The derivations of these laws are not given here. These derivations will be 
encountered later in courses on atomic physics. 

Planck's distribution law for the density of the radiation in a cavity, in 
thermodynamic equilibrium with the cavity walls at some absolute tempera- 
ture T, is 




h is Planck's constant; k is Boltzmann's constant; and T is the absolute 
temperature of the cavity. 

he 
When zrpj, » 5, the exponential in the parenthesis above effectively domi- 
nates, giving Wien's simpler distribution law as an asymptotic form of 
Planck's equation. 

8xhc -~ 
ex = ~^r e ^ T 

he 

At the other extreme, when rr^= <3C 1.0, expansion of the exponential in 
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Planck's equation in power series gives the so-called Rayleigh-Jeans simpler 
distribution law as the other asymptotic form of Planck's equation: 

8wkT 



€\ = 



X 4 



From x33 = @ = 7 e we easily convert these energy densities to determine 

illuminations and brightnesses. Fig. 4-5 shows Planck's equation and its two 
simpler asymptotic forms plotted as a function of XT 7 . 

On differentiation of Planck's equation, and setting — = 0, we get the 

condition for determining the wavelength and temperature at which €\, or 
(S\, has its maximum value. Equating this derivative to zero, and writing 
he 

x = xkT 7 ' glves 

5(e x - 1) = xe x 
This transcendental equation has as its root x at approximately 5 — actually 



FIG. 4-5 Planck's radiant energy distribution law for radiation in equilibrium 
with matter, and the Wien and Rayleigh-Jeans asymptotic forms of that law. Here 
the ordinate y is proportional to the illumination, ©x, that is emitted through a window 
in a cavity. 
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x = 4.965. Thus X m , the wavelength of the maximum illumination, @ x , occurs 
when 

he 

^mT = 4 gg5 k = 2898 [micron-degree] 

It will be useful for the student to be aware of the range of validity of the 
simpler distribution laws, as illustrated both by Fig. 4-5, and by the following 
algebraic comparisons between them and Planck's law.f 

Wien's equation holds very well for low temperatures and short wave- 
lengths; but it begins to be unsatisfactorily representative of Planck's equa- 

hc 

tion near the blackbody maximum at r~r^ = 4.965. There 

X m Ki 



f e 4.965_ ^ 142.3 „ 

ViWien — i g4 %5 > ^Planck = ^g o ^Planck 



In contrast with this, the values given by the Rayleigh-Jeans equation 
at the blackbody maximum are not even of the same order of magnitude as 
those given by Planck's equation: 



r e 4.965 — \~\ 

^Rayleigh-Jeans = j Tqak f ^Planck = 28.7 ©Planck 



It is evident that for the Rayleigh-Jeans equation to be a good approximation 
of Planck's equation we must go to wavelengths very much longer than this 
maximum. Expanding exponentials when X ^> 5X m , we get 



5 ~ 

(gRayleigh-Jeans _ 6 X — 1 ^ - , 5 X» 25 /%A 2 , 

@Planck , X™ — " 1 ~2X" h 3!\X/ 



5 T 

For example, applying this series to the sun, at T = 6000°K, when the black- 
body emission maximum lies at X m = 0.48m, the Rayleigh-Jeans equation is 
in error 10%— and the ratio of illuminations, Rayleigh-Jeans to Planck, is 

1.10, even at 12 M where 5 ^ = I- 

X 5 

4-12. Total Radiation 

The equation of Stefan-Boltzmann relates the total thermal radiation 
density with the temperature. We may derive it as follows: 



■/;. 



d\ 



t Alfred H. Canada, in General Electric Review, Dec. 1948, describes a radiation slide 
rule that the student can acquire. It is very useful in applications of the radiation laws. 
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Letting x = Tpp as before, 

_ (kTY (" x s e~* , 
e - ST (hey Jo l-e~* dX 

The integrand here can be expanded and integrated term by term to give 

y*. — : = ™> as written. Since (S = 7 e, we get 
I'n 4 90 4 ' & 

e . J^- = 5.67 x 10- r- watt 



15c"h'r 4 meter 1 



Chapter V 

Velocities and Scattering 
of Light 



In the last chapter we wrote c for the velocity of light in vacuum and v = tj- 

for its velocity in a transparent medium. For an absorbing medium we wrote 

c 

the velocity complex : v = rr- This complex velocity produced two expo- 
rt JK 

nents in the wave equation: n, the real part of v, produced an imaginary 
exponent, jw — , that described phase; while k, the imaginary part of D, pro- 
duced the real negative exponent, oo — = a, that described attenuation. 

We determine v from measurement of N with a refractometer, — = v. 
But the travel time for the energy in a pulse of light in a dispersive medium, 

Z Z 

in which N varies with wavelength, is not -> but -> where u is the so-called 

v u 

group velocity. The value of u is less than v by the amount X ir = — -r^ ^r- 

Our explanation of group or pulse velocity involves a fictitious concept, the 
concept of monochromatic light. 

When a light source is a white hot incandescent solid, its emission, of course, 
is not monochromatic but contains all the visible spectrum, and more. By 
means of a monochromator we may narrow the spectral band width of this 
emission, and purify it from all component colors but one dominant wave- 
length band; or we may isolate only one of many nearly monochromatic 
spectrum lines emitted, such as are emitted by an electrically excited atomic 
vapor; but none of these radiations will contain only one pure frequency. 
80 
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Rather, each will be characterized by a continuous band of frequencies— 
although the characterizing band may be a very narrow band indeed. Thus, 
available light is never strictly monochromatic. But before we go into the 
consequences of this universal lack of monochromaticity, let us briefly review 
an early attempt to measure the velocity of light, 

Galileo was among the first to try to measure the travel-time required for 
light to traverse a known path length. He tried to do this as it had been done 
successfully for sound, by means of a relay signaling method. He provided 
himself with a lantern and shutter, and with an assistant similarly outfitted 
and suitably trained. He and his assistant took up widely separated stations 
where they could see each other, and they consecutively exposed and eclipsed 
their lanterns by hand. This procedure was of course too crude, for light has 
a very great velocity. Although the principle that is inherent in Galileo's 
method was usable, it was only after great refinements of chopping, returning 
of the same light by mirrors, and after great finesse of timing had been intro- 
duced, that the principle yielded accurate group velocities. Light travels so 
quickly, in fact, that it would pass through a hole in the earth from north 
pole to south pole in just less than 43 milliseconds, if such a hole existed. 
Thus the velocity is so great that there was no possibility of Galileo's method 
being practical. Even across this vast distance from pole to pole the human 
eye and the hand would be too sluggish for a precise measurement. 

Ole Roemer was the first to know the magnitude of the velocity of light 
(in 1675). He assumed a finite velocity of light to explain the variations in 
the observed periodicity of successive eclipses of Jupiter's moon. Taking t as 
the period of the repetition of this event, the variations in t, observed over 
a year, were explained as due to variations of line of sight components of 
the distance that the earth moved in the interval t. Early observers did not 
agree on the value of r, for one reason or another. As a result, Roemer's 
explanations of the variations of eclipses were not at first generally accepted, 
even by Roemer's own collaborators; and his explanations had to wait half 
a century for acceptance, until James Bradley had discovered the aberration 
of light and thus got a confirming value for its velocity. 

Bradley discovered the aberration of light while striving to measure stellar 
parallax. The stellar parallax of a relatively near star is the apparent shift 
of its position, compared to the distant background stars, that is caused by 
the earth's motion. Bradley's measurements of star positions revealed a con- 
sistent annual shift of angular position of all the stars in the heavens. And 
furthermore, the stars were shifted in a direction that was parallel with the 
vector of the earth's velocity, in its motion around the sun. Since the earth's 
velocity, and not its displacement, was found by Bradley to be parallel with 
this stellar shift, the observed shifts could not be ascribed to parallax ; rather, 
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FIG. 5-1 Diagrammatic representation of stellar parallax (a), caused by the 
earth's variation of position, and of aberration (b), caused by the earth's velocity. 



they were produced by a vector combination of the earth's velocity and 
the velocity of light, as illustrated in Fig. 5-1. From the known maximum 
velocity of the earth in its orbit, and from the measured maximum shifts 
(20.5 seconds of arc), Bradley inferred a velocity for light that was in agree- 
ment with the one Roemer had gotten a half century earlier. Nowadays the 
velocity of light is known so very precisely that the situation is reversed; 
the velocity is now used to yield the astronomical parameters that were 
formerly used to obtain it. 

The methods of measuring the velocity of light are now so refined, in fact, 
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that travel-time measurements will yield the separation of an observing and 
an associated station that are only a few miles apart on the earth's surface. 
In these modern applications of the velocity of light for surveying, the error 
in distance determination is only about one inch. 

5-1. Spectral Lines in Absorption and Emission 

Fig. 4-2 shows how our theory for an absorbing vapor gave k greatest at 
the frequency where charge displacements were greatest; i.e., at the resonant 
frequency of the charged harmonic oscillators that we invoked to represent 
the vapor atoms. In § 4-9 our theory gives the emission of a dipole as pro- 
portional to the maximum charge displacement, and hence greatest at the 
resonant frequency, where the oscillator "wants to oscillate." 

When sodium atoms are heated in a Bunsen flame, their kinetic impacts 
with other atoms would be expected to excite all oscillation frequencies, 
with the greatest deflections at the resonant frequency. Thus the emission of 
thermally excited sodium atoms would be expected to be greatest at frequency 
wo- This fact, that a heated gas emits the most light at the frequencies where 
its absorption constant k is greatest, can be predicted by thermodynamic 
reasoning. Excitations other than kinetic bombardment, such as electrical 
discharges, also produce strong emission at or near such resonant frequencies 
coo, and produce spectral lines. And because the resonance is sharp, the light 
of a spectral line is usually quite monochromatic — but, as stated above, it 
is not completely so. 

The two main wavelengths at which sodium vapor emits strongly when 
heated in a Bunsen burner lie at 5890 A and 5896 A. These two wavelengths 
are lumped together here and represented by X = 5892 A. The corresponding 
frequency is v = 5.1 X 10 14 cycles per second, or 510 million megacycles. From 
2ttc = Xcoo, we get co = 32 X 10 14 radians per second for the angular fre- 
quency. 

When a Bunsen flame containing sodium vapor is viewed with a spectro- 
scope of low dispersion, we see this lumped resonance as a single emission 
line at 5892 A. But when a very bright continuous white light source, such 
as the old lime light, or a carbon arc crater, is viewed with a spectroscope 
through such a Bunsen flame, doped with sodium atoms, the 5892 A spectral 
component of the brighter white background light is absorbed by the sodium 
vapor of the cooler Bunsen burner, and the displayed spectrum of the white 

o 

light shows absorption at 5892 A, i.e. a dark absorption line. 

Although Bunsen and Kirchhoff were not the first to make these observa- 
tions, they correctly inferred that their dark absorption line originated from the 
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same process as that which produced Fraunhofer's D line in the solar spec- 
trum. A paper of Kirchhoff (1859), translated for Magie's Source Book in 
Physics, is quoted below to illustrate this discovery :f 

"While engaged in a research carried out by Bunsen and myself in common 
on the spectra of colored flames, by which it became possible to recognize the 
qualitative composition of complicated mixtures from the appearance of 
their spectra in the flame of the blow pipe, I made some observations which 
give an unexpected explanation of the origin of the Fraunhofer Lines and 
allow us to draw conclusions from them about the composition of the sun's 
atmosphere and perhaps also of that of the brighter fixed stars. 

"Fraunhofer noticed that in the spectrum of a candle flame two bright 
lines occur which coincide with the two dark lines D of the solar spectrum. 
We obtain the same bright lines in greater intensity from a flame in which 
common salt is introduced. I arranged a solar spectrum and allowed the sun's 
rays, before they fell on the slit, to pass through a flame heavily charged 
with salt. When the sunlight was sufficiently weakened there appeared, in 
place of the two dark D lines, two bright lines; if its intensity, however, 
exceeded a certain limit the two dark D lines showed much more plainly 
than when the flame charged with salt was not present. 

"The spectrum of the Drummond light generally contains both the bright 
sodium lines, if the glowing part of the lime cylinder has not been long ex- 
posed to the heat; if the cylinder remains unbroken these lines become 
weaker and finally disappear. If they have disappeared or are very weak, 
and if an alcohol flame in which salt is introduced is placed between the lime 
cylinder and the slit, then in place of the bright lines two dark lines appear 
remarkably sharp and fine, which in every respect correspond with the D lines 
of the solar spectrum. Thus the D lines of the solar spectrum have been 
artificially produced in a spectrum in which they do not naturally occur. 

"If we introduce lithium chloride into the flame of a Bunsen burner, its 
spectrum shows a very bright, sharply defined line which lies between the 
Fraunhofer lines B and C. If we allow the sun's rays of moderate intensity 
to pass through the flame and fall on the slit, we shall see in the place indicated 
the lines bright on a darker ground; when the sunlight is stronger there ap- 
pears at that place a dark line which has exactly the same character as the 
Fraunhofer lines. If we remove the flame the line disappears completely, so 
far as I can see. 

"I conclude from these observations that a colored flame in whose spectrum 
bright sharp lines occur so weakens rays of the color of these lines, if they pass 
through it, that dark lines appear in place of the bright ones, whenever a 
source of light of sufficient intensity, in whose spectrum these lines are other- 

t From W. F. Magie, A Source Book in Physics (Harvard University Press, Cambridge). 
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wise absent, is brought behind the flame. I conclude further that the dark 
lines of the solar spectrum, which are not produced by the earth's atmosphere, 
occur because of the presence of those elements in the glowing atmosphere 
of the sun which would produce in the spectrum of a flame bright lines in the 
same position. We may assume that the bright lines corresponding with the 
D lines in the spectrum of a flame always arise from the presence of sodium ; 
the dark D lines in the solar spectrum permit us to conclude that sodium is 
present in the sun's atmosphere." 

Some remarks from Piazzi Smyth's Teneriffe, an Astronomer's Experiment, 
referring to the earlier year, 1857, are of some historical interest in this 
connection : 

"We turned therefore with some hope to optical questions, wherein the 
height on which we were placed [Teneriffe, a mountain in the Canaries] 
was everything, and the nature of the ground nothing. Foremost among these, 
came the subject of black lines in the spectrum; primarily discovered by 
Wollaston, and, secondly, but quite independently, by Fraunhofer, and so 
much better taken account of practically by him, as to be now generally 
known by his name. First viewed as so many defects or originally missing 
portions of the sun's light, suspicions were afterwards raised as to their being 
caused by the absorption of our own atmosphere. But in that case, even 
allowing for a moment such cosmical egotism, as the light of our own luminary 
is perfect in itself, and the earth's atmosphere the sole cause of evil, — how 
comes it that the light of stars, some of them many times larger than our 
sun, on passing through the same atmosphere, presents in each of their spectra 
a different series of black lines?" 

Of course the answer came from Kirchhoff : the relatively cool outer ab- 
sorbing mantle of gas around the sun or a star produces the observed dark 
lines. And this gaseous layer often has a different chemical composition in 
different stars. Spectroscopic analysis thus had its beginnings in this far-flung 
application, yielding from the start qualitative chemical analyses of objects 
which were millions of miles away, or more, as well as analyses of proximate 
flames. Later, by such analysis, helium was discovered on the sun before it 
was found on the earth. 



5-2. Natural Line Width 

Classically, an excited sodium atom will expend its energy by radiating it. 
This expenditure of radiation occurs at a rate given by the equation of § 4-9 
for the flux, %, emitted by a radiating dipole. This dissipation of energy by 
radiation will itself dampen the oscillations, even if the mechanical friction 
term p of our oscillator were zero. Such a loss of oscillator deflection is called 
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FIG. 5-2 Spectrum illumination contours (y) as functions of wavelength displace- 
ment from the line center (x), such as that produced by collision broadening and 
Doppler broadening. 



radiation damping. It is of such a character that the oscillator deflections 
decay according to an exponential law. The total flux emitted by a radiation- 

_t_ 
damped oscillator has the following time dependence: g = 5oe r . Now the 
Fourier integral representation of a decaying electric field E, such as we have 
here, contains not only a> , the natural frequency of the oscillator, but frequen- 
cies on either side of w as well. An appendix defines this degradation of mono- 
chromaticity. The resultant band of wavelengths, calculated to represent a 
decaying emission, is shown to have the distribution of Fig. 5-2a, where the 
half width of the band is 

AXjy = — — —,, 
3 mc 2 

Here q and m have the meanings given in § 4-1. This AX# is called the natural 
line width. 



5-3. Doppler Line Width 

When an emitting source of light, like a sodium atom, is advancing, or 
receding, along a line of sight, then the observed frequencies emitted will all 
appear increased or decreased. This frequency change is of the same character 
as the changes in the pitch of sound from a moving whistle, altered by its 
motion of advance or recession. This effect is, of course, the Doppler effect. 
For a moving sodium atom emitting the wavelength X , the observed wave- 
length will be Xo ( 1 =fc - )> where v is the atomic velocity of advance ( — ) or 
recession (+). Doppler shifts of frequency afford another reason why the 
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frequencies observed in radiations from sodium atoms in a Bunsen flame do 
not all lie at the resonant frequency but include frequencies on either side of 
it. Because of different velocities of sodium atoms, to and fro, the observed 
light assumes the form of a continuous narrow band of radiations, as shown 
in Fig. 5-2b, rather than a single spectral line. 

Because frequencies of the same atom are the same everywhere, even on 
stars and planets, the Doppler effect has been much used by astrophysicists 
to determine the line of sight velocities of astronomical bodies. This use is 
illustrated in accompanying figures. Fig. 5-3 illustrates spectra of the east 
and west limbs of the sun, as well as a spectrum of its center. Here the spectra 



FIG. 5-3 Doppler effect of the east and west limbs of the sun's disk on the position 
of spectrum lines, as compared with spectrum lines from the midpoint of the sun's 
disk. 
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FIG. 5-4 Doppler effect in the reflection spectrum of Saturn's ball and rings. 
[From a photograph by E. C. Slipher in the Encyclopaedia Britannica, Vol. 17, p. 998 
(1944).] 



are put in juxtaposition for comparison, to show apparent line shifts in the 
limb spectra that arise from the recession and advance of these limbs due to 
the solar rotation (once every 25 days). Fig. 5-4 shows how the spectrum of 
Saturn and his rings, focused on a spectrograph slit, displays Doppler shifts 
arising from the rings' orbital rotation. This figure shows comparison spectra 
to reveal the velocity of the planet as a whole. Relative motions of double 
stars may be similarly determined. Finally, Fig. 5-5 shows the enormous 
Doppler shifts of the Fraunhofer H and K lines as found in the spectra of 
distant nebulae. It is on such observations as this that the hypothesis of an 
expanding universe is based. 

In a Bunsen flame some sodium atoms will be approaching the spectrograph 
and others receding, and most of the atomic velocities will have at least some 
component along the line of sight. All these various velocities and components 
arise because of the various kinetic energies of the sodium atoms in the hot 
flame. In such a thermally excited source we see the superposition of the 
myriad of these different Doppler shifted emissions of sodium atoms. The 
distribution of wavelengths is illustrated also in Fig. 5-2b. The Doppler half 
width of this distribution is 






2 kT In 2 
Mc 2 



Here M is the mass of the whole oscillator, or atom, as contrasted to m, the 
reduced mass of the oscillating charge alone, and k is Boltzmann's constant. 



5-4. Pressure Broadening 

Another important broadening effect impressed on the emission of spectrum 
lines arises from the relatively violent intermolecular collisions which inter- 
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rupt atomic emissions, thus limiting the free time, t, during which an oscil- 
lator can execute its characteristic frequency, co . For example, an oscillator 
whose emission is violently interrupted at t = 0, and again at t = t, so that 
it emits a radiation pulse of duration r, will contain other frequencies than w . 
The Fourier integral representation of such a pulse, of duration r, taking the 
emission as zero at t < and at t > t, requires side bands as well as the 
dominant frequency co . It is because of these side bands that the monochro- 



FIG. 5-5 Doppler effect observed in the spectra of galaxies by M. L. Humason 
of the Mount Wilson Observatory. 
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maticity of oscillator emission is degraded. Appendix F defines this degrada- 
tion of monochromaticity. 

The representation of the frequencies introduced by all the different r's is 
shown in Fig. 5-2. The over-all line width is determined by the average 
emission time, r av . 

AAp = or Avp = 

CX a v CTav 

Here the average, r av , may be calculated from the kinetic theory of gases. It 
depends on the partial pressures and temperature of the gas components 
and, in addition, on the effective optical collision diameters of the molecules 
involved. These optical diameters are found to be different from the impact 
diameters that are involved in the kinetic theory prediction of viscosity; 
and this difference arises because the range of intermolecular forces involved 
in an impact collision that is violent enough for significant momentum trans- 
fer may be different from the range of forces in an optical collision which is 
violent enough for a significant wave train interruption. The measurement of 
pressure broadening, from which optical diameters are derived, provides, 
therefore, an experimental approach for determining the intermolecular force 
fields between the molecules in gases. 



5-5. Modulation Broadening 

Chopping of long wave trains into pulses by a shutter will also degrade 
monochromaticity just as pulse length curtailments by violent intermolecular 
collisions do. If we were able to have an infinitely long wave train of fre- 
quency m, the chopping of this wave train by means of the shutter, as shown 

FIG. 5-6 Diagrammatic representation of the travel time method of measure- 
ment of group velocity through liquid CS2. 
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FIG. 5-7 Diagrammatic representa- 
tion of spectral distribution of illumina- 
tion in a spectrum line before rapid chop- 
ping (A) and after (B). 




in Fig. 5-6, or even as Galileo tried, would degrade its monochromaticity 
so that frequencies other than w would be introduced. An actual source, at 
best, can only emit the finite wave train that is characterized by a natural 
line width AX N . This width can be revealed experimentally, as by means of 
the spectrograph A shown in Fig. 5-6. If a spectrum line should appear broad- 
ened, as spectrum A shows in Fig. 5-7, another spectrograph, after the chop- 
per, would reveal a further broadening of the line, as B shows, arising from 
chopper modulation. 

In practice, the distribution A will be due to a combination of the natural 
line width with the Doppler and pressure-broadening effects that were de- 
scribed above. For example, if the source were a cadmium lamp giving 
the spectrum line 6438 A (as was used by Michelson to measure the meter), 
its expected Doppler width would be AX D = .004 A. The spectrum line 
Hg 2536 A pressure-broadened by argon at one atmosphere has a line breadth 
due to this cause alone of AXp = 0.01 A. The natural width of spectral lines, 
due to radiation damping, is much smaller than that due to either of these 
broadening effects. For example, a spectrum line would exhibit, from this 
cause alone, AX N = 0.0005 A. Thus, from such line broadening effects alone, 
to say nothing of the additional breadth introduced by the chopping, it is 
abundantly proper for our expression of the pulse-travel-time velocity u to 

contain the dispersion, — • 

In communication engineering it is well known that sinusoidal modulation 
of a carrier of frequency co at a modulation frequency on introduces side- 
bands, ojo ± coi. Our chopping, by means of the rotating sector shown in 
Fig. 5-6, is in effect a square wave modulation; it would be expected, accord- 
ingly, to introduce side-band frequencies here as well. E. Rupp succeeded 
in demonstrating such modulation broadening. He used the resonance line 
from a cool thallium vapor discharge tube as his light source. The relatively 
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FIG. 5-8 Rupp's experiment to establish the validity of Fig. 5-7 qualitatively. 

narrow thallium line, emitted by this vapor source, was totally absorbed 
by the thallium vapor of a warm cell if the emission of the source was not 
chopped before entering the absorber cell. But when Rupp chopped that 
emission at the rate of 10 9 times per second he could see the source through 
the cell — the side-bands he introduced extended far enough on either side 
of the central resonant frequency co , and the monochromaticity was thus 
sufficiently degraded so that light leaked past the resonance absorption 
peak of the hot thallium vapor cell and made the discharge visible. Rupp 
chopped the green light at this high frequency with a Kerr cell between 
crossed Nicol prisms. His combination is shown in Fig. 5-8. When a very high 
frequency of electrical potential is put on the electrodes of such a Kerr cell 
combination, the liquid between its electrodes (usually nitrobenzene) is made 
double-refracting. As a result, the plane of incident polarization is periodically 
rotated so that the Nicol analyzer periodically fails to extinguish the light 
emergent from the cell. 



5-6. Observed Group Velocity 

Michelson measured the pulse-travel-time velocity through liquids by 
means of apparatus such as is represented in Fig. 5-6. This apparatus repre- 
sents the functioning of all travel-time measuring devices diagrammatically — 
both the rotating mirror type of device that was used by Foucault and later 
by Michelson, and the toothed wheel device that was used in the experiments 
of Fizeau. The tube containing liquid represents the travel-time optical path. 

The quadrant wheel of the chopper-shutter system chops up the long wave 
trains from the source into pulses, or groups of waves. During the time it 
takes for these groups to travel down the tube, the chopper-shutter system 
will have rotated through a small angle, and as the rate of rotation of the 
chopper-shutter is increased, this angle grows. If, finally, a sufficiently high 
rotation rate is reached, such that this angle is 90°, the light passed by an open 
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quadrant of the chopper will be eclipsed at the other end of the tube by the 
opaque quadrant of the coupled shutter. When this eclipsing is complete the 
group velocity u may be calculated from the tube length and the measured 
time for the chopper-shutter system to rotate 90°. In practice the chopper- 
shutter system has a great many openings so that its necessary rotation during 
the travel time is very much less than 90°. 

In Michelson's experiment the measured time and tube length gave 

- = 1 77 for CS 2 ; while in separate refractometer measurements he got 

u 

JV = - = 1.64. It remained for Lord Rayleigh to explain that one would not 

v 

expect u = v, but rather u = v — X~ , as Michelson found. As was previ- 
ously pointed out, u is called the group velocity. 



5-7. Explanation of Group Velocity 

A close observation of the expanding ripples that are sent out when a stone 
is cast into a pond shows the essential phenomenon to be explained. § 1-6 
gives the phase velocity of the water waves that the stone produces. The 

dv 
equation there shows that this velocity depends on X so that the term ^ 

is not zero. We should, therefore, expect the phase velocity v to be different 
from the group velocity u. Careful observation of a particular wave crest on 
the water, produced by the stone, will reveal that it travels faster than the 
group of waves as a whole, as expected. Such a particular crest will advance 
from the inside through the center of the group to the outer leading edge 
and disappear. In contrast with such water waves, where we can easily deter- 
mine v by observing a particular wave crest, in the case of light we cannot 
"follow" a particular crest, or mark it; we can only "follow" the group of 
waves as a whole. Thus only u, the group velocity, is observable from travel- 
time observations. 

We cannot determine v from travel-time experiments with "monochromatic 

light," and avoid the term -=r» because pulses are inherently not monochro- 

matic, for the reasons that were set forth above in § 5-5. 

We use two approximations in our development, below, of Lord Rayleigh's 
j 
equation, u = v — X -rr- Firstly, we represent successive pulses of light, passed 

by the chopper of Fig. 5-6, as successive beats of two hypothetical mono- 
chromatic waves of wavelength \ R and \ B , as Fig. 5-9a shows. Secondly, we 
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FIG. 5-9 Representation of a pulse as the "beat note" of two monochromatic 
waves (a) and illustration of how their difference in velocity yields the pulse, or 
group velocity (b). 



represent the distribution B of Fig. 5-7 by these same hypothetical mono- 
chromatic waves; Xr being representative of the cross-hatched right half of 
B ; \ B being representative of the left half of B. The two wavelengths X R and 
Xj? thus lie at the centroids of the red and blue halves of the distribution of 
frequencies which represents the chopped light. These approximations give 
Rayleigh's equation correctly. 

Fig. 5-9b shows the two representative component waves, R and B, and 
their superposition. The superposition sum is represented by the dashed line. 
This sum has a maximum value at C, corresponding to the group or pulse 
center, where Xr and Xb are, so to speak, in phase. At the instant represented 
in this figure, the nth crest of Xb coincides with the rath crest of Xr. Because Xb 
has a lesser phase velocity than Xr in CS 2 , this pulse center, with velocity u, 
will fall behind the progression of the component waves, with velocities v B 
and vr. Therefore, after the lapse of a certain time, the (n — l)th crest of X B 
and the (m — l)th crest of Xr will coincide, and the new point of phase coinci- 
dence, marking the pulse center, will have fallen behind the mth crest of X# 
by the distance \r. The time required for this to occur, due to Vr > v B , is 
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x B — x B ax 



At = 



v R — v B Av 



In the limit we may write — = -jr- During this time At, while the redder 

At (IK 

waves will have advanced the distance v R At, the advance of the center of 

the pulse is only v R At — X R . Division of this pulse advance by At gives the 

group velocity of the pulse: 

v R At — Xr Xr . dv 

u _ =v==v _x — 

At At dX 

In a dispersive medium v B and v B can be determined from refractometer 

c 

measurements. Such measurements show that v R = tt- is greater than 

jy r 

v B = T7- by the amount given by the dispersion, -+—> and (X R — X B ). This 

derivative can be obtained by differentiating a Cauchy-formula representation 

dN 
of iV's as a function of X (see § 4-6) ; or — can be obtained approximately 

from the ratio — — • 

A2 — Ai 

c dv 

From v = T7> we may express -rr in terms of the dispersion: 

iV dX 



fto — JL ($.\ c dN 

dX ~ dX \n) ~ N 2 dX 



So 

dN 
, c JV 
u ~ V = + NlE 
X 

Michelson made his measurements with a white light source. For his CS 8 
we may use N F = 1.652 and iV D = 1.628 at X F = 4861 A and X D = 5892 A, 
taking 1.64 for the average N, corresponding to an average wavelength 
X = 5380 A. The substitution of these numbers yields a predicted difference, 

c 0.024/1.64 c fntY7R . 

U ~ V= ~ L64 1030/5380 = " L64 (0076) 

while Michelson observed the difference 

c 

.64 



- - • - c (u~7 ~ m) - ~ &< (a073) 



Thus Rayleigh's theory is confirmed. 

We know that the velocity of light in interstellar space is the same for all 
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FIG. 5-10 Light curve of the eclipsing binary star, Algol. 



wavelengths from the manner in which the light of the star /3-Persei varies 
with time. This star is a binary, and its light variation shown in Fig. 5-10 
is due to eclipsing of the brighter star by a darker companion star. This eclipsing 
is not unlike the chopping of Fig. 5-6 with the darker star of the binary acting 
as the chopper. If the velocity for red light in interstellar space were as much 
different as one part in a million from the velocity for the blue then the eclipse 
as seen in red light should occur at a measurably different time than the eclipse 
as seen in blue light. This finesse of discrimination, with such a slow chopping 
rate, arises because of the great distance of the star from us — this binary lies 
120 light years away. The most careful measurements on /3-Persei show that 
the light intensity decreases for all colors simultaneously.! We thus infer that 
dv 



d\ 



is zero in interstellar space. 



5-8. Phase Velocity in Sodium Vapor 

Let us now examine the origins of the phase velocity itself and of its dis- 
persion, the medium in which light propagates being considered a cloud of 
oscillators for which N = n — jk. For example, the medium might be sodium 
vapor. The explanation of how v can differ from or exceed c involves considera- 
tion of the individual oscillators; and how they are driven by an incident 

t See John S. Hall, J. Franklin Institute, 228, 411 (1939). 
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light wave; and especially how the phase of their stimulated motions leads 
or lags the phase of the forcing fields of incident lights; and finally how the 
forward emissions of such stimulated oscillators combine with and modify 
the phase of the residue of the incident light that propagates at velocity c. We 
shall see that v can be inferior to c, or exceed it, depending on whether stim- 
ulated re-emissions lead or lag the exciting light. This explanation of the 
origins of N, as the manifestation of a combination of the residue of incident 
light with the forward re-emitted light, has much in common with explana- 
tions of scattering; both are manifestations of re-emitted light: N is explained 
by forward re-emitted light; scattering is explained by laterally re-emitted 
light. Although the light laterally re-emitted by oscillators turns out to be 
vanishingly small if the cloud is dense enough so that a myriad of oscillators 
occupy the volume of a cube that is only a wavelength on an edge, the for- 
ward re-emitted fight is never negligible, but makes itself manifest as N. 

The maximum and minimum of the {n — 1) curve of Fig. 4-2 demark a 
very interesting band of oscillator frequencies. Beyond this region on either 
side n decreases as w decreases. This variation of n with w is characteristic of 
normal dispersion, making u less than v. But within these stationary values 
we have the opposite dependence of n on a — with n increasing toward longer 
wavelengths. This opposite dependence is called anomalous dispersion. It 
was first discovered for the dye fuchsin by C. Christiansen (of Christiansen 
filter fame). 

Furthermore, where (n — 1) < 0, or n < 1, we have v > c. 

The fact that v can exceed c may be demonstrated beyond doubt with the 
apparatus of Fig. 5-11. Here a long horizontal glass cylinder containing only 
metallic sodium and a residual trace of hydrogen gas has its ends closed by 
parallel windows. When this tube is heated on its under side, as shown, the 
sodium metal vaporizes and eventually condenses on the upper cooler cylinder 
walls. And as this metallic vapor diffuses upward through the residual hydro- 
gen gas, its density decreases. Thus light that penetrates the tube longitu- 
dinally passes through a denser cloud of metal vapor atoms at the bottom, 
and a more tenuous cloud at the top. This density gradient gives the equiva- 
lent of a prism of sodium vapor. For the frequency lying red of w , where our 
formulation predicts that v is less than c in sodium vapor, the cell will deflect 
the light downward toward the thick edge of this equivalent prism. This 
deflection toward the thick edge is the usual one for an ordinary dielectric 
prism; it results from the greater phase retardation of the part of the wave 
front that penetrates the bottom of the tube, or prism. But for the frequency 
in the region lying just blue of wo, where n < 1.0 corresponding to v > c, 
it is observed that the light is deflected toward the thin edge of the equivalent 
prism. Fig. 5-11 shows the optical arrangement that displays these opposite 
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FIG. 5-11 Demonstration of anomalous dispersion in sodium vapor. 



deflections. Here the point source of white light is observed through both a 
transmission grating and the tube, with the grating dispersion arranged hori- 
zontal. The insert shows how the grating spectrum appears, and demon- 
strates the dependence of n on co in the vicinity of the sodium resonance at 
X = 5892 A ; the maximum of A; in Fig. 4-2 is illustrated by the missing segment 
of the spectrum. 

Phase velocities in a dielectric medium that are greater or less than c may 
be understood further from the interaction between light and the oscillators 
of which we consider dielectrics composed. The incident light loses amplitude 
by inducing oscillator motions; and these induced oscillations lead or lag the 
field force qE of the incident light, depending on whether co is just greater 
or just less than co . These induced oscillations re-emit light in the forward 
direction of the same frequency. This forward re-radiation, in superposition 
with the residue of the depleted incident light, gives a resultant wave front 
that is characterized by a leading or a lagging phase. Thus we account for 
a phase velocity that may be greater or less than c. 
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Consider the thin slab of vapor represented in Fig. 5-12, bounded by two 
parallel planes, one at z - and the other at z = Az. First, considering ampli- 

~- ju[t — — ) . . 

tudes, let the light incident on this slab be described by E = S e v cj giving 

E = Soe^ at z — 0. We suppose fS to be the amplitude depletion, on the 

average, produced by each of the 31 sodium atoms that lie in the path of a 

light ray. This fraction f excites the atomic oscillations which, when all atoms 

in Az are considered, explains jj^c. Thus if 9lf is small, the residual amplitude 

■Jt-—\ 
of the incident wave at z = Az is E' = (1 — 9If)8oe * c '. Now we suppose, 

further, that a similar fraction f" of the induced amplitude from each oscil- 
lator is re-emitted in the forward direction. Considering individual phases, 
the phase of the primary wave when it excites a sodium atom, say a at z = 8z a , 

is w ( t — — 2 ) ; and the phase of the re-emitted radiation by this atom, after 

suffering a typical phase lag or lead <p, will be a)(t — — -] + <p. The phase of 
this re-emitted amplitude at z = Az is therefore 

And for a second sodium atom, say atom b at 8zb, the phase of re-emitted 
radiation at z = Az will be the same as that due to a : 



('-T) + *--(^f*)--0- 



Az\ 



FIG. 5-12 Demonstration of the origins of phase velocity in a dielectric comprised 
of identical simple harmonic oscillators, a, b, etc. 
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Thus since <p is the same for all the individual sodium atoms, the secondary 
re-emitted wavelets are in phase at z = Az, regardless of the atomic positions. 
These secondary wavelets for all oscillators in Az superimpose at z = Az 
to form a secondary wave of amplitude which is proportional to 

while the residue of the exciting wave is there proportional to 

These two amplitudes E' and E" combine to give the field which is incident 
on a subsequent slab (say with boundaries at z = Az and z = 2Az). These 
components E' and E" are, of course, polarized in the same plane. And 
further, in a transparent dielectric it turns out that f" is such that the ampli- 
tude of (E' + E") is the same as E. But the phase of {E f + E"), on entering 
the second slab, is not the same as E would have been in vacuum, but it is 
different by some phase angle <p'. Similarly, the phase of the wave incident 
on the third slab will be further different by the phase angle 2<p', lead or lag; 
and so on. This expected continuing advancement, or continuing retardation 
of phase, as the atomic vapor is penetrated by the light, is equivalent to a 
phase velocity that is greater than c, if <p' is positive, and less than c, if <p' is 
negative. 

A cogent point is this: within our cloud of oscillators we see that no wave 
passes through the interatomic space with any velocity different from the 
signal velocity of light c. 

5-9. Scattering 

In contrast with the mutually in-phase forward re-emitted light vectors 
above, 8" = ff"S , the laterally re-emitted light vectors are not in phase for 
the following reason: In the lateral direction, 0, at z = Az the phases of scat- 
tered waves from atoms a and b of Fig. 5-11 are 



\ C / \CCOS0/ 

\ C / \CCOS0/ 



These phases cannot be equal because of the random positioning of the oscil- 
lator sources. 

Whereas the superposition sum of the forward scattered wavelets was the 
sum of amplitudes, here, in contrast, where phases are random, we add inten- 
sities to get the superposition sum; and therefore scattering intensity is pro- 
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portional to the numbers of scattering oscillators. As we learned in § 2-7, 
the resultant on adding intensities is much less than the resultant on adding 
amplitudes. Thus, whereas the forward re-emissions make themselves felt 
strongly, in determining phase velocity, the lateral re-emissions appear much 
less strongly, as scattered light. 

We have not proven it here, but when the density of oscillators is high 
(millions in a cube which has the dimensions of one wavelength on an edge), 
then the summation of lateral emissions goes over into a continuous integral, 
and the value of that integral for laterally scattered light becomes zero 
(meaning f" = 1.0). 

Professor R. W. Wood has conducted experiments that demonstrate this 
difference between lateral scattering for a tenuous cloud of oscillators, such 
as represents ethyl ether vapor, and the evanescence of this scattering when 
the density of oscillators becomes sufficiently great, such as the denser cloud 
of oscillators that would represent liquid ethyl ether. Although here the ether 
molecule, not a sodium atom, is the oscillator, what goes on is quite the same. 
Professor Wood's experiments showed that the scattering by a given volume 
of liquid ether was only 50 times greater than scattering by the same volume 
of vapor. Scattering would have been 1000 times greater if it had been propor- 
tional to the density of oscillators. The missing factor of 20, for we do expect 



FIG. 5-13 R. W. Wood's laboratory demonstration of scattering of sunlight by 
clean air. 
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the intensity of scattered light to be proportional to the number of scatterers, 
is explained as evanescence of scattering associated with the approach toward 
a transparent homogeneous medium in the liquid, with myriads of oscillators 
in a cube with the dimensions of one wavelength on an edge. 

When the illumination frequency w, for a dense cloud of oscillators, lies 
far from co , the equation of § 4-1 predicts that the motion, w, will be weak; and 
hence scattering by them will be weak. In such a case scattering can be seen 
only on a grand scale, as in the sky when our atmosphere is illuminated by 
the sun, or, on a smaller scale, when the air is illuminated and viewed by some 
such special apparatus as is illustrated in Fig. 5-13. 

5-10. Scattering by Sodium Vapor "f 

When, on the other hand, the frequency of the illumination, co, lies near 
the frequency of resonance, then W will be large and scattering is easily ob- 



FIG. 5-14 R. W. Wood's laboratory demonstration of scattering of sodium 
resonance radiation by sodium vapor. 
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t See Robert W. Wood, Physical Optics (1934, Macmillan, New York), for additional 
information on scattering, particularly by sodium vapor. 
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servable. Such is the case for sodium vapor near X = 5892A, and for mercury 
vapor near X = 2536 A. Such sodium scattering is so strong, for example, 
that the scattering of sunlight just after sundown by the little sodium that 
exists in our upper air, at 70 kilometers height, is detectable. Fig. 5-14 shows 
Professor Wood's set-up to demonstrate such strong scattering by sodium 
vapor near to . The large evacuated glass capsule shown contains metallic 
sodium. The light from a sodium vapor lamp is focused within the capsule. 
As the capsule is gradually heated the pressure of sodium vapor within it 
increases, so that the number of sodium atoms per unit volume, 9l v , also in- 
creases. At a moderate temperature scattering by these sodium atoms, as 
vapor, becomes manifest in the capsule; it appears to be filled with a fine 
dust. This scattering of sodium light contrasts with what we would observe 
with white light illumination: when white light is focused within the capsule, 
scattering is not evident. As 9l„ increases further, at higher temperatures, the 
penetration of the focused light of the sodium lamp decreases due to absorp- 
tion by the sodium vapor. And finally, when the temperature is even higher, 
the incident radiations are so very strongly absorbed that the scattering by 
sodium atoms within the capsule all occurs very near the inner surface of the 
enclosing walls. 

When this light, scattered by dense vapor at P near the capsule surface, is 
collected and refocused by a mirror M on the walls at P', part of the light 
being made to fall on a deposit of magnesia formed there by a burning mag- 
nesium ribbon, and the rest being focused on the adjacent clear glass surface, 
with sodium vapor behind, it is observed that the scattering of this refocused 
light from the vapor-backed glass is as complete as it is from the MgO- 
whitened surface. This stronger reflection of the light occurs because fre- 
quencies already once scattered by cool vapor lie nearer to w than the original 
light from the hot sodium lamp. 

When, as with our ether above, the density of sodium vapor here gets high 
enough, we should expect the phases of the scattered light to begin to lose 
randomness. And, indeed, in the case of the similar scattering of the 2536 A 
mercury resonance radiation, Professor Wood was able to demonstrate the 
realization of this expectation by the onset of specular reflection, occurring 
at the surface of dense mercury vapor. He obtained a sufficient density of 
mercury vapor in a strong fused quartz capsule, with walls transparent to 
the mercury 2536 A light, to realize a specular reflection at the inner wall 
surface for the resonance radiations of 25%. 
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5-11. Sky Light 

When the resonant frequency is high relative to the frequency of incident 
light, co « coo, the expression of § 4-2 simplifies; and if the scattering medium 
is transparent, the expression simplifies further. When co <<C co , and p = 0, 
then the maximum dipole moment of each oscillator becomes 

q 2 
mcoo 2 

u 2 4 

The average flux scattered per molecule is % = ^° " . watts. On division of 

127TK C 3 

this flux by the average incident illumination, (§, = ^ckoSo 2 , we get the flux 
scattered per molecule per unit illumination, or a kind of scattering coefficient : 

6irmVc 4 \X 4 / 

The important thing to note here is that the scattering is predicted to be pro- 
portional inversely with the fourth power of the wavelength. This dependence 
explains why the blue light in the incident sunlight is more strongly scattered 
in the sky than red light. 

Lord Rayleigh was able to obtain this inverse fourth power law by means 
of an interesting application of reasoning, called dimensional analysis. He 
reasoned that the scattered amplitude at a distance r from an air molecule 
should depend on the following parameters raised to appropriate powers : 

- due to the inverse distance; S , the incident illumination scattered; A; iV; 

the velocity of light c; and the volume of the scattering air molecule. Fur- 
thermore, the scattered amplitude, & s , should depend on these parameters 
in just the way necessary to yield the dimensions of an amplitude of light. 
Writing ^rp 3 for the molecular volume, we have 



8s — ~ \ a N B cv 
r 



(!■*) 



Dimensional equality requires that y be zero since Ss and 8o have the same 
dimensions, and since time does not appear elsewhere. Since N is dimension- 
less, the exponent /8 gives no help. Balancing the exponents of the length 
dimensions gives a = —2 — volume giving +3, combined with r raised to 
the power — 1. This balancing yields the inverse fourth power dependence 
of the ratio of scattered to incident illumination on wavelength. Further 
exposition on this kind of reasoning is to be found in P. W. Bridgman's 
Dimensional Analysis, Yale University Press, New Haven (1920). 



Chapter VI 

Polarized Light and 
Dielectric Boundaries 



In this chapter we shall elaborate our considerations of the amplitude- 
reflection coefficients and intensity-reflection coefficients for a dielectric 
boundary (including internal incidence and total reflection, as well as external 
incidence). And in addition we shall set up the corresponding amplitude- 
transmission and intensity-transmission coefficients. 

We describe light incident on a dielectric boundary in terms of the com- 
ponents that are polarized in perpendicular azimuths: one component polar- 
ized in the plane of incidence, the ir-component (ir for parallel), and one com- 
ponent polarized in the plane perpendicular to the plane of incidence, the 
<r-component (<r for senkrecht). This procedure of description is possible since 
any incident beam of light can be specified in terms of two components of 
plane polarized light that are polarized in perpendicular azimuths, provided 
the interrelations of the amplitudes and phases of these components are 
specified. 

In our descriptions we shall invoke polarizers and analyzers. A polarizer 
such as we invoke may be a suitable plate of tourmaline, or a sheet of Polaroid. 
For the present we shall ignore full explanations of how polarizers function. 
Either a plate of tourmaline or a sheet of Polaroid passes only the components 
of electric fields of incident light that lie in the direction of its azimuth of 
easy passage; the components perpendicular to its azimuth of easy passage 
are absorbed. The analyzer, of course, is simply a polarizer used to determine 
the azimuth of polarization of a polarized beam of light. 

Plane polarized light will be our first consideration. Partially polarized 

light can be found in nature in the blue, haze-free northern sky. Skylight is 

the sunlight after having been scattered from the sun's beam. Also, natural 
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polarized light is found when the light from a cloud is reflected from a pond 
or other still water surface at an angle of incidence of 53°. But although the 
naked eye can just discern when light is polarized by means of Haidinger's 
brush (described later), this observation has been much too subtle for dis- 
covery. Thus, in history, the knowledge of polarized light awaited the discov- 
ery of something to make the phenomena associated with polarization 
observable. 

Without further introductory remarks, let us consider the state of polariza- 
tion of the radiation which a simple source of light emits; namely, waves 
emitted into one beam by the sodium atoms in a distant Bunsen burner. 
Each sodium atom will emit polarized light, but the azimuths of different 
atomic oscillators will be randomly distributed, at every possible azimuth 
angle. Of all the emissions, only those whose azimuths fall in the direction 
of easy passage of a polarizer, or only components of emissions parallel to 
this direction of easy passage, are transmitted by that polarizer. Thus, by 
use of a polarizer we can get plane polarized light from such a light source. 

Consider, for a moment, the wave trains of this light before it strikes a 
polarizer. We have learned that the emission time of a sodium oscillator is 
only t = 10 -10 second. Accordingly, the sum of all the atomic polarized com- 
ponents from our Bunsen flame will exhibit a substantial persistence of phase 
over an interval of time that is shorter than this r; but over a span of time 
longer than t, there will be no predictable interrelation of phases. During 
such a persistence time, and before our light is passed through the polarizer, 
although it is said to be unpolarized or natural light, we may actually repre- 
sent the beam by two mutually perpendicular polarized components, say 
7r- and ^-components. At any point the relation of the two phases of these 
components, E r and E a , will be always changing, in a purely random 
fashion. Their phase difference will vary between <p a — <p r = and 2w. 
Whenever A<p, this phase difference between E v and E a , becomes temporarily 
zero, or it, the light incident on our polarizer will actually be evanescent plane 

polarized light. When A<p is ± ^ it will be right or left circularly polarized 

light; and for intermediate values of A<p it will be elliptically polarized light. 
Each of these states of polarization is evanescent— it will persist no longer 
than t = 10~ 10 second. Thus natural light is not unpolarized light but rather 
a continually changing succession of these four states of polarized light. 
Natural light is polarized plane when the two perpendicular components are 

in phase, or in antiphase; circular during the time that A<p persists at ± -; 

but generally elliptical, with continually varying A<p. The phase persistence 
of this light is determined by its monochromaticity. In view of all this, then, 
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we must understand that a set of oscillators, of such a character that each 
oscillator emitted a continuing or infinitely long wave train of polarized 
light, could not en ensemble produce unpolarized light — the light would be 
stable plane-, circular-, or elliptical-polarized. 

A partial determination of the state of polarization of a beam of light can 
be made with a Polaroid sheet, used as an analyzer, with the face of the 
sheet or plate perpendicular to the tested beam. To make this determina- 
tion we rotate the analyzer in azimuth until the passed illumination ex- 
hibits a measured maximum, (§ m a X ; and again, we rotate the azimuth until 
the passed illumination exhibits a measured minimum, (S m i n . These two 
quantities are combined as follows to give the degree of polarization, /3. 

r, <£max 'fctmin 

Vimax "T~ V&min 

If such a test of a beam of light yields /3 = 1.0, it is, of course, plane polarized 
light, and this test result is unequivocally interpretable. When the test yields 
j8 = 0, the result is not unequivocal, since both circular and unpolarized 
light beams yield = 0. Then, in order to define the state of polarization, 
we need to know the phase relationship between orthogonal components of 
the light. When there is a stable phase difference between orthogonal com- 
ponents, the light is either plane polarized, circularly polarized, or elliptically 
polarized, as may be determined by tests to be described in § 7-8. 

6-1. Polarization in Nature 

We have pictured the reflected waves at a surface of optical discontinuity 
as produced by the wavelets that are emitted by the stimulated oscillators of 
which the reflecting surface is composed. Oscillator charge motions just within 
the reflecting surface when stimulated give off dipole-like emissions as char- 
acterized in § 4-9. Two features of these emissions are of especial interest 
now. One is that the emissions of the stimulated dipoles are polarized; the 
other is the absence of emission in the propagation direction which lies parallel 
to the poles of that dipole motion. 

A bound charge in a transparent dielectric has three independent degrees 
of freedom, if the binding is isotropic. And all these degrees of freedom may 
be excited in a Bunsen flame by intermolecular collisions. But when the oscil- 
lators are not stimulated thus, but stimulated by an incident beam of un- 
polarized engulfing light, then only two degrees of freedom are excited. And 
only one degree of freedom is excited when the incident beam of engulfing 
light is plane polarized. When we have such geometrically restricted excited 
motions it is not surprising, then, that reflected or scattered light is found to 
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FIG. 6-1 Polarization of singly scat- 
tered sky light. 




be polarized. In such cases the reflected or scattered light is comprised of the 
superimposed emissions of identically stimulated oscillators. 

In particular, Fig. 6-1 shows how a beam of the sun's light excites the 
molecules in the atmosphere to scatter polarized sky light, in the perpendic- 
ular direction. This polarized emission is due to oriented stimulated oscilla- 
tions that all lie in a plane perpendicular to the exciting sun's rays, as shown 
in the figure. Single-scattered sky light which the eye sees in a plane per- 
pendicular to the sun's rays will have its electric vector lying in that plane, 
and thus be polarized sky light. Actually, even on the clearest days, one fifth 
of the sky light is not due to single-scattered, but to multiple-scattered light. 
And of course a much higher proportion than one fifth is multiply scattered 
on hazy days. Fig. 6-2 illustrates the manner in which multiple scattering 
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FIG. 6-2 Depolarization of sky light 
by multiple scattering. 
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depolarizes the single-scattered sky light. This figure shows one particular 
multiple scattering. Of course there are many other possible ones. For our 
particular multiple-scattered ray, it is scattered at 45° to the sun's beam by 
a molecule south of the perpendicular plane in the south-west direction. 
Then when it reaches the perpendicular plane we show it re-scattered to the 
observing eye. Its plane of vibration, as shown, will not be the same as that 
of the rays singly scattered from the same point in this perpendicular plane — 
It will contain components perpendicular to those of the single-scattered light. 
The re-scattered rays thus dilute and depolarize the single-scattered polarized 
light. 

Naturalists claim that the worker bees can perceive this polarized sky 
light, and that they use it to communicate to other worker bees the directions 
in which good sources of nectar are to be found. This use of polarization by 
bees is described in the Scientific American for July 1955. 

As for reflected polarized light, as from a pond's smooth surface, this light 

o 

is emitted from stimulated water oscillators just as the 2536 A radiation specu- 
larly reflected from high density mercury vapor, in Professor Wood's experi- 
ment, § 5-10, was emitted by mercury vapor atoms. From this experiment of 
Professor Wood we learned to look on specular reflected light as a limiting case 
of scattered light, where the density of stimulated oscillators was so great that 
re-emissions became coherent in phase. And taking this picture as a model, 
we may ascribe all the reflected beam from the pond's water surface to energy 
taken from the incident beam and re-emitted by atomic oscillators. On the 
basis of this picture, therefore, when the re-emitted light lies perpendicular 
to the direction of the exciting beam within the water, we would expect the 
re-emitted light to be polarized, just as the scattered sky light is polarized 
when re-emitted perpendicular to the sunbeams. This reflected light from the 
pond's surface is polarized because the motions of the stimulated oscillators 
are oriented. Fig. 6-3 shows the polarized reflected beam when it propagates 
perpendicular to the direction of the refracted beam within the water — i.e., 



FIG. 6-3 Reflection at Brewster's angle 
as coherent "scattering." The oscillation of 
the "scattering" molecule parallel to the 
plane of reflection does not emit in the direc- 
tion of the eye, at Brewster's angle. 
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where (i + r) = -> the condition for the reflected beam to be perpendicular 

to the refracted beam. This perpendicular reflected light is thus constituted 
only of electric vibrations perpendicular to the plane of reflection and refrac- 
tion, because oscillators cannot radiate poleward. The angle of incidence 

which makes (i -f r) = - is called Brewster's angle, Ib- And since the corre- 

sponding refraction angle, r B , is the complement of Ib, so that cos r B = sin ib, 
we have, from Snell's law, tan ib = N. 

This polarization by reflection at Brewster's angle was discovered by E. L. 
Malus in 1808. He did not find polarized light, however, in the reflected sun- 
beams from a pond's surface, but in reflected light from the surface of a 
window in the Luxembourg Palace, as illustrated in Fig. 6-4. Malus did not 
discover this polarization until a means of analyzing a beam of light to deter- 
mine its polarization was available to him. This means of analysis was, for 
Malus, a calcite rhomb. 



6-2. Polarizers and Analyzers 

Malus discovered the plane polarized state of the window-reflected light 
by means of a natural rhomb of the remarkable crystal, calcite, as shown in 
Fig. 6-4. Fig. 6-5 shows how an incident unpolarized ray is doubled after 
penetrating such a rhomb. The usual second ray through a calcite rhomb, at 
certain orientations, is absent after an incident polarized ray of light has 
penetrated it. It was owing to this absence of a second ray that Malus in- 




calcite 
x crystal 



FIG. 6-4 Demonstration of polarization 
of a reflected beam by means of a calcite 
rhomb. 
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FIG. 6-5 Double refraction by calcite. 




ferred that the window-reflected light was polarized. Without the calcite 
rhomb, or some equivalent means to recognize polarization, Malus could not 
have discerned that his light was polarized. Calcite excited great interest 
among scientists after it was introduced. This interest is evidenced by the 
following quotation! of Erasmus Bartholinus, who first described calcite, after 
the crystal was introduced into Europe from Iceland in the 17th century. 

"Greatly prized by all men is the diamond, and many are the joys which 
similar treasures bring, such as precious stones and pearls, though they serve 
only for decoration and adornment of the finger and the neck; but he, who, 
on the other hand, prefers the knowledge of unusual phenomena to these de- 
lights, he will, I hope, have no less joy in a new sort of body, namely, a trans- 
parent crystal, recently brought to us from Iceland, which perhaps is one of 
the greatest wonders that nature has produced. I have occupied myself for a 
long time with this remarkable body and carried out a number of investiga- 
tions with it, which I gladly publish, since I believe that they can serve lovers 
of nature and other interested persons for instruction, or at least for pleasure." 

It is not entirely correct to say that the naked eye itself cannot discern 
when light is polarized, but such a discernment constitutes a very subtle 
observation indeed. The eye can determine both that a field of light is polar- 
ized, and that it is polarized in this or that azimuth as well. These deter- 
minations are possible from observation of the presence and orientation of 
Haidinger's brush. But Haidinger's brush, at best, is only just visible in nature 
in the polarized blue light of the northern sky. And if, long ago, someone 
had seen it, his descriptions would be taken as "subtlety added to subtlety," 
and those descriptions would be perhaps only meaningful to one "with the 
Phaedon instead of Bowditch in his head." This Haidinger's brush is defined 
by Minnaert as follows :J 

"Many a laboratory physicist is astonished and inclined to disbelieve us 
when we tell him we are able to see with our naked eye, unaided by any 
instrument, that the light from the sky is polarized! It does however require 
a certain amount of practice. . . . 

f From W. F. Magie, A Source Book in Physics (Harvard University Press, Cambridge). 
J From M. Minnaert, The Nature of Light and Colour in the Open Air. Reprinted with 
the permission of Dover Publications, Inc., New York. 
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slightly bluish , FIG. 6-6 Haidinger's brush as it appears 

top and bottom a " ou *^ when a uniform white background is ob- 

X :■■:.■.:■.-.. .;■■.■■•:•.•;■ .•/••[■• served through a Nicol prism or a Polaroid 

. ':'.?:':' 'k : - •"••'.'•■':''•••:' ; '.-* : . : ./ • sheet. 



slightly brownish- 
yellow at sides 

"If you have a Nicol at your disposal, then look through it at a white cloud 
— or at an evenly illuminated [white] surface and try to distinguish the figure 
by the fact that it revolves when the Nicol is rotated. 

"After one has observed the uniformly blue sky for a minute or two, a 
kind of marble effect will begin to appear. This is shortly followed by that 
remarkable figure known as Haidinger's brush, a figure resembling more or 
less the one shown [in Fig. 6-6]. It is a yellowish brush with a small blue cloud 
on either side. 

"Haidinger's brush is caused by the dichroism of the yellow spot on our 
retina. That all observers do not, apparently, see this remarkable figure in 
the same way no doubt depends on the difference in shape and structure of 
this yellow spot. ..." 

No wonder then that discoveries of polarized light itself, and full under- 
standing of phenomena relating to it, awaited the introduction of the calcite 
rhomb as it was used by Malus in 1808; the Nicol prism, introduced later, 
in 1829; or the prisms by Wollaston and Rochon; or finally, in this century, 
the plastic polarizer sheets introduced by E. H. Land. 

In our descriptions involving polarized light, as already mentioned, we 
invoke modern Polaroid sheets as representative of polarizers and analyzers. 
And for simplicity, we shall frequently endow these sheets in our discussions 
with an ideal property that is hardly realized in practice, of passing light 
without any attenuation when its electric vector is parallel to the polarizer's 
azimuth of easy passage; but of absorbing completely all components of 
electric field perpendicular thereto. This property of a Polaroid sheet to polar- 
ize light, like the same in a tourmaline plate, depends on crystal anisotropy 
of absorption. In contrast the earlier prisms of Nicol, of Wollaston, and of 
Rochon depended, for their polarizing function, on crystal anisotropy of 
refraction. But our present concern is not with explanations of the function 
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of polarizers, but primarily with interactions of polarized light and matter 
at boundaries between different isotropic clouds of charged oscillators. 



6-3. Law of Malus 

Let us consider two Polaroid sheets, ideal as described above, one sheet 
being used as a polarizer and the other as an analyzer. The polarizer will 
transmit half of the illumination of an incident beam of unpolarized light; 
and of this, the transmission by the analyzer depends on how nearly parallel 
together the plane of polarization and the azimuth of easy passage of the 
analyzer lie; or how nearly perpendicular. Intermediately, if the azimuth of 
easy passage of the analyzer lies at angle 0, with respect to that of the polar- 
izer, and if the polarizer transmits light described by the electric field E h 
then a component of E h E ir , will lie parallel to the analyzer; and a component 
E u will lie perpendicular. Our ideal analyzer will pass the one component, 
Eu, and absorb the other, E u . These components of E x are: E u = E x cos 
and E u - Ei sin 0. The illumination, after passing the first Polaroid polarizer, 
is thus (gi = |cko(£i t 2 + Si, 2 ) = ^CKoSi 2 ; while the illumination after passing 
both polarizer and analyzer will be & = |ck 8it 2 . From Si, = Si cos the 
transmission of the polarized light by the analyzer is therefore 

-f cos 20' 



@2 

— = COS 2 

(Si 



_ / l + cos20 \ 



Fig. 6-7 shows these components and their relationships. The double angle 
dependence of transmission on emphasizes the fact that we find two maxima 
of transmission for each full rotation of the analyzer, and two minima. 
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FIG. 6-7 Vector diagram involved in the 
derivation of Malus' law. 
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6-4. Reflection of Polarized Light 

The amplitude reflection coefficients of Fresnel hold as well when the light 
is internally incident on a dielectric boundary as when it is externally inci- 
dent. We let primes indicate internal incidence within the glass, and external 
refraction in the vacuum; i' and r' . In applying Snell's law, the external 
angle of refraction r' corresponds to our former i, and i' is equal to our former 
r. But this interchange causes only a reversal of the signs in the corresponding 
amplitude-reflection coefficients (using primed r's to represent internal inci- 
dence), and no change whatever in the intensity-reflection coefficients. 
tan (i' — r') tan (r — i) 



Vr = 



tan (i' + r') tan (r + i) 



= -r„ 



' — _ sin d' ~ r') _ sin (r — i) _ 
Xa ~ sin (i' + r') ~ ~~ sin (r + i) r ' 

The ratio of reflection coefficients, in either case, is 

Xa _ xj_ _ _ cos (i — r) 
r, ~ t* ~ cos (i + r) 

This reversal of the sign of the r's, on changing from external to internal 
incidence, can also be established by an interesting proof due to G. G. Stokes. 
This proof is illustrated by Fig. 6-8. Stokes' proof uses the principle of micro- 
scopic reversibility which requires that a reversal of time, involving a reversal 
of the directions of transmitted and reflected rays, will reproduce the orig- 
inally incident ray with reversed direction. Fig. 6-8 represents reflection and 
transmission at a boundary between two transparent dielectrics with indices 
Ni and N 2 , where Ni may be either greater or less than N 2 - The amplitude- 
transmission and amplitude-reflection coefficients in this one proof may be 
applied to the case of either t- or o--components. The t's and r's are given 
subscripts 1,2 or 2,1 to discriminate between the case where light incident 
from medium 1 is reflected by the boundary, or penetrates it into medium 2, 
and the opposite case, where light from medium 2 is reflected by the boundary, 
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tia FIG. 6-8 Rays involved in Stokes' 
proof that X' = — X. 
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FIG. 6-9 % r, and phase shifts for 
external reflection at a dielectric bound- 
ary. 



FIG. 6-10 Sft, r, and phase shifts for 
internal reflection at a dielectric bound- 
ary. 
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or penetrates it into medium 1. In Stokes' proof we take the incident beam 
as having unit amplitude. This beam is divided by the boundary into two 
beams with the amplitudes: X\,i reflected, and ti, 2 transmitted. On reversal, 
each of these is divided into two beams: X\,i is divided into ri,2ti,2 and ri,2 2 ; 
and ti,2 is divided into ti,2r2,i and t1.2t2.1- On reversal, ri,2ti, 2 and ti,2r 2 ,i must 
add to zero or we would get the extra beam shown dotted in the figure. Using 
this condition, ri, 2 ti,2 + ti^.i = 0, and canceling out ti,2, yields ri,2 = — r2.i. 
Figs. 6-9 and 6-10 illustrate actual values of r*. and v„ at the surface of 
ordinary glass for both external and internal reflection as a function of the 
angles of external or internal incidence, i and i' . For external incidence 

v T becomes zero at Brewster's angle when i = is, and i B + r B = „ so that 

tan (i + r) B = °°. Then x« = —sin {i B — r B ). At this angle of incidence, the 
reflected light is plane polarized. It was at just this angle of incidence that 
Malus discovered polarization in 1808. 

For reflection at internal incidence: the variations of the r"s recapitulate 

the variations of the r's, with reversed signs. As i goes from to ~ for the 

r's, the equivalent values of i' go from to ic '. Here ic, the critical angle, is 



sin" 



-il. 

N 



Fig. 6-11 shows a simple device that may be used to produce polarized 
light by means of a glass plate. It is called a Norremberg doubler. A Nicol 
prism or Polaroid sheet is usually used as analyzer with it. 

under side of top 
painted ^ hole for 
black -5^J^ analyzer 




object 
being tested 



back 
silvered 
mirror 



FIG. 6-11 Norremberg doubler. 
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6-5. Total Reflection 

The curves of Fig. 6-10 are particularly interesting when i' is equal to the 
critical angle, i c ', and beyond. This critical angle is ic = 41°50 when N = 1.5, 

When we calculate r,' and xj, substituting sin i' = ^ at this angle, and 

sin/ = 1.0, we get r,' = r/ = 1.0, meaning total internal reflection. 

We can demonstrate that we also get total internal reflection for angles i' 
beyond ic'. However, this demonstration involves a step which will be sur- 
prising. In the range where i' lies beyond i c ', Snell's law yields values of 
sin r' which are absurd because they exceed unity, and values of cos r' which 
are imaginary: 

(sin r' = N sin i') > 1.0 



cos r' = ± Vl - sin 2 r' = ± jVN 2 sin 2 i' - 1 
The step that is surprising is this: if we substitute this absurd sine and imag- 
inary cosine in the Fresnel equations for r T ' and rV ', we get a complex ampli- 
tude-reflection coefficient; and this f not only predicts total reflection cor- 
rectly, but yields the proper phase jumps that occur at total reflection. These 
phase jumps are designated A* and A ff , for internal incidence. They are shown 
in Fig. 6-10 for i' > i c '. The convenient forms of Fresnel's equations in which 
to substitute this absurd sine and imaginary cosine are 

tan (i' — r') si n i' cos i' — sin r' cos r 
t* = 

and 



x = — 

* tan (i' + r') sin i' cos i' + sin r' cos r' 



i 



rv = 



sin (i f — r') _ sin i' cos r' — sin r' cos i' 
sin (i' + r') sin i' cos / + sin r' cos i' 



First let us make our substitutions in the expression for r/, getting 



„ , _ sin i' cos i' — jN sin i'VN 2 sin 2 i' — 1 
sin i' cos i' + jN sin i'VN 2 sin 2 i' — 1 
On writing this complex f as an exponential we get 



f v ' — e \ \ cosi' Jj = e -l& v 

This exponential is interpreted to mean total reflection because it has unit 
magnitude; and we interpret the exponent, A„ as the angular phase jump 
at reflection. This phase jump is the retardation of the 7r-component. 
Similarly, for r</, we get 



' VjV2 sin* i' 
-)\-& tan -1 | 



> l V iVcosi' // = e -jA„ 
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If we substitute 



tan-' = 



nVn 2 



siir i 



cos i 



, , A ff VN 2 sin 2 %' - 1 

and tan 77 = r; ^ 

2 JV cos i' 



in the trigonometric equation for the tangent of the difference of two angles, 



tan 



(^) " \ 



, A T A, 

tan — — tan — 

+ tan -^ tan -^ 



we get an easily observable quantity, 

'cos i'Vn* sin 2 i' - 



(A, - A„) = 2 tan" 



-e 



JV sin 2 i' 



- 1 ) 



(A, — A a ) may be observed when we send a plane polarized beam onto a glass- 
vacuum interface internally, with the polarization azimuth of incidence at 
45° to the plane of incidence. The predictions of theory are confirmed by 
experiment. At this 45° azimuth of incidence, the ir- and <r-components of 
the electric vector of our incident beam are equal and in-phase. The phase 
difference of these components, (A, — A„), after reflection, is easily observable 
because all other phase retardations suffered by the two components are 
equal. This phase difference is especially observable after two successive 
reflections inside the particular glass rhomb shown in Fig. 6-12, giving emer- 
gent circularly polarized light. Then an analyzer Polaroid transmits the emer- 
gent light equally at all orientations because it is circularly polarized. Fig. 

6-10 gives a maximum value (A, - A,) of - if N = 1.496 and i' = 52°. This 
i' is 10° beyond i c ' = 42°. Because the value | is a stationary value at i' = 52°, 



FIG. 6-12 One Fresnel rhomb makes circularly polarized of plane polarized light, 
and two rhombs rotate the plane of polarization through 90°. 
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the rhomb's action varies but slowly with i'. And two successive internal 

7T 

rhomb reflections, each at i' = 52°, give a total phase retardation of ^ 
changing incident plane polarized light to emergent circularly polarized light. 

6-6. Circularly and Elliptically Polarized Light 

Our equations of § 2-4 taught us that two orthogonal transverse waves of 

equal amplitude, propagating in the same direction with ± | phase difference 

between them, gave a circular wave motion. And our treatment above shows 
that Fresnel's rhomb introduces just this difference between the phase of the 
7r-component and that of the ^-component of the incident plane polarized 
beam. If we orient our rhomb in a Cartesian coordinate system so the emer- 
gent beam runs along the z-axis, and so the ?/z-plane corresponds to the plane 
of incidence, with ^-components in the zz-plane, we may then represent the 
components of the emergent beam, after two internal reflections, as 

E y = & v e \ c '> 

E x = & x e ^ c ") 
Or at some point zi along the propagation direction after emergence, writing 

<p = (cot — co— — A„ )> the real components of field are 

Ey = fyEy = &y COS |> ~ (A, — A,)] 

E x = ~fyE x = S x cos [<p] 
These two equations represent an ellipse in parametric form, abscissae and 
ordinates of the points on the ellipse being E x and E y . The ellipse generally 
has its major axis inclined to the z-axis, or to the ?/-axis; but for the case 
where the incident beam is plane polarized at 6 = 45°, making 8 V = S x = S, 

and when 2(A T — A,) = ^> the ellipse degenerates to a circle. Its equally 

strong emergent components are E y = 8 sin <p and E x = & cos <p. On super- 
position of these emergent mutually perpendicular components we get the sum 



E r = ^E x 2 + E y 2 = S. The azimuth of polarization of E r is = tan -1 ■=? = <p. 

At a point and time where <p = 0, the electric field of the emergent light lies 
in the <r-plane, and 6 — 0. But as time elapses, d increases, and the azimuth 
of the constant strength vector, E r , rotates counterclockwise (when viewed 
looking toward the light source) at the angular rate a). And at a fixed time as 
z increases, 6 decreases. Thus the end of the electric vector describes in space 
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a left-handed helix. It is for this reason that we refer to the emergent light, 
when (A, - A c ) = -, as left circular polarized light. Rotating the incident 

plane polarized light so that becomes -45°, rather than +45°, makes 
E y = -8 sin <p while leaving E x unchanged. The negative sign for E y makes 
6 = — <p; and such a yields right circular polarized light. 

When two rhombs are in series, as indicated in Fig. 6-12, the total phase 
difference in the finally emergent beams will be t. When the entrance azimuth 
for the first rhomb = 45°, the emergent light components from the second 
rhomb will be 

E v = 8 cos (<p — x) = — 8 cos (p 

E x = 8 cos (v?) 

E 
Thus, for two rhombs in series, = tan -1 ■=* or -45° for all values of z, and 

&x 

the emergent light is plane polarized at an azimuth perpendicular to the plane 
of polarization of the incident light. 

It will be of use to us later not only to know that two equally strong orthog- 
onal components in phase quadrature give circular polarized light, but to 
show, also, that plane polarized light can be portrayed as a sum of two equally 
strong circularly polarized components. We show this now, writing E x as 

E x = h(&x cos wt — & y sin cat) + §(8* cos cat + & v sin u>f) 
Here the first parenthesis is right circular polarized light if 8* = S y ; the sec- 
ond parenthesis is left circular polarized light. Thus we see that plane polarized 
light is a sort of binary compound of two circularly polarized components, 
just as circular is a binary compound of two plane polarized components. 

6-7. Transmission of Polarized Light 

We now consider the transmission of polarized components of light through 
a dielectric interface when the light is incident on it at Brewster's angle. For 
water, with N = -f, Brewster's angle is i B = 53°. At this angle r T = 0, but 
at other angles of incidence the surface reflection for the ir-component is not 
zero. In contrast, the o--component surface reflection is never zero. The re- 
flection of light from the sky or clouds, at a water surface, produces a veiling 
glare so that the visibility of objects submerged under the water surface is 
impaired. But at Brewster's angle, looking through Polaroid glasses that are 
oriented so as to pass only the 7r-component, we do not see the veiling glare, 
and the visibility of objects under the water surface is much improved. It is 
for this reason that Polaroid glasses are popular with sport fishermen. Polaroid 
glasses are effective not only at this angle but at angles near i B) since the 
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intensity-reflection coefficient of the ir-component, r T 2 , not only is zero at i B , 
but has a stationary value there as well. And, for like reasons, Polaroid glasses 
are popular with motorists when they are driving their automobiles against 
the sun. Such polarizing glasses filter out the glare due to the o-component 
of sunlight or sky light specularly reflected from oil-glazed surfaces on the 
highway ahead. 

We now calculate amplitude- and intensity-transmission coefficients at 
dielectric boundaries for both t- and ^-components, and their ratios. We define 

the amplitude-transmission coefficient as t = g-S just as we defined r = ^r> 

in § 3-8. For the intensity transmission we take X = ~*> where (So is incident 

illumination, and (g f is transmitted illumination. We first calculate X below, 
using the principle of conservation of energy. According to this principle, 
the flux reflected from a transparent dielectric interface, together with that 
refracted, must be equal to the incident flux. Considering a plane rectangular 
interface of width w and length I, with light externally incident at angle i, 
the cross sections of the incident and reflected beams will be wl cos i, while 
the cross section of the refracted beam will be wl cos r. On equating fluxes, 

d wl cos i = (£ t wl cos i + Q£ t wl cos r 
Now the incident, reflected, and transmitted (g's are, respectively, (g = |ck 8 2 ; 
(g t = £cK S r 2 ; dt = %NcK &t 2 . These values come from (g = (E X H) aver- 
aged; remembering 3C = ck S ; 3C t = c« S t ; 3C t = NcK S t . Writing in these 
values for the (g's in our flux equation, and solving for t, with 8* = tS and 
g t = rSo for either t- or ^-components, we get 

So Vn > cos r 

Although, from the principle of the conservation of energy, we might ex- 
pect t, = 1.0 for incidence at Brewster's angle, where r T = 0, we get from 

1 /COS % 

this principle, when there is no reflection, t, = —7= -\~ZZ7^' We may con- 
firm this unexpected value of t» by setting r, = so that @ t = 0. Using 

g, = — p= A p^^ and 3C« = NcK S t , canceling out \ckqwI, and equating the 
v N * cos r 

fluxes, we get 

„ 9 o TLT g 2 /COS l\ 

g 2 cos 1 = 8 t 2 cos r or N tt I J cos r 

N \ cos r/ 

which, as required by the principle of conservation of energy, balances. 
For internal incidence a parallel procedure gives t', the internal-to-external 
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f = VnVi- r 
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^ /cob*: 

\ cos r 



(as the student can easily prove for himself). Since i' = r, and % = r', with 
*' = — r, the total amplitude transmission factor for the two surfaces of a 
plane parallel plate, tt', simplifies to 

tf = (1 - r 2 ) 

Substituting Fresnel's expressions for v r and r„ in this expression for t, 
sin i 



and writing 
U = 
U = 



for N, we get 
sin r 

2 cos i sin r 

sin (i + r) cos (i — r) 

2 cos i sin r 



sin (i + r) 



with 



— = cos {i — r) 

It 



6-8. Transmission of a Pile of Plates 

Fig. 6-13 shows a polarizer made from a stack of glass plates. Several sep- 
arated plane-parallel dielectric plates are all tipped at Brewster's angle, so 
that the rays strike the surfaces externally and internally, both at Brewster's 
angles. When r T = we get tt' = 1.0, so that no light is lost by reflection 
from the x-component of an incident beam. Since, however, light from the 
incident ©--component is lost, the light emergent from such a pile will be 
partially polarized. The degree of this polarization is low from one plate; 
but a pile of m plates, if m is large, will act as an effective polarizer. 

Because i B ' = r B and r B ' == ib, the ratios of components in emergent light 
from one plate will be 

t t ' 

~—, = cos 2 (ib - r B ) 

In-tir 




FIG. 6-13 Polarization produced by a 
stack of glass plates. 
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This will be cos 2m (Jb — r B ) for a pile of m successive plates. The ratio of 
emergent illuminations for incident natural light, squaring, becomes 



_5 = cos 4m fa _ rfi ) 



/ 2N \ 4r 

W + 1/ 



The last step above, changing the cosine to a function of N only, is arrived 
at by dividing cos (i B — r B ) = cos i B cos r B -f- sin i B sin r B by sin 2 i B -f- 

cos 2 i B = 1.0 and by using cos < — = sin < r -r- and iV = ^LlE. Table 6-1 gives 

Lrs [is smr B 

0? 
values of this ratio -~ for m = 1 and m = 4 and for plates with N — 1.5 and 

iV = 2.0. 



TABLE 6-1 



Index 


m = 1 


w = 4 


N = 1.5 


0.72 


0.27 


JV = 2.0 


0.41 


0.03 



The results of this table, however, are not applicable to a polarizer of the 
type shown in Fig. 6-13 because the ^-component light, which is reflected 
out of the incident beam by one plate, is not at once lost, as our calculation 
presumes, but some of it is re-reflected back into the emergent beam. The 
results of this table would apply if the plates were very thick, and if they 
were also widely separated. Polarizer performances predicted by Table 6-1 
are, therefore, optimistic. Such polarizers as Fig. 6-13 shows are inferior to 
the Nicol prism, or a sheet of Polaroid, for polarizing visible radiations, 



FIG. 6-14 Pfund's method of polarization by reflection from selenium surfaces. 
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although they have been used in the past. But, in the infrared, parallel plate 
polarizers are currently used where materials with suitable anisotropy of 
refraction, or with suitable anisotropy of absorption, for making polarizers, 
are not available. The plate polarizers are made of AgCl, which material 
has a high index (greater than 2.0) and also a good transmission in the infrared 
spectrum out to 20m, and beyond. Formerly, following Professor A. H. 
Ffund, reflections at Brewster's angle at the surface of selenium, as shown 
in Fig. 6-14, were used to produce polarized infrared radiations, or to analyze 
them, but this arrangement is clumsy to use. 

6-9. Frustrated Total Reflection 

It is instructive to apply our theory and calculate the electric fields, E, 
and displacements, D, which occur on the vacuum side of a glass-vacuum 
interface when light is incident internally on the interface at an angle i' > i/, 
so that it is totally reflected there. When we do this, our result may be con- 
firmed by frustrating that total reflection. To frustrate total reflection we 
put another glass prism hypotenuse surface close by, without touching, as 
Fig. 6-15 shows, and "tap" off flux from the otherwise totally reflected 
beam in the first prism. When the second prism is absent, it is to be expected, 
from considerations of conservation of energy, that no flux can penetrate 
the vacuum-glass boundary and be thus lost from the reflected beam. Such, 
in fact, is the case. But at the same time, in order to satisfy the bound- 
ary conditions for continuity of fields, there must be electric fields (of the 
light frequency) in the vacuum beyond the boundary. These flux-less fields 
are predicted by our theory. To predict them we refer to Fig. 6-16, which 
shows a plane wave incident internally on a glass-vacuum interface, sup- 
posedly at i' > ij. To apply theory we arrange a Cartesian coordinate 
system as shown, so that the interface lies at the plane 2 = 0, and so that 
the internally incident wave normal lies in the y = plane. Further, we rep- 
resent the internally incident electric field at the point x = z = by means 
of the complex number E = 8 e jut . Now consider the distance from this origin 



v > i 




R ^ FIG. 6-15 Frustrated total reflection. 
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FIG. 6-16 Rays and wave fronts in- 
volved in total internal reflection. 




to some point P on W, a supposedly transmitted wave front in the vacuum. 
This distance may be expressed by a vector p = xi + zk. Consider also the 
unit vector 1 = sin r'i + cos r'k, which lies normal to the supposed wave 
front W. The normal distance s from the point x = z = OtoWiss = p-l = 

x sin r' + z cos r' . The travel time associated with this s should be -• We use 

c 

this - to describe the phase of the field at P, as 



E P = S|/e 



•('-;) 



where 8 t > is the transmitted electric vector amplitude. To go further with this 
calculation we lay aside caution and substitute our absurd sine and imaginary 
cosine in the expression for s, getting the field at P as 

P . <* z -. /,™ . „ ., — 7~\ . I . Nx sin i' 

E P = s<l< 



■ VjV2sin 2 i'- 



: — -~l . I JVzsini'N 



We interpret the term in brackets, with the negative exponent, to mean that 
the electric field on the vacuum side falls off exponentially with normal dis- 
tance from the interface. And we interpret the parenthesis as the phase of 
an electric field on the vacuum side, propagating tangentially in the z-direc- 

c 



tion, with phase velocity 



The validity of this deduced equation is 



N sin i' 
confirmed by experiment and may be demonstrated by the tapping prism 

mentioned above. The ratio ■=. for the gap between the two totally reflecting 

£. 

prisms, as shown in Fig. 6-15, although not deducted here, may be calculated 
along the same lines as above, for i' = 45°. Such a calculation gives 

V2d 



£ _ „ (^ ~ I) 2 • U2 

£ N\N 2 - 2) Slnn 



- 



VN 2 - 2 



where a = 1.0 for the a-component, and a = ^ for the 7r-component. The 
transmission X, and the frustrated reflection % both vary with d as shown 
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FIG. 6-17 Dependence of 9t and % on 
d in Fig. 6-15. 



in Fig. 6-17. Since the flux carried away from the gap by the two beams must 

be equal to the incident flux, 9J + X — 1.0. Accordingly we may compute 

9J 
either 9? or X from the expression above for ^- Fig. 6-17 shows how 9? and X 

vary with d, 9? becoming zero when d = 0, and unity when d ^> X. 



Chapter VII 



Double Refraction— 
Calcite and Quartz 



In an earlier discussion, our charged oscillator model was characterized by 
isotropic binding. But now, to portray the optical properties of the two crys- 
tals, calcite and quartz, we need more elaborately bound model oscillators — 
we must ascribe to our model oscillating charges anisotropic binding such as 
is represented by the mechanical model of Fig. 7-1. This figure is to be con- 
trasted with our former mechanical model with isotropic binding, shown in 
Fig. 4-1. Whereas, before, the three principal elastic restraints on the charge 
were equal, 7* = 7^ = 7z, now we have two of them equal, y y = y s = y x , with 
the third restraint different, 7* = 7 M . In our two crystals, this third restraint 
defines a direction that is called the optical axis and the _|_ and || subscripts 
on 7 mean perpendicular or parallel to this axis, respectively. An array of 
such oriented anisotropic charged oscillators will explain the optical properties 



charge g 



mass m 



FIG. 7-1 Charged oscillator model, with 
asymmetrically bound charge, as used to 
explain optically anisotropic crystals. 
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of calcite and many of those of quartz. And, with further elaborations, this 
model can also explain the optical activity of quartz, which is discussed later, 
in § 7-11. 

7-1. Calcite Double Refraction 

A ray of unpolarized light normally incident on the cleaved crystal face of 
a calcite rhomb, such as Fig. 7-2 shows, is doubly refracted; it becomes two 
rays within the crystal. These two rays are constituted of mutually perpen- 
dicular polarized components of the incident light. One of these two rays 
propagates undeviated, normal to the entering surface, and emerges without 
any lateral shifting; while the other is refracted within the crystal (at the 
angle r ext = 6°14') and emerges from the back parallel cleaved face of the 
rhomb propagating again in the same direction as the incident beam. But this 
other ray emerges shifted laterally, because of the askew internal angle of 
propagation. Because of the lateral shift of one of the rays, an object viewed 
through the calcite rhomb is seen double, as Fig. 7-2 shows. A dot on a piece 
of paper, covered by a rhomb of calcite, is seen double; and if we rotate 
the rhomb on the paper, one of the double dots remains stationary as the 
other appears to move around it with the crystal. The fixed dot behaves 
as it would if the paper were covered by a thick plate of glass. The rays by 
which it is seen are called the ordinary rays. The extraordinary movement 
of the second dot is due to its being seen by extraordinary rays. The extra- 
ordinary rays are polarized in the plane which contains the calcite optical axis, 
while the ordinary rays are polarized perpendicular to this plane. 

Huygens did this simple experiment as well as others with two rhombs in 
cascade. He found "surprising phenomena touching the rays which pass two 
separated pieces; the cause of which is not explained." Although in 1690 he 
did not fully understand calcite (because he did not think of light as transverse 
wavelets), he did adapt his wavelets construction principle to double refrac- 
tion, and explain the extraordinary refraction exactly as we do today. It was 
over a hundred years later that Huygens' explanations were fully matured by 
the masters of classical optics: Malus, Young, Fresnel, Arago, Brewster, Biot, 
and others. 




FIG. 7-2 Iceland spar. 
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7-2. Spheroidal Huygens Wavelets 

We may speculate that Huygens, realizing that the ordinary spherical 
Huygens wavelets were inadequate for extraordinary refraction, invoked the 
next logical elaboration of spherical wavelets; namely, spheroidal Huygens 
wavelets. We express Huygens' two types of expanding wavelets for calcite, 
the spheres and the spheroids, as follows : 

x 2 + y 2 + z 2 
v 2 



= & 



for spherical wavelets 



x 2 + y 2 



v, 2 



for the spheroidal wavelets 



Here our coordinate system is oriented so that the z-coordinate coincides with 
the optical axis, or crystal direction of optical symmetry; and for calcite 
1.6584 v ± = 1.4864 v\\ = c. These equations, when t 2 = 1.0, define surfaces 
which are called the velocity surfaces. 

Fig. 7-3 shows an rrz-section of such velocity surfaces. The circle is the sec- 
tion of Huygens' sphere, and the ellipse is the section of the required circum- 
scribing Huygens spheroid. The sphere represents the phase velocity of 
ordinary rays in calcite — the rays that have the polarization of their electric 
vector perpendicular to the plane that contains the optical axis. The spheroid 
represents the orthogonally polarized e-ray velocity in calcite. This spheroid 
gives the phase velocity at different directions with respect to the axis of 
optical symmetry. 

Fig. 7-4 shows the direction of optical symmetry in a cleaved calcite rhomb ; 
the arrow which lies symmetrical to the three cleavage faces at the blunt 
corner of the rhomb shows the direction in which the optical axis is found to 
be oriented in this crystal. 



FIG. 7-3 Sections of the velocity sur- 
faces of calcite. 
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Optica) FIG. 7-4 Orientation of the optical axis 
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The plane represented by the dotted section of Fig. 7-4, which lies perpen- 
dicular to one cleavage face and also contains the optical axis, is shown in 
Fig. 7-5 with illustrated wave fronts. The wave train, W, is incident on the 
cleavage face normally. This wave W is shown together with two refracted 
wave fronts, W or d and TT ex t, which an earlier incident wave of the same in- 
cident wave train has previously excited. W or d and W ex t are envelopes for the 
spheres, and for the spheroids, at a time t after simultaneous excitation of 
the wavelets at the crystal surface. These envelopes both lie parallel to W; 
but the extraordinary wave front is propagating in the direction of a vector 
drawn from the origin of one of the extraordinary wavelets to its point of 
tangency with W ex u This direction makes an angle with the normal to the 
crystal face of r ext = 6°14', as is calculated below. 

The polarization of ordinary and extraordinary rays is indicated in our 
figures by dots on the rays, or by short lines transecting them. If the electric 
vector lies in the plane of the figure, short lines are used ; dots, if perpendicular. 

7-3. Calculation ofr ext for a Calcite Rhomb 

Fig. 7-6 shows the refraction of one extraordinary ray of the incident beam 
W. It strikes the cleaved surface at 0, and is refracted at the angle r ext in the 
direction OP. At P the wave front and the Huygens wavelet from are 
tangent. We may calculate the angle of refraction, r ext , from our equation of 
the elliptic section of the extraordinary velocity surface. Our coordinate sys- 
tem, with its s-axis coincident with the calcite optical axis, expresses the elliptic 



FIG- 7-5 Huygens wavelets in calcite. 
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FIG. 7-6 Use of the velocity surface in 
calcite to determine the angle of refraction 
of the extraordinary ray. 
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section of the ellipsoid wave surface as 

V ± 2 V\[ 2 



Here f -M = ( ' . - J = 1.245. Proceeding to solve the geometry of Fig. 7-6, 
we first differentiate our equation and get 

(i*\ --*(2UY- -i.2«^ -ten* 

\dz/p yp\vx/ yp 



Again, referring to the figure, we see that \f/ = + fext- And tan 6 — 



yp 



A student exercise gives the angle of the optical axis relative to the cleavage 
faces as * = 45° so that the combination tan \f/ and tan 6 gives 

, tan \p — ta n 6 

tan r ext = t , ; — = tan 6°14' 

1 + tan v tan & 



7-4. Refraction by Two Calcite Rhombs in Series 

The "surprising phenomena touching the rays which pass two separated 
pieces; the cause of which is not explained/' which had concerned Huygens, 
are illustrated by Figs. 7-7 to 10. In these figures the component of the in- 
cident unpolarized ray which is polarized in the plane which contains the 
optical axis of the first rhomb is called ei, while the component perpendicular 
is called oi. These rays are shown traced through the two crystals for the 
relative rhomb orientations that Huygens used, namely: 

The optical axes are parallel in Fig. 7-7. 

The optical axes are in the same plane but not parallel in Fig. 7-8. 
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FIG. 7-7 Calcite crystals similarly ori- 
ented. 



The optical axes are in perpendicular vertical planes in Fig. 7-9. 

The optical axes are in 45°- vertical planes in Fig. 7-10. 

Huygens did not use the concept of polarized light. This concept is the key 
to understanding of these experiments. Without this key what would one ex- 
pect? We may presume that Huygens first expected that the difference be- 
tween the e-rays and o-rays resided in the light itself. It could, indeed, have 
been an intrinsic difference, like the difference between the colors which are 
inherent in white light and not in the prism which displays them, or like the 
longitudinal and transverse waves from an earthquake epicenter. But his ex- 
periments showed that the ordinary ray did not retain its ordinariness in the 
second crystal; nor did the e-ray also remain extraordinary. We now know 
that it is the azimuthal planes of transverse vibration of e-rays, or o-rays, 
which persist here in the second crystal; and if the successive crystals are 
arranged as in Fig. 7-9, this very persistence causes the oi-ray in the first 
rhomb to become an e 2 -ray in the second rhomb, while the ei-ray in the first 
becomes oi in the second, as observed. 

Huygens observed that in some instances, viz. Fig. 7-7, the displacement 
of the e-ray was doubled; in other instances, Fig. 7-8, its displacement was 
canceled. Fig. 7-9 shows his case where ei becomes o 2 in the second crystal, 
and oi becomes e 2 . Fig. 7-10 shows the 45° relative crystal positions where the 




FIG. 7-8 Calcite crystals oppositely 
oriented. 
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FIG. 7-9 Calcite crystals with 90° rela- 
tive rotation. 




ei and 0\ rays both have components parallel and perpendicular to the plane 
of the optical axis in the second crystal — here e\ becomes e\e% and e\Oi\ and, 
also, oi becomes Oie 2 and Oio 2 , thus giving four equally strong, finally emergent 
rays. Once the role of transverse polarization is comprehended, the coexistence 
of two sets of Huygens' wavelets is seen as natural, and Huygens' "surprising 
phenomena" are easily understood. 

Malus inferred that the reflected window light illustrated in Fig. 6-4 was 
polarized, because at certain rhomb azimuths he observed only one ray 
emergent from his rhomb, and because he always got two emergent rays when 
an unpolarized ray was incident normally on a rhomb. 



7-5. Explanation of the e-Wave Surface 

The askew propagation vector, OP, of Fig. 7-6, represents propagation 
which does not lie perpendicular to the refracted wave front, W e . This seems 
strange. But it can be explained in terms of our model of calcite, if we consider 
that crystal to be an oriented assemblage of anisotropic oscillators: First we 



FIG. 7-10 Calcite crystals with 45° rela- 
tive rotation. 
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FIG. 7-11 Mechanical analogue of asym- 
metrically bound charge. 
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spring 




note that the microscopic oscillatory motion of the charge of one of the oscil- 
lators may lie in a direction askew to the forcing function, qE; or to E, the 
electric wave front which produces it. The derivative of this askew charge 
motion when multiplied by the charge, qW, as we have seen, acts as an askew 
alternating electric current and this askew current produces a magnetic field 
which lies in a direction also askew to the electric wave front E. Thus it is 
clear that the vector product $ = (E X 3) does not lie necessarily perpen- 
dicular to the electric wave front, as we know it for vacuum and isotropic 
media, but as Figs. 7-5 and 7-6 show. Fig. 7-11 shows a flat leaf-spring that 
illustrates such anisotropic compliance in two dimensions. Here we know from 



FIG. 7-12 Reflection of calcite in the infrared region. 
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common experience that the deflection of such a leaf spring, where y x 9* y z , 
often lies in a direction not parallel to the deflecting force F; but rather, it 
lies in an askew direction which favors the weakest restraint, as shown. 

From the duplicity of 7's for the oscillators in calcite we might expect to 
have double reflection in the infrared. Fig. 7-12 depicts just such a manifesta- 
tion. This figure, for near normal incidence, shows the reflectivity curves of a 
plate cut from calcite so as to contain the optical axis parallel to its face. One 
curve represents the reflectivity for infrared radiation polarized with the in- 
cident electric vector in the azimuth that contains the optical axis, labeled e ; 
the other is for the orthogonal polarization, labeled 0. These curves do exhibit 
resonances at different frequencies such as would be expected for our simple 

oscillator model with y x 9* y z . We would expect o> x = \ I and w z = + / 

\ y x m \ y z m 

if the oscillating masses were equal for these two polarizations, the crystal 

exhibiting one reflection peak for resonance with radiation polarized parallel, 

w z , and one for radiation polarized perpendicular to the optical axis, co x . 

Here we do not derive the velocity for extraordinary rays from oscillator 

bindings and densities, as we did for the ordinary velocity in § 4-2. It is enough 

for us to get the concept of the e-velocity surface as explained qualitatively 

by the different magnitudes and directions of W that are produced by a given 

E applied in different directions within the crystal. 



7-6. Various Refractions of the e-Raj> by Calcite 

We have already described and calculated the direction of the e-ray refrac- 
tion in the case of normal incidence on a cleaved crystal face. The principle 
for determining other refractions, or refraction in general, is the same. In 
general we use the same procedure of Huygens' construction, invoking the 
velocity spheroids for the extraordinary rays. It is possible to use Snell's law 
for determining extraordinary ray refractions for calcite only when the section 
of the e-ray velocity surface cut by the plane of incidence is a circle. For 
example, Snell's law obviously does not apply in our case of normal incidence 




FIG. 7-13 Refraction by a calcite prism. 
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I FIG. 7-14 Refraction by a calcite prism. 



optical axis 

on a calcite rhomb, since the angles, i = and r ext ^ 0, would give N = 0. 
Refraction angles are easy to determine by the method of Huygens' construc- 
tion when the optical axis lies in the plane of incidence, or perpendicular to it, 
and parallel to the refracting surface, or perpendicular. Figs. 7-13, 7-14, and 
7-15 show three special cases of internal incidence; Figs. 7-16, 7-17, and 7-18 
show three special cases of external incidence; and Fig. 7-19 illustrates a 
general case. The general case will require a little effort on the part of the 
student to visualize it, and more to calculate it. 

In Fig. 7-13, double refraction is not manifest because, when the rays are 
propagating parallel to the optical axis within the prism, we have v\\ = v x . The 
e- and o-rays are therefore equally retarded within the crystal, and thus 
equally deviated through the angle 8 at the emergent face. The angles *"' and 
r', for a half prism of angle <p, are i' = <p and r' = <p + 5. Applying our 
Huygens relation of § 1-1, we get 

SL _ .£ _ sin (<p + 8) 

v± v\\ sin <p 

Double refraction is manifest in Figs. 7-14 and 7-15. In both cases v ± < v\\; 
so the o-ray is refracted more than the e-ray. Our Huygens relation of § 1-1 
gives 

C_ _ Sin (y + Sord) j £ _ sm (<P + g ext) 

v x ~ sin <p v\\ sin <p 




Optical axis FIG. 7-15 Refraction by a calcite prism. 
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The refractions are independent of the azimuthal orientation of the optical 
axis as long as that axis lies parallel to the entering face of the prism, and as 
long as this face is entered normally by the light. 

In Fig. 7-16 the extraordinary ray lies in a plane of incidence perpendicular 
to the optical axis and the sections of the wave surfaces are circles, as shown. 
In this case Snell's law applies and we may describe the crystal double re- 

c c 

fraction with two indices, iV ex t = — = 1.486 and iV or d = — = 1.658. This 

V\\ Vj. 

figure illustrates also how we may apply Huygens' construction. 

Figs. 7-17 and 7-18 show how we can determine other refraction angles for 
external incidence when the optical axis lies parallel or perpendicular (rather 
than at $ = 45°) to the refracting surface, and in the plane of incidence. In 
Figs. 7-16, 7-17, and 7-18 external wave fronts (W) are shown when their 
bottom edge first touches the refracting surface; and the Huygens wavelets 
in the crystal are shown at the instant when the upper edge of the incident 
wave front arrives at the refracting face. From Huygens' construction a line 
drawn from a point of late wavelet origin to a point of tangency with the 
earliest wavelet in the crystal gives the internal wave front and a ray from 
origin to point of tangency gives the propagation direction. The reality of the 
ellipsoid velocity surface is experimentally demonstrated by such simple con* 
firming refraction observations as are indicated by the figures. 

Fig. 7-19 illustrates the general case as contrasted to these special ones. 
In this figure the optical axis lies neither parallel nor perpendicular to the 
refracting surface, nor in the plane of incidence. Nevertheless, the graphical 



FIG. 7-17 Refraction by a calcite plate. 
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FIG. 7-18 Refraction by a calcite plate. 




procedure for finding the extraordinary refracted wave fronts, as well as 
propagation directions, is the same in principle as above; although much more 
difficult of execution. The e-ray in general is refracted out of the plane of 
incidence, as indicated. Of course, Snell's law always applies for determining 
refractions of the o-ray. 

In this chapter we do not treat biaxial crystals, which are more complex 
than calcite. The properties of biaxial crystals are, in fact, complex enough, 
and different enough, from crystal to crystal, to provide the basis in min- 
eralogy for the precise diagnostic power of the petrographic microscope. 



FIG. 7-19 Generalized refraction by a calcite surface. 

normals to wave surfaces 
lie in one plane -y \^t 




[§7-7] Uses of Colette • 139 

Geologists and mineralogists are able to determine the complex optical prop- 
erties of mineral samples by means of the petrographic microscope. They then 
use these properties for mineral identification. Their analysis procedure is 
possible because their petrographic microscopes are fitted with components 
made of calcite, quartz, and mica. Although we shall not explain all the 
complexities of the use of the petrographic microscope, because mineral iden- 
tifications require a full knowledge of crystal optics, we do explain the micro- 
scope components from which the precise diagnostic powers derive : polarizers, 
analyzers, quarter wave plates, and the Babinet and Soleil compensators. 

7-7. Uses of Calcite 

After Malus initiated the first useful application of a cleaved rhomb of 
calcite, for determining that light was polarized, and in which azimuth, this 
crystal enjoyed much use in analysis of light. It was much used throughout 
the early fertile days in optics before W. Nicol, in 1829, introduced his 
polarizing prism (or more properly his polarizing parallelepipedon). After 
1829, Nicol's prism and other devices fabricated from calcite (and quartz) 
competed successfully with usage of the simple cleaved rhomb. The Rochon 
and Wollaston composite prisms were among these other devices. As con- 
trasted to Malus' calcite rhomb, from which these rays emerge parallel, these 
last two composite prisms separate the e-ray from the o-ray in angle. 

Fig. 7-20 shows the construction of Nicol's prism which eliminates the o-ray 
entirely. To make a Nicol, two prismatic wafers are sliced off the ends of a 
suitably long and narrow cleaved calcite rhomb; and the crystal is cut diago- 
nally, as shown, into two halves. These two main parts then have their sliced 
and cut surfaces ground and polished, and the two cut surfaces are reunited, 
face to face, and cemented with a balsam cement in which the velocity of light 
is intermediate between v x and v\\. When natural light is incident along the 
axis of a composite prism thus constructed, the o-ray is refracted down at the 
entering face and strikes the balsam surface at an angle i' ', which is greater 
than the critical angle, i c ', there. Thus this ray is totally reflected out of the 
optical path, and absorbed. On the other hand, the e-ray, which is substan- 
tially undeviated, is transmitted through the balsam layer with but little loss 
of light; and it finally emerges through the exit face, again substantially with- 
out angular deviation. 

Fig. 7-21 shows Rochon and Wollaston prisms. Although these can be made 
of either calcite or quartz, here we describe them as made of calcite. This 
material is a more appropriate one for us now, pedagogically, although, in 
practice, quartz is easier to fabricate, and it is more permanent in use. The 
orientations of optical axes are indicated in Fig. 7-21 for these two composite 
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FIG. 7-20 Nicol prism. 



prisms, made of calcite. In the Rochon, the interface between prism halves 
affords no optical discontinuity at all for the normally incident ray polarized 
perpendicular to the optical axis in the second component. This o-ray is 
therefore undeviated at the inclined interface. However, the other component, 
the e-ray, suffers a discontinuity of index of (Next — iV or d) at the interface, 
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(a) Rochon 



(b)Wollaston 



and it is therefore deviated. In the Wollaston, a discontinuity (iV e xt — -Word) 
occurs for both polarizations, since the e-ray in the first prism is the o-ray in 
the second, and vice versa. Thus the angle deviation is doubled. 

Fig. 7-22 illustrates a phase retardation plate. We consider this plate to be 
a very thin parallel plate of calcite, of thickness d. It is cut and polished from 
a crystal so that its surfaces lie parallel to the optical axis. Consider a beam 
of light striking this plate normally with its electric vector, E\, polarized in 
a plane which makes an azimuth angle with the optical axis, as shown in 
the figure. Since v rd < v^ t , or iVord > Next, such a plate will retard the per- 
pendicular component of E\ more than the parallel component. A glass plate 

of the same thickness would introduce a phase retardation of — - — °- d 

* c 

in the emergent light, compared to the phase it would have had with the plate 

absent. But here we are interested in differences of retardation for e-rays and 

o-rays. Perhaps such a plate of calcite as is described above should be called a 

relative phase retardation plate, or something like that. Such a name would 

distinguish it from a simple glass plate, but the name is too clumsy. Actually, 

for such phase retardations as are wanted in a petrographic microscope, the 

calcite would be much too thin for construction, considering its brittleness. 

The biaxial crystal, mica, affords a more appropriate material than calcite, 



optical axis 



FIG. 7-22 Calcite relative-retardation 
plate. 
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because by splitting it is easy to make it thin enough ; and because it is flexible, 
and thus not so easily broken. Nevertheless, for pedagogic reasons, we shall 
consider our relative phase retardation plate here as made of calcite. 

Let Ei = Eie 1 '" 1 be the electric vector of the incident light polarized at angle 
to the optical axis; and let E\ — SiV w be the field just inside the crystal 
boundary, also at z = 0. The component fields inside, at any point or time 
within the crystal, can be written in terms of the components of E\ : parallel 
and perpendicular to the optical axis, S ex t' and fiord'- 

E^t = &i cos e"^ ~ v ^' and E OId ' = 8/ sin e '"v »«J 

Neglecting reflection losses at both entering and emergent faces of the plate, 
the component fields just outside the emergent face of the crystal at z = d 
will be 

#ext = 81 cos 6 e v *»'' and E OI d = Si sin e ^ v °< dJ 

Thus the incident and emergent illuminations, neglecting reflection losses, are 
equal : 

£cko8i 2 = ^C/co(8i 2 cos 2 + Si 2 sin 2 0) 

However, the components of the emergent light are no longer synchronous. 

Our explanations are simplified if we reset the clock so that wt = I cat' + — )' 

if we write — — - for <o and express — as — — , and if we write — as — 2L - (as we 
X v eKt c y ord c 

may, since the propagation is perpendicular to the optical axis). Then the 

expressions for emergent fields are 

Ex cos e 3ut and E sin e *■ x ' 

Our calcite plate will be called a quarter wave plate when the relative 

7T 

phase lag of these orthogonally polarized emergent beams is -» as when 
— d(iV ex t — N rd) = J' Since iV ex t — N OI d = —0.172 for calcite, a plate thick- 
ness of d = 0.86m will give this - retardation for X = 5892 A. Such a plate of 

calcite gives a - retardation of o-rays, relative to e-rays, and as we learned in 

§ 2-4 and § 6-6, this retardation between orthogonal components of equal 
amplitude can produce emergent circularly polarized light. When the 

thickness is such that d(N es .t — N OT d) = «' yielding A<p = ir, we then call our 



[§7-7] Uses of Calcite • 143 

plate a half wave plate. And a calcite plate of twice this thickness would be a 
full wave plate, also called a tint plate. Although it is pedagogically proper for 
us to make these plates of calcite of 0.86, 1.72, and 3.44 microns thickness 
respectively, they are, in reality, much too thin to be of interest to the experi- 
mental physicist. Quartz, a positive uniaxial crystal (since iV ex t > N old ), re- 
quires a much thicker plate (d = 16m) for - retardation, since (N ext — Nord) 

= .0091. Actually, most quarter-wave plates are made of mica. Cleaved thin 
sheets of this material have effective indices for orthogonal components of 
light, incident normally on the sheets, of (N 2 — Ni) = 1.5997 — 1.5941 = 
.0056. Thus d = 26.3/z yields a quarter-wave plate. This thickness is easily 
obtained by splitting; in fact, with care one can split out sheets of mica thin 

enough to give — relative phase retardation. 

The full-wave plate is called a tint plate because, although it may be a 
full-wave plate for green light, it will be less than a full-wave plate for red, 
and more than a full-wave plate for blue. If such a plate is put between crossed 
Nicols so that white polarized light from the first Nicol strikes it at 6 = 45°, 
then the green component of the white light will be extinguished by the 
analyzer Nicol; but the red and blue components will penetrate it, giving 
transmitted light of a magenta tint. The eye is particularly sensitive to varia- 
tions of this hue, such as are produced when a further positive or negative 
increment of retardation comes into play. More retardation changes the 
magenta toward blue; less retardation changes it toward red. One use of a 
tint plate is shown in Fig. 7-36, where it exaggerates the effects of slight re- 
tardations introduced in a beam by stressed glass. Retardations produced by 
the stressed glass, which alone would not be apparent to the observing eye, 
are easily measured when added to the tint plate retardations. This use of a 
tint plate is described in § 7-12. 

Fig. 7-23 shows a Babinet compensator. A compensator can be made 
of two calcite prisms, with their optical axes mutually perpendicular, as 
shown in Fig. 7-23. The composite introduces relative phase retardation be- 
cause of increasing thickness of one component prism, and decreasing thickness 
of the other. If the relative phase retardation introduced by the upper prism 



FIG. 7-23 Babinet compensator. 
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FIG. 7-24 Soleil compensator. 



I* 




Soleil compensator 

in this figure is -^- ! (N ext — N 0I d), that produced by the second prism will be 

A 

— \ 1 (iVext — -Word). The negative sign arises because the rays that are e- rays 

A 

or o-rays in the first prism become, respectively, o-rays and e-rays in the second 
prism. Thus the total phase difference introduced is 

A<P = Y (di - d 2 )(iVext - N 0I d) 

A<p is zero at the center of the compensator, where d x = d 2 , but A<p increases 
to one side of the center and decreases to the other side. Actually, Babinet 
compensators are usually made of quartz, but the principle is the same. 

Soleil invented a modification of the Babinet compensator that has the ad- 
vantage of producing the same phase retardation over all the area of compo- 
nent prisnf overlap, as contrasted to the changing retardation from side to side 
of the Babinet. In the Soleil, made of calcite, two prisms are used, as in the 
Babinet, except that these component prisms have the same optical axis 
orientations as that of the upper component of the Babinet. Soleil added a 
third component under these prisms, which is a plane parallel plate of calcite 
as Fig. 7-24 shows. The optical axis orientation of the third component is the 
same as that of the lower component of the Babinet. To describe the net 
retardation of these three Soleil components, we set di as the effective total 
thickness of the two Soleil prisms. This thickness, although variable under 
control, is constant over the area of overlap. Further, we set d 2 as the thick- 
ness of the third plate. Thus the net retardation is given by the equation above 
for A<p; and the di in this equation can be varied by shifting the upper prism 
relative to the lower prism. Although the Soleil compensator is here described 
as made of calcite, it too is usually made of quartz. 

7-8. Analysis of Polarized Light 

A quarter- wave plate may be used in conjunction with a Nicol or Polaroid 
sheet to analyze a beam of light more completely than is possible with a 
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calcite rhomb, or Nicol alone. In order to understand such analysis it is neces- 
sary to keep in mind that a beam of light can be described in terms of the 
amplitudes and phase relationships of two components having vibrations 
in mutually orthogonal azimuthal planes. Furthermore, we must keep in mind 
that the description of a beam can sometimes be expressed in more than one 
way. For example, the statement that a beam is circularly polarized light is 
equivalent to saying that its orthogonal plane polarized components are 
equally strong, and in phase quadrature. And, conversely, the statement that 
a beam is plane polarized light is equivalent to saying that it is comprised of 
two equally strong right and left circularly polarized components. 

When the phase relationship of orthogonal plane polarized components is 
unstable, as in the case of natural light, so that their relative phase difference, 
&<p, wanders over the whole range, A<p = to A<p = 2w, in a random way, 
then the instantaneous state of polarization can assume all possibilities — each 
possible state lasting for an average time that is determined by the degree 
of monochromaticity of the light (see the beginning of Chapter VI). When, 
however, relative phase relationships of orthogonal components are stable, 
then the state of polarization of the light is stable, and may be characterized 
as plane, circularly, or elliptically polarized. For example, if two components 
are not equally strong, or if they are equally strong but their relative phase 

relationship is not 0, ±- or ±t, then we shall have elliptically polarized light. 

And elliptically polarized light may (equally well) be expressed as a coherent 
combination of plane polarized light with circular. Finally, any beam of light 
can be represented as a combination of plane polarized light (P, circularly 
polarized light Q, elliptically polarized light S, with more or less unpolarized 
light 91; that is, (31 + (P), (31 + e), or (3t + S). Using these symbols (P, 6, 
S, and 31, as defined above, we shall review some of the tests that can be made 
on an unknown beam to determine the state of its polarization: first we test 
the light with a Nicol or Polaroid analyzer alone ; then this test is followed by 

tests of the light with a Nicol and --plate. The function of the --plate in such 

tests as we shall describe is not to change plane polarized light to circular, but, 
conversely, to change circularly or elliptically polarized light to plane. The 

--plate transforms circular to plane at any azimuthal orientation, but it trans- 
forms elliptical to plane only at certain azimuthal orientations. With all this 
in mind, the following tests can be made significant. 

Consider first that a tested beam passes no light at one azimuth with the 
Nicol alone, and all at another, thus yielding (3 = 1.0. In such a case we know 
certainly then that this analyzed beam can be described as pure (P. 
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But, on the other hand, the test with the Nicol alone may give no change 
of transmission as the Nicol azimuth is varied, thus yielding /3 = 0. In such 
a case we can make no unequivocal inference: the analyzed beam may be pure 

91; pure Q; or a mixture, (91 + Q). To discriminate further, we put a --plate 
ahead of the Nicol. If now, where we formerly got = 0, rotation of the Nicol 
still gives = for all orientations of the 7-plate, we know certainly that the 
analyzed beam is pure 91. And in contrast with this test result, if all orienta- 
tions of the --plate give = 1.0, where before we had = 0, we know cer- 
tainly that the analyzed beam is pure Q. 

Intermediately, if the test with the Nicol alone gives some variation of 
transmission, but yields < < 1.0, then we test with the Nicol and a 

preceding --plate. If certain orientations of this - plate yield = 1.0 in the 

transmitted light, as tested with the following Nicol, then we know certainly 
that the analyzed light is pure S. 
All other test results are ambiguous. 



7-9. Uses of the Half-wave Plate 

It is often useful to cross an analyzer with the azimuth of a beam of plane 
polarized light in order to extinguish it. In this manner we may determine 
its azimuth of polarization. If we introduce something between polarizer and 
analyzer which will rotate the plane of polarization, we may determine the 
angle through which the plane of polarization is rotated by a rotation of the 
analyzer until we re-establish extinction. For example, an introduced sugar 
solution will produce such a rotation, and the introduced rotation will depend 
on the sugar concentration and on the optical path length in it. Such a meas- 
urement of rotation by a known solution path length may be employed to 
determine the concentration of the sugar solution. This application of polar- 
ized light is called saccharimetry. 

The determination of analyzer azimuth angles which give extinctions of 
plane polarized light is not inherently precise. This lack of precision arises 
because the amount of light transmitted by the analyzer has a stationary value 
at extinction, and this makes the transmission insensitive to small increments 
of analyzer rotation. The precision of azimuth determination may be greatly 
enhanced, however, if a half-wave plate is properly attached to the analyzer 
Nicol — that is, preceding the Nicol and covering only half of its field. The 
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FIG. 7-25 Transmissions of analyzer 
for polarized light — through uncovered 
part (solid line) and through part covered 

by --plate. 
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proper attachment requires that the optical axis of the --plate be oriented at 

the small angle, — A0, relative to the azimuth of extinction of the analyzer 

Nicol. A --plate, thus attached, has the property of transmitting incident 

plane polarized light as emergent plane polarized light, but with its plane of 
vibration rotated to the symmetrical azimuthal position on the opposite side 

of the optical axis of the --plate. Figs. 7-25 and 7-26 illustrate this property 

of the --plate. In Fig. 7-25 the solid curve represents the idealized transmission 

through an uncovered area of the Nicol analyzer as a function of analyzer 
angle, while the dotted line represents the transmission through the area of 

the analyzer covered by the attached --plate, as a function of the same angle. 

Both curves are plots of Malus' double-angle law, where is the angle between 
the plane of the polarized light and the azimuth of easy passage of the analyzer 
Nicol. The first stationary value of zero transmission, referred to above, occurs 

at = £ for the uncovered analyzer, and at \ + 2A0 for the covered area of 
2 ^ 

its field. 

^optical axis of . 

(\ half wave plate ^ 





FIG. 7-26 Vector diagram for --plate. 
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The explanation of the above 2A0 rotation is facilitated by referring to Fig. 
7-26. When the polarized light lies at an azimuth such that it is extinguished 
by the uncovered half of the analyzer, and lies at the azimuth angle — Ad in 

respect to the optical axis of the --plate, the part of that polarized light which 
falls on the --plate of amplitude E will have synchronous components E\\ and 

Ex. On emergence from the --plate, the component E± will be retarded in 

phase by the angle x, relative to the phase of the component E\\. Now since 
e~ j * = — 1, this retardation is equivalent to synchronism, but with a reversal 
of the sign of E±, and this reversal, as shown in the figure, is equivalent to a 
rotation of azimuth of E from —Ad incident, to -{-Ad emergent. Thus the curve 
representing the law of Malus in Fig. 7-25, for the covered half, has its angle 



of extinction not at -» but at 



(i+H- 



We take advantage of this 2A0 rotation by setting the ~-plate analyzer 

combination at the angle ( - + Ad j. The criterion of setting here is to match 

the light transmitted by the half covered Nicol with that transmitted through 
the uncovered half. This matching affords an angular setting that is more 
precise than an extinction setting on either of the adjacent minima; a slight 

incremental analyzer rotation, 50, away from - + Ad, brightens one half of 

Zi 

the field and darkens the other. 

Fig. 7-27 shows two other means of achieving this same end. By one, at the 
left, a Nicol is cut longitudinally and a small angle wedge is removed; then 
parts are reassembled. Fig. 7-27 at the right shows the other, the Lippich 
combination of a large and small Nicol prism. 



FIG. 7-27 Cornu-Jellett and Lippich analyzers. 
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7-10. Calcite and Quartz Contrasted 



Fig. 7-28 compares the velocity surfaces of both calcite and quartz, both uni- 
axial crystals. But whereas (iV ex t - AT ord ) is -0.172 for calcite, (N mt - N 0lA ) 
is +.0091 for quartz. Calcite is called a negative uniaxial crystal; quartz is 
therefore positive. For calcite, the extraordinary velocity surface is an oblate 
spheroid that circumscribes the spherical, ordinary velocity surface. For 
quartz, the ordinary velocity surface circumscribes the extraordinary velocity 
surface, which is a prolate spheroid. A further and more subtle difference is 
that the two velocity surfaces for quartz do not touch where each intersects 
the optical axis; while for calcite, the e-ray becomes perpendicular to the axis, 
and takes on the character of the o-ray where its velocity surface intersects 
the optical axis. But for quartz the e-ray and o-ray remain different in charac- 
ter and different in velocity. At the equator the o-ray for quartz is polarized 
perpendicular to the optical axis, as with calcite, but as the o-ray inclines more 
and more toward the pole, or optical axis, and is finally parallel to it, this ray's 
characterizing property is finally that of circular polarized light. On the other 
hand, at the equator the e-ray, polarized parallel to the optical axis, becomes 
also a circular polarized ray finally at the pole, but circular in an opposite 
sense. If the o-ray, propagating in the poleward direction, becomes a right 
circularly polarized ray, the e-ray will be a left circularly polarized ray. The 
possibility of right or left for the o-ray, with the opposite for the e-ray, suggests 
that there might be, in nature, two kinds of quartz crystals, one with the 
o-ray right circularly polarized, and one with the o-ray left circularly polarized ; 
and, indeed, there are two such kinds of quartz. If the o-ray is right circularly 
polarized in a quartz crystal it is called right-handed quartz, or fl-quartz; 
while the other kind is left-handed, or L-quartz. Fig. 7-29 shows the outward 
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FIG. 7-28 Velocity surface sections of cal- 
cite and quartz contrasted. 
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FIG. 7-29 Right- and left-hand quartz 
crystals. 
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forms of these two kinds of naturally occurring quartz crystals; one is the 
mirror image of the other; and they are called isomers. 

Ascribing indices for the propagation direction along the optical axis N = -•> 

v 

the difference of wave velocities for R and L-quartz, at X = 5892 A, where 
iVord = 1.544, gives 



r-r = WL- Nm) = 



f +71 X 10- 6 for fl-quartz 



vl v b v_ " — ' t-71X10~ 6 forL-quartz 

Fig. 7-30 shows the composite prism that was used by A. J. Fresnel to 
demonstrate this property of quartz. In this composite the light propagates 
substantially parallel to the optical axes of the quartz from which the prism 
components are made. Fresnel's composite consisted of a 152° prism of 
^-quartz with its optical axis oriented as shown. This symmetrical prism was 
buried optically between two half prisms of L-quartz, of 76° half-prism angle. 
Either natural or plane polarized light entering, say, on the left face of the 



FIG. 7-30 Fresnel's demonstration that plane polarized light can be resolved into 
right- and left-circularly polarized components. 
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combination, as shown, finds the velocity of its left circularly polarized com- 
ponent less in the central prism than in the two end half-prisms and, therefore, 
it is refracted upward. Contrarily, the right circularly polarized component is 
refracted downward. A student exercise poses the problem of calculating the 
total expected angular separation of right and left circularly polarized com- 
ponents produced by these refractions. The optical train below in Fig. 7-30 
shows how this angular separation is measured. A beam of incident plane 
polarized light, thus broken up into two beams, is observed with the telescope 
T. The character of the two separated emergent beams can be identified as 

being right and left circularly polarized by means of the --plate and Nicol (at 

orientations ±45°). If the entrance beam is only right-polarized, or only left- 
polarized, there will be only one emergent beam, and this will be deviated by 
a very small angle. But when both states are present the differential refraction 
separates them. 

Fig. 7-31 shows how two half quartz prisms, one right and one left, were 
combined by A. Cornu, for use in a crystal quartz prism spectrograph. Cornu's 
combination avoids double refraction and a consequent doubling of spectral 
lines. This figure also shows how two half lenses of quartz were combined by 
Cornu to avoid double imaging. 

We have so far considered only the rays propagating along the axis of the 
velocity surface. As rays in the quartz become more and more inclined to this 
pole, the e-rays and o-rays change their character. They change from circular 
to elliptical polarizations; and this change is followed, not far from the poles, 
by a further degeneration of the elliptically polarized light to plane polarized 
light. For most purposes, therefore, using quartz near the equator, we may 
ignore the elliptical nature of the e-ray and o-ray and simply consider quartz 
as if it were a weakly positive calcite crystal. Thus quartz can be used, just 
like calcite, for making Wollaston and Rochon prisms and for compensators. 




FIG. 7-31 Cornu prism and Cornu lens. 
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7-11. Optical Activity 

Plane polarized light, after it penetrates a plane parallel quartz plate cut 
with the optical axis perpendicular to the plate faces, is observed to have its 
azimuth rotated. The amount of this rotation is 21.7° of angle per millimeter 
of travel along the optical axis. No matter what the thickness of such a plate 
may be, the light that penetrates the quartz parallel to its optical axis emerges 
as plane polarized light. The property of a dielectric medium to thus rotate 
the plane of polarization is called optical activity. Some liquids show this prop- 
erty, like the sugar solution we mentioned in § 7-9. Also, some vapors, like 
turpentine vapor, show optical activity. 

The optical activity of quartz, along its axis, is a consequence of the differ- 
ence of phase velocities, vl and vr. Let us consider such a quartz plate mathe- 
matically: For a plate of 72-quartz cut perpendicular to the optical axis, as 
described above, we write expressions for entering light, which is taken to be 
plane polarized in the zz-azimuth. We write these expressions in terms of a 
total amplitude E' just within the entering crystal face. We consider the enter- 
ing face to be located in the z = plane of a Cartesian coordinate system, 
and we further consider the light to be propagating in the +z-direction inside 
the quartz. The plane polarized light vector at z = may be written as 
the sum of two circularly polarized components of equal amplitude. Follow- 
ing §6-6: 

EJ = §S' cos Jt - — ) + W cos Jt - —\ 

Ey = -i&' sin Jt - — J + W sin Jt - -\ 

Thus at z = 0, EJ = 8' cos <x>t and EJ = 0. At any point beyond this, in the 
quartz, the instantaneous azimuth of the electric field is 8 = tan -1 -^-,- Now 

if we reset the clock for any point Zi beyond, so that cat = <a(t' -] )> and if 

we write 2# = coz(— ) = —2ir % (N L — N R ), then, as in the case of 

Problem 2-4, the application of trigonometry gives 8 at this point z h within 
the quartz, as independent of time — that is, the light is plane polarized 
there. And further, the azimuth of polarization is 6 = &. For .R-quartz 

& — — -r (71 X 10 -6 ). Thus 8 decreases as z increases so that the rotation 

produced is clockwise as seen looking toward the light source. A substance 
that produces a rotation of the plane of polarization in this sense is called a 
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FIG. 7-32 Rotation of plane of polariza- 
tion of microwaves by twisted wave guide. 




dextrorotatory substance, as contrasted to one that produces a counterclock- 

a 

wise rotation, which is called a levorotatory substance. The ratio - is called 

the specific rotatory power; and for Quartz it is ±217° per cm. 

This rotation by quartz of the plane of polarization was discovered by 
D. F. Arago in 1811. In 1815 Biot discovered the same type of rotation by 

a 

both liquid and vaporous turpentine. The specific rotatory power, -> for all 

optically active substances shows a dispersion that may be described by a 
Cauchy-type equation: 

6 - - A + $ 
z - A + X 2 

a 

The ratio - also varies with temperature. 

z 




FIG. 7-33 
mica plates. 



Rotation of light by twisted stack of 



Optical activity can be explained as a progressive rotation of the azimuth 
of easy constraint of a complex oscillator in the quartz. X-ray studies show 
that the atoms in the quartz crystal are arranged in rudimentary right- or 
left-handed helices. In analogy, a bag of short right-handed coiled springs, 
each wrapped separately in paper, will rotate transmitted polarized micro- 
waves one way while left-handed coils rotate them oppositely, just as in 
saccharimetry. 

Fig. 7-32 shows how a twisted wave guide rotates the plane of polarization 
of the microwaves it transmits. 

rubber hose "} 



FIG. 7-34 Rotation of plane of polar- 
ized light by succession of Polaroid sheets 
with 90° between first and last sheets. 
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A stack of oriented mica sheets and a stack of oriented Polaroid sheets when 
twisted as shown in Fig. 7-33 or 7-34 will also each rotate the azimuth of in- 
cident plane polarized light. 

7-12. Induced Double Refraction 

Our considerations of crystals show how double refraction is manifest. Now 
we shall mention several methods of inducing double refraction in normally 
isotropic dielectric media. 

In 1814 Sir David Brewster discovered that glass under mechanical com- 
pression became double refracting. The explanation of his experience is that 
compression partially orients otherwise randomly oriented anisotropic oscil- 
lators. The birefringence thus induced is that of a negative crystal with the 
optical axis parallel to the direction of compression, and with (iV«t — AW) 
proportional to the stress. This discovery of Brewster currently enjoys wide 
application in the art of photoelasticity. By its application, stress distributions 
are predicted for proposed designs of mechanical load bearing structures in 
which the concentration of stress is to be avoided or minimized. The predic- 
tion is based on experiments with a model of the mechanical structure whose 
design is to be optimized. This model is made out of a sheet of calibrated 
transparent plastic. It might be, for example, the model of a gear tooth. The 
model is stressed in the same manner as the structure it represents will be 
stressed in service, and the birefringence produced by the two dimensional 
distribution of these stresses is measured. The distribution of measured bire- 
fringence then gives the stress distribution in the model. The transparent 
model material may be calibrated as shown by Fig. 7-35 by a combination 
of prisms. Even-numbered prisms of the substance in question are made longer 
than the odd-numbered prisms, and they are arranged so that pressure can 
be put only on them in a press. The function of the odd, unstressed prisms, 
of the same material, is to cancel out the average deviation produced by the 
stressed prisms. The difference in e-ray and o-ray deviations, because of the 
pressure, gives the birefringence calibration. Fig. 7-36 shows a simple set-up 
used to test immersed irregular glass shapes for internal stress, such as the 
metal-to-glass seal shown. A tint plate is used. With it a relative retardation 




FIG. 7-35 Procedure for determining the coefficient of forced double refraction 
in an isotropic medium. 
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FIG. 7-36 Photoelasticity gadget for studying stress in glass by observation of 
induced double refraction. 



of as little as — (10 millimicrons) is readily noticed. The tested glass shapes 
50 

are immersed in a liquid of the same index to cancel out all but the differential 

refraction due to birefringence. 

There are other ways of inducing birefringence in an otherwise homogeneous 
medium — for example, by magnetic and electric fields. In 1845 Michael Fara- 
day successfully induced optical activity in glass by a strong magnetic field 
oriented parallel with the propagation direction of the light. In 1907 Cotton 
and Mouton induced double refraction in liquid nitrobenzene by using a 
strong transverse magnetic field. 

In 1875 John Kerr discovered that a strong static electric field induced 
double refraction in glass; and it has been later determined that the induced 
double refraction is much stronger in liquid nitrobenzene than in glass. Fur- 
thermore, with the colloid called bentonite, the effect is exhibited a million 
times stronger than in nitrobenzene.! The relative Kerr phase retardation in 
such media as glass, nitrobenzene, and bentonite colloids is proportional to 
the square of the static electric field that is applied to the medium, S; and 
it is also proportional to the length of optical path in that medium, I. Thus 
the expression for relative phase retardation is 

A<p = 2tBI& 2 
tHans Mueller, J. Opt. Soc. Am., 31, 286 (1941). 
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Here B, called the Kerr coefficient, is characteristic of the medium. When a 
Kerr cell is placed between a polarizer and analyzer, with azimuths of easy 
passage parallel, and a properly strong static electric field, such as will pro- 
duce a phase difference of A<p = ir, is applied at 45° inclination, then the plane 
of polarization of the light transmitted by the Kerr cell will be rotated 90°, 
or perpendicular to the analyzer. Such a rotation gives extinction, just as a 

--plate would do. Such a combination of Kerr cell and two Nicols was used by 

Rupp to get the very quick chopping that we have described in § 5-7. He 
applied a high frequency rather than a static field. 



Chapter VIII 

Interference of Two Sources 
Laterally Separated 



We have considered several optical topics that prepare us to take up super- 
positions of light amplitudes and explain the classical two-beam interference 
experiments of Young, Fresnel, and others. 

Young's experiments with two-beam interference established the wave 
nature of light and first gave us the wavelengths of the different colors. Soon 
after, the experiments of Fresnel and Arago on the interference of polarized 
light established the transverse character of the waves. 

Interference, as we are about to consider it in this chapter, and diffraction, 
as we shall consider it in the next chapter, lie in the very heartland of optics. 
First we consider interference patterns as they are produced by superposition 
of light from two synchronous and persistent sources of waves which are sepa- 
rated laterally. Many applications grow out of the manifest phenomena of 
this two-beam interference. Later we shall consider two-beam interference 
obtained when two synchronous and persistent sources are separated in depth. 

In Chapter II we treated superposition of wave amplitudes generally, in- 
cluding two waves polarized in mutually perpendicular planes to give circular 
and elliptical polarization. Our theory there required wave trains of only a 
few wavelengths' persistence; and that theory was supported by experiments 
using quarter- and half-wave plates and the Fresnel rhomb. 

Here, in contrast, we consider two superimposed beams that must be syn- 
chronous and polarized in the same azimuthal plane; i.e., beams derived from 
the same atomic oscillators. Furthermore, since these superpositions will add 
amplitudes emitted by atomic sources at one time, with those that were or 
will be emitted by the same particular atomic sources, but at a previous or 
future time, the phase of the composite of such atomic emissions must be 
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stable during several tens, hundreds, thousands or even millions of charge 
oscillations in order to get observable superpositions. Two overlaid beams of 
light always produce a superposition pattern, but the phases of the overlaid 
beams must be stable long enough to be sensed by the eye if the characteristic 
patterns of superposition are to be observable. When two beams of the same 
frequency have this requisite phase stability, so that superposition patterns 
are stable long enough to be observable as interference patterns, we say the 
two beams are coherent. 



8-1. Coherence of Light 

Our explanations of the laws of reflection and refraction of natural light of 
§ 1-1, using Huygens' construction, only required synchronism over a very 
limited area of the wave front. We call such lateral spatial synchronism, over 
the wave front, lateral coherence. Lateral coherence, or synchronism, is inherent 
in the definition of a wave front ; so that the merit of formally defining lateral 
coherence resides mainly in its clarification of the meaning of longitudinal 
coherence, which depends on the temporal stability of phase in succeeding wave 
fronts of a wave train. 

Even single pulses of limited lateral coherence suffice for Huygens' explana- 
tion of the laws of reflection and refraction because all the daughter waves 
that are required for those explanations come from a common parent wave 
front, and the waves that superimpose came from immediately adjacent sur- 
face elements of that parent wave front. In contrast with this, the explanations 
of interference, which we now take up, require the addition of daughter 
Huygens wavelets which derive from earlier and later wave fronts of a com- 
mon wave train, thus requiring a temporal persistence of phase in the parent 
wave train. This temporal persistence is required if superposition of ampli- 
tudes rather than intensities is to be observed. When such persistence of 
phase obtains, for two overlaid light amplitudes, we say that they are co- 
herent, and we call this specifically longitudinal coherence; and just as lateral 
coherence is inherent in the definition of a wave front, longitudinal coherence 
is inherent in the definition of a wave train. We shall sometimes call a suc- 
cession of Huygens wavelets, with temporal persistence of phase, Huygens 
wave trainlets. 

As we learned in Chapter V, the length of wave trains, or degree of longi- 
tudinal coherence, is a measure of monochromaticity. And as we shall see later, 
increased monochromaticity means increased observability of interference 
bands. The superposition pattern of two beams of white light is less observable 
by eyes that are color-blind than by normal eyes. This is equivalent to saying 
that the color sensitivity of the normal eye acts as a virtual monochromator 



[§ 8-1] Coherence of Light • 159 

to make superposition patterns apparent where a color insensitive eye would 
not see them. 

We can illustrate the coherence in the light emitted by an ensemble of 91 
atomic oscillators by considering an analogous situation. Consider an ensemble 
of 31 equally powerful radio stations, all emitting the same frequency of radia- 
tion. Imagine that each station radiates for an epoch of approximately one- 
second and then rests an instant before radiating again. And also, consider 
that each station follows the rule that the phase of its emission during each 
radiation epoch is to be unrelated with the phase of its emission during the 
previous epochs; that is, the persistent phase during any radiation epoch is 
to be determined by pure chance. Finally, if the instants when the different 
radio stations begin and end their epochs of emission are unrelated, the com- 
ponent radiations will be relatively constant in intensity, but they will be 
mutually incoherent. Following the teachings of § 2-7, if the superposition 
sum of such component emitted waves is determined at a distant observing 
station, say one on the moon, the aggregate amplitude will be only v 91 times 
greater there than the amplitudes that would be determined for each station 
separately. The phase observed at our distant station on the moon will be 
reasonably constant over a time interval that is short compared to the radia- 
tion interval, but phases will be unrelated after time lapses which are longer 
than that interval. Thus temporal stability of phase is described by the time 
duration of the radiation epochs of the component sources; i.e., by one second. 
And the degree of longitudinal coherence will be described by the distance 

light travels in this epoch; i.e., - = 3 X 10 8 meters. 

This analogy supplies the picture for the D-line emissions of a sodium doped 
Bunsen flame. In such a flame, each thermally excited sodium atom begins 
its emission at a time that is unrelated to the activities of other atoms, and 
the duration of its atomic radiation epoch is 10~ 10 seconds. At any instant some 
sodium atoms will be firing-up while others are burning-out; and the overall 
phase of the aggregate radiations, if it were observable at a distant observing 
station, would be always varying as time flows — although that phase would 
be reasonably constant over time intervals short compared to 10 -10 seconds. 
Here the degree of longitudinal coherence is 3 cm. 

With these conceptions of independent radiation sources of the same fre- 
quency, and the degree of longitudinal coherence among them, we are pre- 
pared to proceed with explanations of interference and diffraction, where 
Huygens wave trainlets of coherent radiation are overlaid. 
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8-2. Toung's Experiment 

Thomas Young was the first physicist both to arrange apparatus in the 
manner which yields two laterally separated white light sources of sufficient 
synchronism and persistence of phase to produce an observable superposition 
pattern, and, further, to correctly interpret the observed interference pattern 
and determine from it the wavelengths of the colors of which white light is 
comprised. 

Fig. 8-1 illustrates Young's arrangement of apparatus (above) and the sig- 
nificant geometric parameters (below) that he used for interpreting his obser- 
vations. As the figure shows, a white light source L illuminates a single slit in 
an opaque baffle S\. Huygens wave trainlets, which are considered to originate 
between the jaws of this slit, spread out by diffraction on both sides of the 
incident direction of propagation. Wave trainlet wave fronts arriving syn- 
chronously at the two parallel slits in a second baffle & 2 excite the generation 
of two sets of secondary Huygens wave trainlets between the jaws of these 
slits, one set of trainlets from each slit. The wave fronts of these secondary 
wave trainlets also spread out by diffraction and fall, overlaid, on the observ- 
ing screen at the distance 3D beyond £ 2 . In such a Young experiment the lateral 



FIG. 8-1 Diagram of Young's double-slit interference experiment (above) and 
of the geometry it involves (below). 
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separation of the two slits is of the order of a fraction of a millimeter while £> 
is of the order of a meter. On the observing screen the superimposed ampli- 
tudes of wave trainlets from the two slits £2 add or subtract according to their 
relative phases. The dimensions in Fig. 8-1 are exaggerated. Although the 
experiment works with a narrow source at Si, say a modern tungsten straight 
filament lamp, a diffraction source such as the slit that Young used is best. 
For now it may be assumed that the two slits, &, lying perpendicular to the 
plane of Fig. 8-1, are short. Interference bands appear on the observing screen. 
The produced bands lie perpendicular to the plane of the figure along P0P1. 
The wave trainlets emitted from Si, when they arrive at either one of the 
slits at S2, may be represented by the expression 



E = §iM t ~^ +m ) 



Wave trainlet lengths depend on the persistence of phase; i.e., on the epoch 
over which <f>(t) in the expression above is substantially constant. Here ru is 
the distance from the single slit Si to either one of the slits at £2; 81 is the 
amplitude at unit distance from Si] and the phase at $1 is wt + <f>{t). Young's 
method of getting synchronism at the slits S 2 , so that the same expression E 
applies to either slit, is called wave front division. The resultant amplitude 
beyond # 2 is the sum for two segments of successive wave trainlet fronts 
from Si) and before that, the wave trainlets derive from the same atomic 
oscillators at L. 

In order to appreciate Young's experiment, which gave the first wave- 
lengths of light, we must understand the qualitative nature of the observed 
pattern, together with its quantitative interpretation. The quantitative analy- 
sis below applies to Young's experiment and, to some extent, to two-beam 
interference generally. 



8-3. Analysis of Two-beam Interference 

The amplitudes of the wave trainlets diffracted at S2, at unit distance be- 
yond £ 2 , are approximately equal. We write S for these magnitudes. The 
resultant of superposition on the observing screen at the point P at distances 
ri and r 2 , respectively, from the double slits, as shown in Fig. 8-lb, is the sum 
of the expressions 



n r 2 

F F 

Amplitudes at P are equal to the degree of approximation that — = — = S 2 . 



162 • Interference of Sources Laterally Separated [ch. viii] 

They are equal to a high degree of approximation because the distance differ- 
ence (r x — r 2 ) = Ar is small compared to the values of n or r 2 . 

The terms <j>(t') and 4>(t") must vary together if the interference pattern 
around P is to be stable, and thus observable. Here t' refers to the time when 
the parent waves yielding Ex originated from the atomic source, at L; while 
t" refers to the time when the parent waves yielding E 2 originated from the 
same sources. In order for the sum, E\ + E 2 , to have a stable value the terms 
4>{t') and <j>(t") must be substantially equal, although they may vary together 
slowly. Thus the wavelets added must originate from the same atoms during 
a same epoch of their atomic emission times. For a sodium emission, (t' — t") 
must therefore be small compared to 10 -10 seconds; or, (n — r 2 ) = Ar must 
be small compared to 3 cm. In so far as #(£') = <i>{t"), and we continually keep 
setting our clock as phases change so that e J * (e) is continually unity, then our 
two amplitudes may be more simply represented by 

s***-?) s 2 /*H) 

Writing A<p = - {n — r 2 ), our formula of § 2-3 gives the superposition sum 
of these two wave motions, Ep, as follows : 



E P = [2S2 cos y~\ 

= [2S 2 cos|(r 1 -r 2 )] e ^" r_1 ?) 



The geometry of Fig. 8-lb gives Ar = —■• On writing - = — > we get the am- 
plitude at P as 

8 P = 2S 2 cos 7T ( ^ J (a) 

This superposition sum gives the observed illumination, 

®p = hcKo&P* = 2ckoS 2 2 cos 2 t (%£\ = C/0S2 2 [l + cos 2ir (^)l (b) 

These equations for Sp and (Sp are plotted as functions of A<p = 2ir { t£- ] in 

Fig. 8-2. 
When one of the added amplitudes has an additional phase advance or 

retardation of ±x, making the total phase difference A<p = 2ir I — ) ± tt, the 

electric field and illumination expressions become 

8p = 2 8 ,cos[.(^) ± |] = ± 2 S!S i„.(a) (c) 
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.proportional to £ 2 according to Eq/cnr-3b 
C proportional to £ according to Eq. Ynr-3cl 
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FIG. 8-2 Amplitude and intensity in Young's experiment. 



<g P = 2cko8 2 2 sin 2 x f^J = Ck 8 2 2 [l - 



cos 2 



*&)] 



(d) 



Eqs. 8-3a and b apply to Young's interference pattern; Eqs. 8-3c and d 
apply to Lloyd's interference pattern, to be described further in § 8-4, where 
we have this phase advance or retardation. 

To understand Young's and Lloyd's interference patterns we need to define 
a quantity that we call the order of interference, k. The order of interference 

here is — = — = k. The extent of the interference pattern that is embraced 
X X2D 

by Ay c , such that (^A Ay c = 1.0, is called a cycle of interference. The phase 

difference, A<p, corresponding to a cycle of interference is 2r, and the corre- 
sponding path difference is Ar = X. 

In constructive two-beam interference S P = 2S 2 and (g/» = 2cko£2 2 . This con- 
structive interference occurs for Eqs. 8-3a and b when k assumes an even inte- 
ger value ;0, 1,2 ■• • etc. In destructive two-beam interference 8p = dp = 0. 
This destructive interference occurs for these equations when k assumes a half 
integer value; §, 1|, 2\ • • • etc. For Eqs. 8-3c and d we have destructive 
interference when k assumes even integer values, and constructive interference 
when k assumes half integer values. 

In either case, when & P = d P = and we have no illumination we have, 
as Grimaldi expressed it, light added to light to produce darkness. On the other 
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hand, where (Sp = 2ck S 2 2 , we have the appearance of a violation of the prin- 
ciple of conservation of energy: The illumination for one slit alone is §ck 62 2 
and we might expect twice this when the second slit is opened, rather than the 
fourfold increase that our equations predict. These paradoxical results dis- 
appear, however, if we compare averaged illuminations, averaged over a com- 
plete cycle of interference. For one slit alone, we get the averaged illumination, 

J v iCK 8 2 2 dy 

@av = fy+Ay. 1 = 2CKoS2 2 

Jy 
For both slits together the average, similarly obtained, is twice as great. 



<Sav = lw^ e = CK «S2 2 

/ dy 



Thus, when we compare averaged illuminations, the principle of conservation 
of energy does not appear to be violated. The deficiencies of illumination in 
interference minima, where dp = 0, are compensated by excesses in the inter- 
ference maxima, where (§p = 4@ av . 

This result is a strange one, because the flow of energy appears to be deter- 
mined here by the sum of 8's at P; but causality at P seems too late. It would 
seem, in a proper intuitive theory, that dp should be determined from calcu- 
lations applied nearer the doublt slit, rather than at P. 

There were objections to Young's experiment when his results were publicly 
announced in 1802; and it remained for other two-beam experiments to over- 
come those objections and clear up interpretations. Some objections were 
valid, but others were simply polemical. For example, one politically promi- 
nent contemporary, reviewing Young's work, wrote: "We wish to raise our 
feeble voice against innovations that can have no other effect than to check 
the progress of science, and renew all those wild phantoms of the imagination 
which Bacon and Newton put to flight from her temple. This paper contains 
nothing which deserves the name of either experiment or discovery." 

Young took such criticism seriously, and it was primarily because of pro- 
fessional antagonism that he withdrew from optics. Afterward, he applied 
himself to deciphering the Rosetta stone, and thus made important contribu- 
tions to Egyptology. All together, Young established himself as one of the 
most versatile and effective creative intellects of all time. William C. Gibson's 
excellent thumbnail biography in the Scientific Monthly of July 19551 re- 
capitulates Young's career. He wrote, in part, as follows: 



t "Significant Scientific Discoveries by Medical Students," p. 22. 
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"Thomas Young is remembered chiefly for his theory of light and of color 
vision and for Young's modulus of elasticity, which is used daily in engineer- 
ing. Yet, the investigation that he made on the lens of the eye remains a 
monument to a medical student, aged 20. For this work he was elected a fellow 
of the Royal Society of London at age 21. 

"Young had come up to St. Bartholomew's Hospital Medical School from 
his Quaker home in Somerset, full of ancient languages, the calculus, botany, 
meteorology, and lens grinding. He had scarcely begun his anatomy course 
when he was invited to dissect a very recently removed ox eye. The ciliary 
muscles responded to stimulation, thereby compressing the lens and changing 
its shape. At once Young saw that the alleged lengthening and shortening of 
the eyeball to accommodate for distance was a myth. Before long Young set 
out for Edinburgh to join Joseph Black. Within a year he went to Gottingen, 
where he graduated as doctor of medicine in 1795. His thesis, on the human 
voice, was remarkable for a 47-character alphabet that he had designed. 
Young's 'universal alphabet' was to permit, by its combinations, the rendering 
of every sound expressible by the human voice. 

"From this graduation thesis of a 22-year-old medical student came a de- 
velopment, truly Newtonian in its import. Young's work on the combinations 
of sounds, and especially on the propagation of sound, led him into experi- 
ments in the analogous field of light. His wave theory of light and his theory 
of accommodation in vision were only two of his contributions made as a 
result of his investigations during his medical-student days. In addition, he be- 
came a pioneer in the study of the tides, in the construction of life-expectancy 
tables, in the measurement of 'ultimate particles,' or atoms, and finally in the 
deciphering of 'the Rosetta Stone.' " 

8-4. Other Two-beam Interference Experiments 

Young's rational critics argued properly that his experiment depended on a 
poorly understood phenomenon— diffraction. And since diffraction was poorly 
understood, they argued that an interference experiment where diffraction 
was involved could not be fully understood. These valid objections to Young's 
experiment were first overcome by experiments of Fresnel some ten years later. 
Fresnel, like Young, superimposed beams from two coherent sources that were 
laterally separated. But in his experiments Fresnel achieved lateral doubling 
of the source by reflection and by refraction, rather than by diffraction. Fresnel 
not only devised these unobjectionable experiments, but he also introduced 
more precise methods of measuring the interference pattern; namely, by the 
use of a micrometer eyepiece, observing the interference patterns directly in 
space, rather than indirectly, by means of light scattered from an observing 
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screen, as had been done previously. Fresnel's experimental arrangements 
using reflections by a double mirror or refractions by a double prism achieved 
wave front division and lateral source doubling as shown in Fig. 8-3. Felix 
Billet later achieved lateral source doubling by means of the split lens shown 
(below) in the same figure, and thus produced Young-type interference bands. 
In all the experiments of Fig. 8-3, if we interpret a and £> as they are indi- 
cated in the figure, Eqs. 8-3a and b apply. 

Fig. 8-4 shows the experimental arrangement of Lloyd in which a source 
is laterally doubled by use of only one mirror. By Lloyd's arrangement the 
source S is doubled at S' because of light reflected at grazing incidence from 
the surface of black glass. A distinguishing characteristic of Lloyd's experi- 
ment is that a phase change w is introduced into this reflected beam, from S', 
and not in the direct beam (because the grazing incidence reflection coefficients 
are r, = v a = —1.0). It is this characteristic of Lloyd's experiment that re- 
quires Eqs. 8-3c and d, rather than a and b, to describe the superposition 
pattern of amplitudes, and the illumination in the interference bands. In 
applying Eqs. 8-3c and d, we use £> as the distance from the source S to the 
observing screen, and for a we use twice the normal distance of S from the 
plane reflector surface. 



FIG. 8-3 Double-slit experiments by means of Fresnel's double mirror (above), 
Fresnel's double prism (middle), and Billet's split lens (below). 
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black glass 



FIG. 8-4 Lloyd's experiment: source doubling by reflection from a black glass 
surface. 



The Young and Lloyd interference bands are complementary, as is easily 
shown by adding Eq. 8-3b for the illumination of one set of bands to Eq. 8-3d 
for the other, giving an aggregate illumination that is constant, or independent 
of y. Thus, if we added the light for a Young experiment on a common observ- 
ing screen to that for an equivalent Lloyd experiment, with equivalent a' a 
and SD's, we would get constant illumination, or white light at all y's. The 
interference colors for a white light source in one experiment, given in Table 
8-1 below, are the complementary colors of those for the other experiment. 

table 8-1 Colors for Superposition of Two Equal Amplitudes of White Light 
(from Bruhat) 



Path 


Young's 


Lloyd's 


Difference 


Interference 


Interference 


Ar 


Colors 


Colors 


.000m 


white 


black 


.158 


brownish white 


blue grey 


.259 


bright red 


greenish white 


.332 


blue 


vivid yellow 


.565 


clear green 


purple 


.664 


orange 


sky blue 


.747 


red 


green 


.866 


violet 


yellow green 


1.101 


green 


magenta 


1.376 


violet 


green 
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8-5. Visibility of Interference Bands 

We have mentioned the impaired visibility of white light interference bands 
for the color-blind eye — and how the color-sensitive eye acts as a virtual mono- 
chromator to increase the observability of interference. Now we shall consider, 
in more detail, how the visibility of the interference bands depends on mono- 
ehromaticity. In particular, we shall intercompare interference bands of 
Young's and Lloyd's arrangements when the slit Si is illuminated with both 
red and blue light; when Si is illuminated by the D-lines of a sodium-doped 
Bunsen burner; when Si is illuminated by one isolated D-line; and finally when 
$1 is illuminated by the highly monochromatic mercury light at X = 5461 A, 
using monoisotopic mercury, Hg 198 . This mercury is obtained by transmuta- 
tion of gold in a cyclotron, and its emission may be facetiously dubbed the 
green mercury radiation from gold. 

Fig. 8-5 shows the superposition @p's for the simultaneous red and blue 
light illuminations, calculated by the appropriate equations: the plot of dp 
for X = 6400 A is labeled R, with B for the blue light, X = 4800 L These 
illuminations are plotted as ordinates with y as abscissa. The subscripts 
on the labeled maxima and minima of (§ give the corresponding values 

of order of interference, k. Since here the ratio of the X's is 4 :3, A; = ( r^- ) 



FIG. 8-5 Red and blue interference bands in Young's experiment (above) and in 
Lloyd's experiment (below). 
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will be 2 for B at the same point P, on the screen, where k is 1| for R. Com- 
paring Young's and Lloyd's experiments, with equivalent a's and D's: in 
Young's experiment we only see blue light at the point P where y P gives 
k B = 2; whereas, in Lloyd's experiment, at the equivalent point, we see red 
light only. In either experiment, if the two colors separately appeared equally 
strong to a color-blind eye, then, together, on the observing screen at P, that 
eye would notice little or no variation of illumination; for the color-blind eye 
the blue maximum would fill in for the red minimum, and vice versa. In con- 
trast, the normal color-sensitive eye not only sees the colored interference 
bands, but sees them beautifully. 

Consider now our next category of monochromaticity for the illumination of 
&— the situation where the two wavelengths are X B — 5890 A and X R = 5896 
A, representing illumination by means of light from a sodium-doped Bunsen 
burner. These two sodium wavelengths provide a situation similar to our 
previous one, but on a different scale. Just as the maximum of illumination 
for \ B = 4800 at y P giving k = 2 filled in the minimum for X B = 6400 at 
k = H, we now expect the maximum for X B = 5890 at y P giving k = 491 to 
fill in the minimum for X R = 5896 at k = 490|. But here the maximum for 
X B does not fill in the minimum for X R completely since the X R = 5896 A 
spectrum line is only half as strong as the one at 5890 A. Actually the color 
sensitivity of the normal eye is not acute enough to discriminate the two 
sodium wavelengths as it could the red and blue (above). Thus the interference 
bands at and around k = 491 lead to the type of impairment of the visibility 
of the sodium interference bands that the color-blind eye experiences with 
R and B at k = 2. 

When y P is such that k = 982 for the bluer sodium line at X B = 5890 A, 
and k = 981 for the redder one at X R = 5896 A, then both lines have coin- 
cident maxima and minima, and the visibility of the interference bands is 
unimpaired again, as it was around k = 0. And so it goes, with another 
visibility minimum at k = 1473, and with good visibility again around 
k = 1964, and so forth. There is, nevertheless, a slight impairment at each 
of these recurrent maxima of visibility, until the visibility becomes zero and 
remains so, at and beyond k = 50,000. 

Since the two sodium lines are incoherent, intensities rather than ampli- 
tudes add to describe the superposition pattern on the screen. At k = 0, 
982, 1964, etc. the maxima and minima of @ for the 5890 A and 5896 A lines 
are, respectively, proportional to 2 and 1. Thus for these fc's the intensities 
of maxima in concert are proportional to 3, while the adjacent minima are 
zero. The visibility of interference bands is defined quantitatively by a certain 
combination of the illuminations observed at a maximum and at an adjacent 
minimum, (Snxax and (g min , of the interference pattern. The visibility V, 
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20,000 50.000 

FIG. 8-6 Visibility of interference bands for the sodium D-lines. 



expressing this combination, is 

VSmax "1 vfmin 

This expression gives the visibilities of the interference bands, for the sodium 
lines together, at k = 0, 982, 9164, etc., as 

(2 + p-o 

(2 + 1) + 

At k = 491, 1473, etc. the aggregate values of (S ma x are (2 + 0), and those 
of @min are (1 + 0). Thus the calculated visibilities are 

2 + 1 3 

Fig. 8-6 illustrates Michelson's measures of V for the sodium light. Around 
k = 50,000 and beyond V decays to zero. This decay is a manifestation of 
the decay that interference bands by either one of the D-lines alone would 
manifest, due to lack of monochromaticity. This final disappearance of inter- 
ference bands may be explained in two ways, as follows: 

First, the path difference Ar = 3 cm, corresponding to k — 50,000, is so 
great that no sodium atom that contributes to the wave trainlet from the one 
of the double slits that is the closer to P is still "burning" when the wave 
trainlet from the other slit arrives simultaneously at P; i.e., Ar for the super- 
imposed two trainlets is greater than the longitudinal coherence length, 3 cm. 

Second, the monochromaticity of either one of the D-lines under high spec- 
tral resolving power is comprised of a distribution of frequencies such as B 
represents in Fig. 5-7. Imagine the halves of such a broadened line as repre- 
sented by two monochromatic component lines lying at the wavelengths, X4 
and \b, each at the centroid of one of the halves, as shown. A separation 
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(Xk — \b) = tr A would cause the first visibility minimum to occur at the k 
value of 50,000: 

(5896 - &)k = (5896 + ^)(fc - |) 

And tV A is not an unreasonable value for the half width of the sodium D-lines. 
(Cf. § 5-5.) The difference between this first loss of the interference visibility 
for the representative monochromatic components, X R and \ B , and our pre- 
viously considered minimum of 13 at k = 491, for both lines, is this: with the 
continuous distributions of wavelengths that our two centroids represent here, 
once the interference bands are lost, they remain lost; while beyond k = 491 
the visibility recovers again. It is the same, after 50,000 cycles of interference, 
as it is for Young's white light bands after 5 cycles, as explained below. 
The fringes of the mercury radiation from gold are visible until Ar = 30 
cm, which indicates that line 5461 A is about ten times narrower than either 
one of the sodium lines. 



8-6. White Light Interference Bands 

Consider the use of a white light source to illuminate & in a Young or 
Lloyd experiment, with equivalent a's and 5>'s. At a point on the observing 
screen where the red was formerly missing and the blue was in full strength, 
or vice versa, intermediate colors will now appear in the interference pattern 
at intermediate strengths. Table 8-1 gives the resulting colors for white light 
interference in both the Young and Lloyd patterns, and for various values 
of the geometrical path difference between the interfering beams, Ar, expressed 
in microns. The colors of one arrangement are complementary to those of the 
other arrangement for the reasons already set forth in § 8-4. 

When the path difference Ar grows greater than 1.4ju, the colors become 
diluted and disappear and the illumination on the observing screen goes white. 
The reason for this disappearance of color is apparent from Fig. 8-5. Already 
at k = 1£ and 2, for red and blue, the maximum of one color tends to fill up 
the minimum of the other for the color-blind eye. But at higher k's the max- 
ima for one wavelength compensate the minima for nearer adjacent wave- 
lengths, so that, finally, even the color discrimination of the normal eye is 
inadequate to discern the interference. After Ar is so large that the sensitivity 
of the eye cannot discern any pattern of color and the interference is lost, 
it can be recaptured if the superimposed beams are observed through a 
spectroscope. 

To summarize, we can see about five orders of interference on either side 
of k = in two-beam interference, when the illumination is with white light; 
we can see 500 orders before the minimum of 13 when both D-lines comprise 
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the illumination; we can see 50,000 orders with one or the other of the D-lines, 
and finally we can see 500,000 orders of two-beam interference with the 
monochromatic green mercury radiations from gold. In terms of the span of 
longitudinal coherence this is 3/x for white light, 3 cm for one D-line, and 30 

o 

cm for the 5461 A line. 

If, in Lloyd's experiment, we use a short grating spectrum of a white light 
slit at Si with the blue end of the spectrum near the glass, and the red end 

away: and if the distances of the colors are such that - is the same for red and 

a 

blue, and for all colors between; then the y P positions giving a certain order 

of interference are the same for all colors, and maxima or minima of all colors 

of the same order coincide; thus, many orders of white interference bands 

become visible, even with white light illumination. Such colorless fringes are 

called achromatized fringes. 

8-7. Spectral Analysis with Two-beam Interference 

In the early days of spectroscopy H a , the spectral line of hydrogen, at 

o 

X = 6563 A, was regarded as a single line until A. A. Michelson studied the 
visibility of the two-beam interference bands using this red line from a hydro- 
gen discharge for illumination. He measured the decay curve of visibility of the 
bands, and his result is reproduced in Fig. 8-7. This curve was obtained with 
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FIG. 8-7 Visibility of interference 
bands for the red hydrogen line, H a (above, 
left), with the result of Michelson' s analysis 
of that visibility, showing the satellite line 
(above, right). Visibility of interference 
bands for the red cadmium line (below). 
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the two-beam interference of Michelson's interferometer, but the principle 
is the same as if it had been obtained with Young's apparatus. Just as the 
character of the curve of V in Fig. 8-6 reveals the nature of the D-lines, their 
mutual separation, relative strengths, and individual widths; so also, the 
peculiar decay of V in Fig. 8-7 indicated that H a was not a simple line. 
Lord Rayleigh was able to supply the quantitative theory by which the V 
curve in this figure was analyzed. The analysis showed the H a line to have a 
satellite. Separation, relative strength, and individual widths of the main line 
and its satellite are also shown in Fig. 8-7. Later on, when more powerful 
instruments became available to spectroscopists, the presence of this satellite 
was seen directly and confirmed; and also, when more sophisticated theory 
superseded Niels Bohr's first explanation of H a , the satellite was theoretically 
predicted. 

As another example of the visibility of fringes of a single line, Fig. 8-7 
shows the result of Michelson for the cadmium red line, which he used to 
measure the meter — but more about that measurement in Chapter XI. 

8-8. Stellar Interferometers 

Two-beam interference was first used by Michelson to determine stellar 
diameters (in 1920) much as it had been used previously to determine the 
separation of components of binary stars. The determinations in both cases 
use a modification of Young's experimental arrangement. In order to under- 
stand these two applications of Young's double-slit interferometer we first 
consider a doubling of the light source L of a Young arrangement as shown in 
Fig. 8-8a. Let two point sources of illumination, S and S r , be mutually in- 
coherent and of equal strength, so that they subtend an angle a at the double 
slit. These two point sources may be thought of as representing components 
of a double star. Their angular separation a will correspond to a relative phase 

difference of -^-^ for the particular arrangement involved; if the phase differ- 

A 

ence in the two-beam interference for one source at some point P on the 
observing plane is A<p = 27r(^M' that for the other source, at the same 

point, is A<p =fc -^r^- Thus, if the interference pattern for S is described by 

A 

(g = 2ck S 2 2 cos 2 (tt )' the illuminations for S' will be given by 

And if ^ = |> as when a = ±^> then (g' = 2ck 8 2 2 sin 2 (^\ And since 
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FIG. 8-8 Illustration of V = for two stars (a) and for a line source (b). 



our two sources are incoherent, the aggregate illumination of both patterns 
on an observing screen or in an eyepiece is the sum of separate pattern 
illuminations rather than the sum of separate amplitudes. And this sum, for 

a = ±7j~' is a constant: (g 2 = (5 + (§' = 2c* S2 2 . Thus when the separation 

a is increased until the Young-type interference bands are first lost and V = 0, 

the angular separation of two equal point sources is a = =fc^— 

Next let us consider these two sources replaced by a line source of length 
2a, as shown in Fig. 8-8b. This line may be imagined as equivalent to a string 
of many equal stars, all of equal strength, and all arranged in linear juxta- 
position. Now consider that this line subtends an angle at the double slits of 

/3 = 2a = — If we pair off component stars in one half of the line with cor- 
responding or mating stars in the other half of the linear array at the angular 
distance a = — away, then the interference pattern for each pair of stars is a 

constant illumination; thus the interference patterns for the whole line of stars 
combine to give constant illumination, and no interference bands are seen. 
Finally, consider the line source of Fig. 8-8b to be replaced by a uniformly 
bright disk of light. The interference bands produced by a short strip element 
of this disk, just as for a point, may be described by the circular function of 
Eq. 8-3b. And if we represent one half of the bright disk by a series of short 
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line strips of increasing length, the interference bands that each element pro- 
duces may be thus described. And the totality of this series of trigonometric 
functions, of various strengths and phases, but of the same period, is itself a 
trigonometric function, or a trigonometric function plus a constant, like that 
representing a single star. Of course the same may be said for the representa- 
tion of the illumination produced by the other half of the disk. And when 
the two representative trigonometric functions have the relative phase differ- 
ence of t, due to the angular separation of the disk halves they represent, then, 
again, the illumination in the interference pattern will be constant, and no 
interference bands for the disk as a whole will be manifest. A calculation we 
can understand intuitively, but which we do not make here, shows that the 
visibility of interference bands in the Young pattern for such a disk-shaped 

source is zero when the diameter of the disk subtends the angle 7 = 1.22 - 

at the double slit. 

The first and last of these formulas, for a or 7, are the ones used in astro- 
physics for determining the separation of double stars a, or for determining 
the diameter of a large single star 7. Astrophysical measurements by inter- 
f erometry of stellar separations and star diameters are made as follows : 

A telescope aperture is covered by a baffle with two cat's-eye apertures cut 
through it as shown in Fig. 8-9. These apertures are separated by a distance, 
a, and they become the Young-type double slits of the interferometer. The 
interference bands produced by the two beams these cat's-eye apertures trans- 
mit are observed at the focus of the telescope by means of an eyepiece. If 



FIG. 8-9 Anderson's stellar interferometer. 
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FIG. 8-10 Michelson's stellar interfer- 
ometer (above), with the overlapping stel- 
lar diffraction images, and the Young in- 
terference bands (below). 
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these apertures are over the telescope objective, its focal length corresponds 
to our Young's factor 3D. 

The arrangement of Fig. 8-10 illustrates Michelson's stellar interferometer 
attachment for the 100" telescope at Mt. Wilson Observatory. 

For double-star measurements the Fig. 8-9 arrangement uses a less than the 
objective diameter. In contrast, to have a larger than 100", and large enough 
for stellar diameter measurements, the Fig. 8-10 arrangement attaches an out- 
rigger to the telescope. 

The Young apertures of Fig. 8-9 are located in the diaphragm at the dis- 
tance 33 ahead of the telescope focus, and they are separated a distance a, so 

F 

that their virtual separation at the objective is a' = a — • In practice this 

diaphragm is mounted so that it may be rotated in azimuth, and so that its 
position may be varied. Adjustments of azimuth and 3D are made until the 
visibility of the interference bands is a minimum, or zero if the stellar compo- 
nents have equal magnitude and color. The orientation gives the azimuth AA' 
along which the stellar components are separated in the heavens, and 3D gives 

their angular separation, a = —, = r-=- Some such value as X = 5500 A is 

taken to represent visible light. The visibility seldom goes to zero because 
the stellar components seldom have equal magnitudes and colors. 

Fig. 8-10 represents the 100"-telescope reflector diagrammatically as a lens. 
The outrigger beam with four auxiliary mirrors extends beyond the lens (or 
100"-mirror). On a night in December, 1920, Michelson and Pease success- 
fully reduced the visibility of the Young-type bands for the single star 
Betelgeuse to zero by setting a = 120 inches. This separation of the outrigged 
mirrors, a = 120", yields an angular stellar diameter of .047 second of arc. 
One of the more recently measured stars, Antares, whose parallax and hence 
distance are well known, has an actual diameter larger than that of the orbit 
of our planet Mars; namely, 141 million miles. 

Fortunately for the operation of the stellar interferometer, the interference 
bands are less disturbed by the optical inhomogeneities of our atmosphere 
than astronomers had first anticipated. Fortunately, also, the interference 
bands are immune to small tippings of the mirrors M L and Mr (as shown for 
M L ), or to small displacements (such as is shown for Mr). It is only required 
that the two diffraction patterns of the stars shall overlap, as shown in the 
insert. 
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8-9. Interference of Polarized Light 

A long and complicated set of experiments was conducted in the early years 
of the last century by Arago and Fresnel on the interference of polarized light. 
It was only after these experiments that plane, circular, and elliptical polarized 
light was fully understood. These experiments by Arago and Fresnel were done 
with a Young-type interference apparatus. For polarizers they used stacks 
of parallel mica plates tipped at Brewster's angle. They covered the two slits 
of their experimental arrangement, similar to that of Fig. 8-1, by separate 
and independent polarizers, and were thus able to examine the Young inter- 
ference bands under different conditions. Their results are usually summarized 
by three statements: 

1. When the azimuths of the two coherent polarized light beams emerging 
from the two slits were arranged so that these azimuths were parallel, 
then the interference bands produced were observed to be similar in all 
respects to those produced by unpolarized light. 

2. When the azimuths were arranged perpendicular, no interference bands 
were observed. 

3. They were never able to produce observable interference bands with two 
beams, derived from perpendicular components of natural light, even 
when these beams were subsequently rotated to the same azimuthal 
plane. 

These results are all consistent with the hypothesis that light is a transverse 
wave motion. The following quotation from Ernst Mach's The Principles of 
Physical Optics is interesting in this connection:! 

"As we have seen, great difficulties had to be overcome before the nature 
of polarization could be thoroughly explained. This was, no doubt, the reason 
why workers of such renown worked on this problem, and the cause of the 
tardy nature of its solution. It would thus be worth our while to go into the 
nature of these difficulties. Here it is best to adopt the naive attitude of the 
beginner, to which even the great investigator must succumb with respect 
to an entirely new problem. It was while attending the grammar school (gym- 
nasium) that I first heard of the transverse vibrations of which light must 
consist. This view made a very strange, phantastic, and unsympathetic im- 
pression on me, without my knowing the actual cause. When I tried, with 
the aid of my memory, to obtain a clearer view of the matter, I had to confess 
that I felt instinctively the impossibility of transverse vibrations in so readily 
movable (displaceable) a medium as air, and thus more so for the ether, which 

t From Ernst Mach, The Principles of Physical Optics. Reprinted with the permission 
of Dover Publications, Inc., New York. 
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I considered must be still more rarefied and easily displaceable. Malus' mirror, 
which when turned about the polarized ray as axis at one time reflects and at 
another not, soon brought me a steadfast conviction of the existence of trans- 
verse waves capable of propagating light. The question of mechanical pos- 
sibility was quite forgotten, being altogether insignificant compared with the 
resulting explanation of actual facts. The sequel to, and usage of, this con- 
ception alone finally seemed to justify it. Others, as students, may probably 
have had similar experiences. This, it seems to me, has also occurred in the 
history of optics. It is one question, what actual property of light it is that 
makes itself evident in polarization, and quite a different one, whether this 
property may be (mechanically) explained or further reduced. The fact that 
these two questions have not always been clearly distinguished has often had 
a retarding action on the progress of optics. This is obvious even with Huy- 
gens. Newton clearly set forth the facts of polarization, as far as they were 
known in his time, and distinctly separated from them the explanation. Malus 
did the same, but in FresnePs time the necessity for such a separation was no 
longer so clearly recognized by investigators. The Fresnel-Arago interference 
experiments indicate, as an actual fact, that the periodic properties of light be- 
have like geometrically additive elements of a two-dimensional space (a plane 
perpendicular to the ray), and this is true whether it can be explained or not. 
There was no need for Fresnel to keep back this important discovery since 
he thought that he had found a mechanical explanation, this being of a very 
hypothetical nature, whereas the matter to be explained is in no wise hypo- 
thetical. Newton behaved in a similar manner when he did not announce 
the law of inverse squares in the case of gravity because he was unable to 
explain it." 



Chapter IX 

Fresnel Diffraction 



From Huygens' construction we can predict a pattern of light and shadow- 
such as is cast on an observing screen by an obstruction placed in the light 
of a distant point source, as described in § 1-1. We get the prediction that 
the shadow will be a true geometrical projection of obstruction contours : that 
is, darkness within the silhouette border, and an abrupt change to uniform 
illumination outside the border. But whenever an experimental test of this 
prediction is made, and we observe the border closely, we find some illumina- 
tion on the side predicted to be the dark, and we find the border fringed with 
bands of greater and less illumination rather than an abrupt transition to 
uniform illumination. Huygens' construction fails to predict these observed 
details because it considers that the wavelet trains can be ignored everywhere 
that they do not touch a common wave envelope — Huygens' construction is 
tantamount to ignoring all of each Huygens wavelet except its exactly forward 
segment. 

Fresnel elaborated Huygens' procedure by taking account of all of each 
wavelet surface. He considered the aggregate amplitude at any point on the 
observing screen as the superposition sum of all the wave trainlets, one from 
each surface element of the unobstructed wave front, taking due account of 
relative phases and relative amplitudes. This procedure, a "corrected Huygens 
construction," gave predictions in much more satisfying conformity with ob- 
servations. But FresnePs theory predicted, as did Huygens', an unrealistic 
back wave. And furthermore, his theory gave resultant phases at all points 
on the observation screen for the superposition sums, which were in error by 

the phase angle -z- 

Kirchhoff's theory provided refinements over Huygens' construction, and 

over Fresnel's theory as well. Gustav Kirchhoff developed a theory which 
180 
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introduced two new factors. One of these, j, removed the | error of Fresnel; 

while the other j 1 + cos d \, ca u e d the obliquity factor, freed the superposi- 
tion sum from the prediction of a false back wave. But even this Kirchhoff 
refined theory is only a scalar theory— that is to say, it is only valid for rep- 
resenting scalar waves, such as sound, where a scalar quantity describes the 
amplitude; it fails to represent light completely, because the electric field of 
light is a transverse vector quantity. As an example, Kirchhoff's theory when 
applied to diffraction by a narrow slit in a metallic sheet does not discriminate 
between the electric light fields polarized parallel to the slit and those polarized 
perpendicular, and certainly these different orientations of the electric field, 
with respect to conducting slit jaws, in diffraction, may be expected to 
interact differently — the jaws will tend to be short circuits for fields parallel 
to their metallic edges, and condensers for perpendicular fields. Nevertheless 
Kirchhoff's theory is very useful except when the slit widths are very narrow 
(of the same magnitude in width as X). And predictions by Kirchhoff's theory 
are useful for many other applications. In this chapter we make several such 
applications of the theory of Kirchhoff, although it falls beyond our present 
presumptions to derive the obliquity factor and the factor j that distin- 
guish it. 

In contrast with Young's interference, where our theory summed only two 
Huygens wave trainlets, in diffraction, which we now take up, we represent 
the wave trainlet from each unobstructed element of a wave surface as an 
infinitesimal spherical wavelet source; and we integrate all these many infini- 
tesimals as they successively arrive at any predetermined point at which we 
wish to find a resultant field. These integrations are in general difficult to 
carry out. However, for two classes of diffraction the appropriate infinitesi- 
mals are easily integrable. These classes are the so-called Fresnel diffraction 
and Fraunhofer diffraction. The first is mainly concerned with fringes of the 
illumination around the borders of silhouettes; the second is concerned with 
fringes of illumination around images at the focus of a lens or mirror. 

9-1. Kirchhoff's Differential and the Case of No Diffraction 

Referring to Fig. 9-1, Fresnel's expression for the infinitesimal field at a 
point P, due to the Huygens wavelet from an unobstructed surface element 
at S, is 

dEp^^H^dS 
r 

Fresnel integrated all the myriad of such differentials, each representing a 
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FIG. 9-1 Geometry involved in calculation of the case of no diffraction. 



wave trainlet generated by a parent wave train; the factor S — giving rela- 

tive amplitudes, and the factor e K cJ giving relative phases. Fresnel's dif- 
ferential, as modified by Kirchhoff by the factors mentioned above, becomes 



dE t 



igo *.(*-§) ri + cosfl 



Xr 



f 1 + cos & \ 



dS 



(a) 



Here a factor \, not already mentioned, comes from the derivation. It is 
needed to give both correct dimensions and correct physical meaning. 

As a first example, we shall apply this differential in a simple case where 
its integral should predict no diffraction. In Fig. 9-la, is a point source of 
light which at some earlier time has emitted the parent wave train of which 
one wave is presently at S. To get the future field at P we integrate dE P 
over this parent spherical wave surface S. It lies at the distance p from the 
source. The integral, made with respect to P at a distance R from the source, 
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determines the field at P due to the wave train. From prior considerations, 
and particularly from the equations of § 4-9, we can anticipate the value of 
the integral: We should expect the inverse square law and the usual phase 
retardations with distance to apply; so that, if Si is the amplitude at unit 
distance from 0, and cot is the phase of the field there, the fields at V on the 
surface S, and at P beyond, should be, respectively, 

E v = ~e K cl 
P 

^ , Si M'-r) 

Ep = n e 

We write this field at P with a prime to indicate that it is the anticipated 
field; and our task will be to integrate dE P over all the surface S to determine 
if the Kirchhoff differential does indeed give this anticipated resultant field. 
At first we ignore the obliquity factor, and the fact that the Huygens 
wavelet propagation directions are not parallel as they pass through P. We 
integrate dE P over the surface S one zone at a time as Fig. 9-lb suggests. 
These zones at b are chosen so that 0, the diffraction angle at zone boundaries 
between the parent wave normal and the direction of propagation of the wave 
trainlet toward P, is constant. Furthermore, the zones at b are chosen so that 

the distance from dS to P varies over any one zone from \r + (fc - 1) ^l to 

[ ro _j- k^ > where h is an integer. The zones on the surface S are thus all 

symmetrical about V, as shown. The first zone has an inside radius of zero- 
it is a disk. Its center at V lies at the distance r from P and its outer border 

lies at the distance \r + - T This outer border is the inside border of the 

second zone, and so forth. Thus the inner and outer borders of any zone are 

loci, respectively, of constant distances from P, \ r + (k — 1) ^ J and 

| ro _f- k ^ |. Such zones are called FresnePs half -period zones because it takes 

light the time of a half period of oscillation to travel the distance -• 

We calculate the area of the k th zone, referring to Fig. 9-la. This area, AS*, 
is given by the following mathematics : 

AS k = (2xp sin yfi) (pA^O = -2ttp 2 A(cos \f) 
Applying the cosine law to A SOP, we get 

rfc 2 = p 2 + R 2 _ 2p R cos 4, 
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Since p and R are each constant, differentiation gives 

A(cos^) = -^Ar* 

Substituting this differential in our expression for AS k , and setting Ar k = -> 

we find that the areas of the zones are constant, in so far as r k is constant: 

Q Tpr k \ 
Aok = — jr~^ 

Next, we divide up each of our fc zones into m subzones of a similar charac- 
ter, with successive subzone path differences of only - — The successive sub- 

AS 
zone areas 8S = — are all equal for the reasons set forth above relative to 
m 

AS k . In so far as r k is constant over all the surface of one of our subzones, 

contributions over the facets of a subzone need no integration. Substituting 

in Kirchhoff's Eq. 9-la, for 8E P , and ignoring the obliquity factor, we get 

Xr fcm 

8 AS 

On writing Ss = — and 8S = - — > the contribution of the last subzone becomes 
p m 

m R 



._,-* &,*■('-?),-*.. _r| 4 -*(«-f)- 



mR \R 



. T 
1 

J m 



H -j 



Although contributions of the other subzones, adjacent to the one expressed 
above, will all have the same amplitude, they will have phases differing sue- 

• TV 

cessively by — We may neglect the expression in brackets above, for the 

moment, and add the last vector j — e - jkv to those of the preceding inner 

subzones. We do this addition for the m subzones vectorially. Although all 
the m subzone vectors in the complex plane will have the same length, succes- 
sive vectors will have their inclination increasing by the angle increments 

— • Therefore, when they are placed successively end-to-end in the complex 

plane, as taught in Fig. 2-4, they will approximate the semicircle of Fig. 9-2a. 

The vector sum of these subzone components for a half-period zone is a vector 

parallel to the j-axis of length equal to the diameter of this semicircle, or equal 

2 
to the fraction - times its arc length. Multiplying our neglected expression in 
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FIG. 9-2 Vector diagram for the first Fresnel half -period zone comprised of m = 12 
subzones (a) and for subsequent outer zones (b) . 



2m 
brackets by the fraction — makes the superposition sum for all the subzones 

IT 

of a half-period zone equal to 

AE k = S 5E P = -2 | /*K%*,r 

AE k = {-e> k *)2E P ' 
This sum is +2E P ' or —2E P ' accordingly as k for the half-period zone is 
odd or even. The sum of an odd number of half -period zones, E = 2A E k , is 
larger than the expected by the factor 2, and zero if we take an even number 
of terms. However, we must remember that we ignored the obliquity factor, 
also that the electric fields due to zone contributions, as k increases, will not 
lie perpendicular to the <fc at P, but progressively inclined. These factors, 
together, make the diameter of successive vector semicircles less and less, as 
indicated in Fig. 9-2b. Finally, as this exaggerated spiral of the subzone vectors 
shows, the sum for all the Ai?*'s is just half of AEi. And this is just our ex- 
pected value Ep. 

The sum of all FresnePs half-period zones can be written as an alternating 
series, since the AE k s alternate in sign. 
E P = A#i + A$2 + A# 3 • • • 
\E P \ = 1|A&| + K|A#i| - \AE 2 \) - i(|A&| - |A&|) 

+ i(|A&| - |A# 4 |) - • • • (b) 
If all the half-period zones contributed equally, the dominating terms of this 
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sum would be the first and the last. But, as Lord Rayleigh put it, "We may 
usually suppose that a large number of the outer rings are incomplete, so the 
last term at the upper limit [of the above series] may be taken to vanish." 
Also, a lack of longitudinal coherence would bring about this incompleteness. 
And such a lack of longitudinal coherence is expected when (r — r ) gets large. 
In either case, we are left with half the amplitude of the first half-period zone, 
as expected. 

Our treatment here, of this case of no diffraction, has demonstrated the 
significance of Kirchhoff's ,;' without which we would have had Fresnel's 

- phase error. 

We can modify this treatment of no diffraction and get explanations for 
several interesting cases of diffraction, such as arise with circular obstructions, 
or apertures. We shall treat such cases with P lying on the symmetry axis 
before we take up diffraction by a square or rectangular aperture at points 
off the axis of symmetry. 

9-2. Circular Obstructions and Apertures 

Fresnel's essay on his diffraction theory contained essentially the above 
analysis, but without the factor j. It was submitted to a Prize Essay Com- 
mittee of the French Academy in 1818. S. D. Poisson, a member of the 
Committee, was an adherent of the corpuscular theory of light, and thus, like 
Young's critic, he was antagonistic toward a wave theory of light. From 
Fresnel's theory Poisson deduced that a spot of light should appear at the 
center of the shadow of a circular obstruction, and that its illumination should 
be as great as if there were no obstruction. Poisson offered this deduction as 
evidence that Fresnel's theory was absurd and unrealistic, not knowing that 
the predicted spot had been discovered and announced by Maraldi over a 
half century earlier. When Poisson communicated his deduction to Arago, 
Arago promptly tried the implied experiment with a 2 mm circular obstruc- 
tion, and immediately rediscovered Maraldi's spot, which had become lost to 
science. Thus Poisson's hostility to Fresnel's wave theory only served to 
establish it. Maraldi's spot, rediscovered by Arago, is known today as Pois- 
son's bright spot. When one sees it, it appears as if a mischievous research 
assistant had bored a small hole through the center of the obstructing ball. 
Fig. 9-3a illustrates how Poisson's spot may be observed ; and Fig. 9-3b shows 
its imaging properties. 

The quantitative prediction of the bright spot comes at once from the con- 
siderations that led to the alternating series of Eq. 9-lb ; a circular obstruction 
eliminates a segment of a spherical wave front out to a ring on the sphere S, 
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FIG. 9-3 Diagrammatic arrangement for a circular obstacle, giving Poisson's 
bright spot (a), and a photograph taken with this arrangement (b). (From photo- 
graphs by E. von Angerer.) Here the ball diameter is greatly exaggerated. 



which lies at a distance r ' from P. It is this distance now, rather than the 
distance r from V to P, that we define as the inner border of the first Fresnel 

half-period zone. The outer border of the first zone is at r ' + ~> and so forth. 

Thus we get the same alternating series as before. Only now the phase of the 
disturbance at P is further retarded by the amount 

The illumination in the Poisson spot is thus due to half the amplitude of the 
first unobstructed Fresnel half-period zone, and this illumination is the same 
as we would get without any obstruction. 

When a circular aperture, rather than obstruction, is put at S, then the 
amplitude at P will be determined by its radius, or where the aperture rim, 
symmetrical about V, cuts off an integral of the type of § 9-lb. The field will 
vary from zero to 2Ep — being zero if an even number of Fresnel half-period 
zones are exactly unobstructed, and 2E P ' if an odd number are exactly un- 
obstructed. If the aperture, in addition to passing an integral number of zones, 
also passes a fractional zone in addition, the vector representing the final term 
of the series, to be added for the fractional zone, will be the one represented 
by the vector chord of the fractional part of the appropriate representative 
semicircle of Fig. 9-2b (the dashed vector). 



9-3. Zone Plates 

A zone plate consists of a central circular obstruction together with a 
set of combined ring obstructions. These obstructions may be arranged so 
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that, together, they just cover the central k = 1 zone, about V of Fig. 9-1, 
and the encircling odd zones. These zonal obstructions remove terms from 
our alternating series of § 9-1 so that it reduces to 

E P = £even = +A^2 + A^ 4 + A£ 6 - • • • 

= — 2Ep — 2iEp — 2Ep — • • • 

Such a set of opaque zones is illustrated in Figs. 9-4 and 9-5. When such a 
figure as Fig. 9-5 is photographed on a fine-grain emulsion and reversed, at 
such demagnification that the outer ring is reduced to only a centimeter or 
so in diameter, then we have an ordinary zone plate. 

The reduced but unreversed photograph also acts as a zone plate. Fig. 9-4 
illustrates the central areas of both types of plates. Before photographic re- 
versal the central zone appears clear, and clear zones are photographed 
opaque. The series of § 9-1, representing the unreversed photograph illus- 
trated at the center in Fig. 9-4, is 

E P = E odd = A#i + AEz + A# 5 + 

= 2E P ' + 2E P ' + 2E P ' + • • • 



opacjue 
rings 




FIG. 9-4 Two types of obstruction zone 
plates and the phase reversal zone plate 
(below). 
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FIG. 9-5 Zone plate. Each black ring has the same area as the central spot. 



A third type of zone plate, suggested by Lord Rayleigh, is also shown in 
Fig. 9-4 (bottom of the figure). It is called a phase reversal zone plate.\ Here 
either the odd or even half-period zones are covered with transparent rings 
of thickness d, as shown in the figure with even zones covered. The ring thick- 
ness, d, is such that (JV - l)d = ^ Now a path difference of 2 re P resents a T 
phase change, i.e. a relative phase reversal. If contributions of these rings 
are added over the even zones, as above, all together the even zones yield 
-^even, not +^ e ven ', and for all zones together we get 

E P = +2kE P ' 
This sum makes the illumination for a phase reversal zone plate 4fc 2 times 



t R. W. Wood, Phil. Mag., 45, 511 (1898). 
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greater at P than illumination with no zone plate. A problem is given which 
shows that these zone plates have an equivalent focal length, and some of the 
properties of lenses, just as the Poisson ball of Fig. 9-3b also has. 

9-4. Diffraction Beyond a Rectangular Aperture 

Fig. 9-6 illustrates the coordinate systems we shall use to find the diffraction 
pattern produced by rectangular apertures. Here two planes, z = and z = r , 
locate two parallel flat screens, each provided with a coordinate system as 
shown. The screen at z = r is an observing screen; or it may be a photographic 
plate. The flat screen at z = is an opaque screen except for the central 
rectangular aperture. The sides of the aperture are at ±Xo and ±t/ . P is an 
observation point on the observing screen at z = r , with coordinates (xp,yp,ro). 
This figure represents a case where we have plane waves of a parent wave 
train propagating in the 2-direction toward z = °o , with the electric field in 
the z = plane described by Soe^. To get a predicted field at P we consider 
each surface element of the aperture dS, at (x,y,0), to be the source of a Huy- 
gens wave trainlet. And we integrate KirchhofFs differential over the open 
rectangular area of the diffraction screen. 

It will turn out that there are two limiting cases where the double integra- 
tion over the aperture area is separable into two integrals, one over x, and the 
other over y. The surface element in setting up the Kirchhoff differential, dEp, 
will be dS = dx dy, with r as the travel distance from this origin of a Huygens 




aperture 



FIG. 9-6 Geometry involved in calcu- 
lation of diffraction by a rectangular aper- 
ture, with parallel incident light. 
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wave trainlet to P. Here 



r = V(x P - x) 2 + (y P - y) 2 + n, 2 (a) 

The integral that predicts the field at P, E P , if we ignore the obliquity factor, is 

Ep= [ d E„=& J[fH)*EM (b) 

In the two limiting cases mentioned above, where this integral is separable, 
it assumes the form 

j dEp _{i& /"('-?)}/ fi™f e'> <fa d y (C) 

where r c is taken constant. This form is assumed in either one of the two fol- 
lowing cases: First, in the limiting case of a diffraction situation where 
r 2 » (x P — x) 2 + (y P — y) 2 , Eq. 9-4a reduces to 

Whereas Huygens' construction ignored all the wave front except the 
almost exactly forward part, which touched the envelope, here our Fresnel 

theory takes Xp ~ X and yp ~ y to be small as compared to unity, but not so 

small as Huygens' construction implies; thus the Fresnel integral takes ac- 
count of a more extensive segment of the wavelets than Huygens' construc- 
tion does. 

Second, in the limiting case where x P ^>x and y P » y, Eq. 9-4a reduces to 

r = r m ^ r m — x sin a — y sin /3 (e) 

Substituting Eqs. (d) and (e) for r in (b) gives (c), where r c represents either 
r or r m . Eqs. (d) and (e) come from Eq. (a) by applying the binomial theorem 

for taking a square root: vT+1 ^ 1 + J when c « 1.0. Eq. (d) is obtained 

by first dividing Eq. (a) by r , then taking the square root, and finally multi- 
plying by r . Eq. (e) is similarly obtained by setting r m 2 = r 2 + x P 2 + y P 2 , 

then neglecting x 2 and y 2 in the expression for r 2 , writing sin a = — and 
sinjS = — > dividing by r m , then taking the e « 1.0 square root, and finally 

' m 

multiplying by r m , as before. 

The two types of diffraction we describe by these limiting expressions, of 
which one is the subject of this chapter, are Fresnel diffraction, when r = r>, 
and Fraunhofer diffraction, when r = r m . Fig. 9-7 illustrates the illumination 
distribution that is to be explained. This figure shows the illumination along 



192 



Fresnel Diffraction 



[CH. IX] 




-r=co 





r 2 



Fresnel 



TrAunUdfer 



FIG. 9-7 Transition from Fresnel to Fraunhofer diffraction patterns with parallel 
incident light. (Redrawn from Slater's Introduction to Theoretical Physics.) 



the xp-axis that is produced by a long rectangular slit at various observing 
screen distances, r 's ; and finally at the focus of a lens where r is effectively 
at infinity. The distribution at small r 's illustrates Fresnel diffraction; at 
large r 's, and especially at the focus of the lens, we have an illustration of 
Fraunhofer diffraction. In the case of far Fraunhofer diffraction the image 
by the lens on the observing screen will be the image of a point source sur- 
rounded by diffraction fringes (or the image of an extended source, fringed by 
Fraunhofer diffraction fringes). Fig. 9-8 shows such a focused diffraction pat- 
tern for a point source of light, as produced by a square aperture. In Fresnel 
diffraction, the pattern on the observing screen appears as the silhouette of 
the aperture, fringed by our other type of diffraction fringes. 

In the case of r = r F) each integral of Eq. (c) further may be broken up 
into two integrals if we write the exponential with its imaginary argument 
as an ordinary complex number e + jg. These integrals are called Fresnel's 
integrals ; and Cornu devised a beautiful method of describing these integrals 
by means of the geometrical properties of a spiral in a complex plane. 
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FIG. 9-8 Fraunhofer diffraction pattern of a square 
aperture at the focus of a lens beyond the aperture. 




9-5. Cornu's Spiral 

Fig. 9-9 shows Cornu's spiral in the complex plane. Here Fresnel's integrals 
are represented by 6 plotted along the I^-axis against §, plotted along the 
j-axis. The definitions of Q(u), §(it), and the parameter u itself, as well as 
optical meanings, are developed below. 



FIG. 9-9 Cornu's spiral as conventionally plotted. 
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Our integration, when r = r F in Eq. 9-4c, may be written 
J dE P = XYZ 



where 



— Xo 



"\Xroi_ 



'2/0 _ . fa— Wp) 2 

e * Xro dy 






We first treat the integration Y; and whatever we say of it is analo- 
gously true of the integration X. The parameter u is defined as V ~— p or 

Xr 



u* == 



. 2 

2 (y - yp)\ T „ ^ .u , ^ ,t« 2 



— In F, the exponent becomes —j —• The limits of integra- 
tion are m = - y ° yp when y = -y Q ; and u 2 = y ° ~ yp when y = +*/„. 

And du = — ^=* 

.. >*. 

Writing out f in terms of the limits Wi and w 2 , and dw, and expressing the 
exponential in terms of its trigonometric equivalent, we get 



/*U2 ITU 2 r /" M2 o /"w 2 2 -1 

= / e 2 du = / cos ^r- du — j sin ~ dw 



(a) 



These integrals may now be expressed in terms of the Fresnel integrals 
e and §, which are defined as follows: 

f Ul TTU 2 f W ttU 2 

Qi= cos — du and §1 = / sin — du 
Our F, expressed in terms of e and §, becomes 

f = (e 2 - Qi) v - j($ 2 - $i) y = Ae y - ja$ v 

Or, in the equivalent exponential notation, for this complex number: 

f = V(Acg»+(A&,)\r itairl £ 

Referring to the spiral of Fig. 9-9, it will appear from a demonstration 
below that the parameter u is the integral of the line element along the spiral, 

from the origin out to the point defined by 6 and §: u = f u du. Thus the 



[§ 9-5] Cornu's Spiral • 195 

parameters Wi and w 2 represent two points on the spiral separated by the arc 
length (w 2 - Mi), so that f is the complex number representing the vector 
chord that extends from u\, where it has its feather, to u 2 , where it has its flint. 
And similarly for X: 

X = (e 2 - eO, - i(g 2 - §0* = Ae * ~ i A S* 

-3 tan * — 



X = V(Ae x ¥ + (Ag x )V 
where u* is defined as % was. 

Our remark about u = f du follows from the definition of the line element: 



V(dey + (d$y = ^cos 2 ^ + sin 2 ^f du = 



du 



A geometric feature of the spiral is apparent when we write out its slope: 

. ttU 2 
. sin -r- 2 

¥-- L ,--tan^ 

de 7tm 2 2 

cos-2" 

Here, when ~ increases by 2tt, the slope of the spiral changes from <p to 

<p + 2tt. The increment of w 2 that represents one turn of the spiral is therefore 

4 
given by (w^W - V) = 4 - On factoring we get (w v+2 . - u,) = ^ — ^ + ^ 

2 

And, when w is large, Aw = This result is associated with the fact that the 

Uav 

curvature of the spiral is proportional to u. 

The optical meaning of the parameters u x and m 2 , as they relate to our 
Fresnel diffraction problem, is developed below. These u's, and the arc length, 
( M2 _ Ul ) j define a chord f of length V(AC) 2 + (Ag) 2 and of inclination 

— tan -1 (t^Y Our rectangular aperture gives a fixed arc length, 

( W2 - Wl )= 2^0 or 2^o 

The location of this arc on the spiral, however, depends on the value of y P 
(or x P ) . Thus : if y P = —yo then Wi = and the arc length lies all in the positive 
spiral arm; if y P = +y then u 2 = and the length lies all in the negative 
arm; if y P = the length lies equally in positive and negative arms, with 
Ul = —u 2 . If y P < —y all the length lies on the positive arm, and y P > -\-y 
puts it all on the negative arm. When y P = +» the arc is wound tightly 
about the negative eye of the spiral, when y P = — » it is wound tightly about 
the positive eye, so that the chord of this arc, T , is zero at y p = db°° . In be- 
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tween, where the arc length is not coiled tightly, but is more or less open, 
chord length may be determined graphically from the ends on the spiral. Also, 
the chord may be determined from numerical values of & and § such as are 
to be found in the tables of Jahnke and Emde. 

Once we have made an evaluation of Y and X, for a particular optical prob- 
lem, and a point P, either graphically from the spiral, or from numerical 
tables, and when Z is determined from Xo, S , and r , the product of the three 
complex numbers X, Y, and Z gives the illumination on the observing screen. 

Following an application of these procedures, we shall discuss the case of 
Fresnel diffraction produced by a straight edge, by a narrow slit, and by a 
narrow strip. But first, in order to become familiar with such uses of Cornu's 
spiral, we shall apply our integrals, again, to a case of no diffraction. 

9-6. No Diffraction, by Cornu's Spiral 

If the incident parallel field at z = is Z e j<at , we expect an infinitely 
large aperture to give a field at z = r on the observing screen opposite the 

center of our aperture, of & e"^ c >; and we may use Cornu's spiral also 

to determine this field. We take the aperture so large that we may write 

■Jt--) 
±Xo = ±?/o = =fc°°. Cornu's spiral should give Ep = 8oe"^ c ' at Xp = 

yp = on the screen. Thus, a wide aperture should produce no diffraction 

pattern opposite its center. The associated fixed arc lengths involved here, 

(it2 — Ui) x and (W2 — u x ) y , are both infinitely long and symmetrically laid off 

on the spiral. At xp = y P = these arcs reach from the negative eye to the 

positive eye of the spiral, and their ends are tightly wound up about these 

eyes. Thus, for both X and Y, we get V2 for the chord lengths and 45° for 

the chord inclinations: X = Y = V2e 4 . Writing e 2 for j in our expression 
for Z, the aggregate Ep given by Cornu's spiral is 

E P = XYZ = (V2e- J h(V2e- J h(^e^-^ = ej*^ 

Thus our theory gives the expected field at P. It is not an unsullied result, 
however. In this particular problem our integrations involved values of r that 
may not be expressed by the approximations of Eq. 9-4d. The expression r> 



for r is valid only when the quantities 



x P 



2r„ 



and 



y - yp 



2r„ 



are small com- 



pared to unity, and here we have allowed these quantities to become infinite. 
The violation of these conditions for representation of r by r F is discussed by 
R. W. D itchburn in his Light :f "The above discussion suffers from the defect 
t From R. W. Ditchburn, Light (1954, Interscience Publishers, New York) 
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that we have included a portion of wave front corresponding to large angles 
of diffraction, whereas the equations from which the spiral was constructed 
are exactly valid only for small angles of diffraction. The effect of zones re- 
mote from the center is very small. The factors we have omitted would, if 
included, merely deform the spiral a little in the region where it is near the 
asymptotic point [eye]." 

Even when the conditions which validate r F are satisfied, this theory of 
diffraction is not exact, for it is a scalar theory. And although the theory does 
greatly expand the forward area of the Huygens wavelets which are accounted 
for, it must be admitted that, in the end, it begs the question much as Huy- 
gens' construction did. And, also, our neglect of the obliquity factor must not 
be overlooked. But this neglect is not serious if we only apply the theory to 
the forward areas of the wavelets. In spite of these impairments, the Cornu 
spiral treatment has been useful in many applications. f And besides, peda- 
gogically, it affords the student an example of a typical theory in physics 
which has an impressive neatness, inspiring awe; which makes necessary com- 
promises, requiring prudence; and which is blemished by a lack of complete 
validity, requiring understanding. 

Now, with an awareness of these impairments, let us apply Cornu's spiral 
to a treatment of diffraction by the straight edge and by the slit and strip. 



9-7. The Straight Edge 

As in our treatment of § 9-6, we again take a very large diffraction aperture 
and examine E P at y P = y , leaving x P = 0. In the environs of y P = y , on 
the observing screen, we will have a diffraction pattern equivalent to that 
of the straight edge. 

With x P = our integration over x is the same as above, yielding 

■H 

X = V2e^ 4 . And the integration over yaty P = y , for which u 2 = 0, yields 
a chord with the same slope as above, but of only half the former length; 

a/9 — - 

namely, Y = — - e '*. Here the infinite fixed length arc is mostly wound 

tightly about the negative eye of the Cornu spiral, and its positive end just 
reaches out to w 2 = 0. Thus E P has the same phase but only half the magni- 
tude it has at y P = 0; and @ P gives only one quarter of the unobstructed 
illumination. 

Outside the border, where, as y P increases beyond y , u 2 decreases, the chord 
length of the fixed length arc will decrease monotonously until finally, in full 

|C. L. Andrews, Phys. Rev., 11, 111 (1947). 
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FIG. 9-10 Illumination near edge of 
silhouette of a straight edge — Fresnel 
diffraction. 



shadow, where y P — y » 1.0, all the infinite fixed length arc is wound tightly 

around the negative eye of the spiral, and E P = 0. As u 2 decreases, the phase 

retardation also increases, monotonously. 

Inside the border, where, as y P decreases, u 2 increases, the chord length first 

■y/2 
increases from its length — to a maximum, when u 2 = 1.2 (see Fig. 9-9); 

then it decreases to a minimum at u 2 = 1.9; and so on, oscillating with smaller 
and smaller fluctuations until, finally, the flint of the vector lies at the positive 
eye, with the feather still at the negative eye. Finally the chord takes on the 

value ¥ = V2e 3 ±, the same as its value at y P = 0. The corresponding oscil- 
lations of the illumination are shown in Fig. 9-10. These oscillations of illumi- 
nation inside the border of the silhouette represent the typical Fresnel display 
of diffraction fringes. 

Of course, eventually, as y P goes to even larger negative values, the feather 
will come out of its eye and reach u\ = at y P — — y . 



9-8. Fresnel Diffraction by Slit and Strip 

The diffraction patterns for the slit and strip are predicted by an adapta- 
tion of this treatment, when P is almost opposite the edges of the large aper- 
ture, and by the treatment of § 9-6 for opposite its center. Since (w 2 — U\) 
will not be infinite for a narrow slit, neither end of the fixed length arc will 
lie at an eye of the spiral when P lies opposite the slit in the vicinity of 
xp = y P = 0. In such a case we determine E P and d£ P by first finding Y P 
graphically, with the spiral. We get ¥ P from the location of u x and u 2 , or w av , 
as determined by the coordinate y P . From the fixed arc (w 2 — wi), thus located 
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on the spiral, to get Fp we determine the chord length and its inclination. Or, 
as mentioned above, we may use tables of G and § to determine Tp. 

Let co in the expression E = S e jat , describing the incident light at z = 0, 
correspond to \ = 5 X 10 -5 cm. If thejslit width is 2y = 1 mm, and if r = 1 
meter, then {ui — U\) = 2. Fig. 9-11 shows this arc on the spiral, and its chord 
Fsiu, for y P giving w av = 0. 

If the slit is long, then X = V 2e 4 , and the illumination pattern, as y P 

varies, is given by the electric field, Ep = (V2e 4 Z)F s ii t . For the purposes 
of the following discussion we take the expression in parenthesis above as 
unity, so that Ep = F s ii t . Thus @p is proportional to FF*. When P lies on 
either side of yp = 0, where w av is large, the illumination will be a minimum 

2 
whenever — > the length of a turn, divides into (w 2 — Wi) = 2 an integral num- 

Wav 

ber of times; then the ends of the arc will lie very near each other. 

The diffraction pattern of a strip may be determined from F B iit for the slit 
by applying the principle of superposition. We think of the slit jaws as two 
large rectangular apertures filled with fitting opaque rectangles. Let F str ip rep- 
resent the field for a strip, complementary to our slit above, of width 2y = 
1 mm, so that it will just fit in the slit. When the strip is fitted in the slit, we 
have complete opacity. When the strip only is removed, we have F s ut. When 
the slit jaws only are removed, we have F 8tr i P . And when all obstructions are 
removed, we have F ope u. In the light of the principle of superposition, 

I slit "T" ■» strip = ■» open = * "& 

Fig. 9-11 shows the complementarity feature of these complex numbers graph- 



FIG. 9-11 Use of Cornu's spiral to pre- 
dict Fresnel diffraction by slit and strip. In 
Fig. 9-9, and here, we have drawn the spiral 
as it usually appears in optics books. As a 
consequence, all vectors, as well as the spiral 
itself, appear as reflected in the I^-axis. This 
is because the imaginary term in Eq. 9-5a 
carries a negative sign. 
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icallyfor y P , where w av = and remembering that complex vectors can rep- 
resent these complex numbers: P B ut, Pstrip, and F ope n- 



9-9. Babinefs Principle 

The above summing of the diffraction pattern amplitudes for two comple- 
mentary sets of obstacles, which yields no resultant for the case where there 
are no obstacles, provides the basis for Babinefs Principle. Complementary 
sets of obstacles are those for which one set has openings where the other set 
is opaque, and vice versa. Imagine an unobstructed wave front focused on an 
observing screen, and consider a point P where the field Ep = as shown in 
Fig. 9-12. If complementary screens are alternately interposed and give dif- 
fraction fields represented by Ti and F 2 at P, then with neither screen at 
points where Ep = we must get, from the principle of superposition, 

Ti+T s = or ? i = - T 2 and & = & 



FIG. 9-12 Application of Babinet's theorem. 
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Chapter X 

Fraunhofer Diffraction 



The integration of Eq. 9-4c with r M rather than r F for r gives expressions 
describing Fraunhofer diffraction. In this chapter we shall make such integra- 
tions for a rectangular aperture. Our result will describe the Fraunhofer dif- 
fraction produced by the single slit. Then we shall elaborate our integrations 
to describe diffraction produced by multiple slits to give the elementary theory 
of diffraction gratings. The Fraunhofer diffraction produced by other open- 
ings is predicted similarly, although integrations may be more difficult. 

10-1. The Rectangular Aperture 
As before, we divide the integral of Kirchhoff's differential into three parts: 
E P = XfZ 
In this Fraunhofer case, where r = «>, the terms have the following meaning: 

2xoJ- 



2-rx sin a 



X = ^- e T x dx 



2yoJ- 



2/o 2-iry sin <3 

e x dy 

—2/0 

We require r to be very large by our present approximation. The illumina- 
tion on the observing screen then will be correspondingly small. This is because 
r m 2 gets large in the denominator of Gs, from ZZ*. In practice, however, if 
we put the screen at the distance r = z P = f, so that it lies at the focal plane 
of a thin lens, it is equivalent, as far as our approximation is concerned, to 
putting the observing screen at infinity. With such a lens @ does not get 

too small to see. 

20] 
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FIG. 10-1 Fraunhofer diffraction . 



Fig. 10-1 illustrates this modification of Fig. 9-6. We shall now analyze this 
modification. Although in Fig. 10-1 the source is focused on the observing 
screen by a lens, the expression for r m (if we neglect the thickness of the lens) 

remains w + y P 2 -\- r 2 . Setting £ = \ > our integral over x becomes 



X 



2X0./- 



2wx sin a 



dx = 



e# 



>.-Jt 



And similarly, setting t\ = 



27ryo sin ft 



sing 



» our other integral becomes 



2yJ- 



2/o 2vy sin 



dy = 



e iv — e -Jv 



sin r\ 



2JV V 

Thus both X and Y are pure real numbers. The phase of Ep, except for sign, 

is represented in the term 2. Here sin a = — and sin /3 = ^— In § 2-6 we had 

already obtained the equivalent of the above formulas for X and F. In Fig. 
2-4 we had 31 component Huygens wavelets represented and plotted as vectors 
in the complex plane, with their phases distributed uniformly over the total 
phase interval 20. Here the corresponding total phase interval is 2£ or 2rj. 
Our former finite 91 has here gone to the limit required by integration; but 
otherwise the summation is parallel to that of § 2-6. Each Huygens wave 
trainlet that we sum here comes from an elementary area (dx dy) at (x,y), 
and its phase, due to its coordinate x, relative to that of the wave trainlet 



from (x = 0, y), is 



2irx sin a 



With the dx's all equal, our integration is here 



equivalent to the limit of an infinite series of 91 complex numbers with uni- 
formly distributed imaginary phase exponents, and with their equal infini- 

2Xa 

tesimal amplitudes proportional to — • Thus X gives the average contribu- 
tion of all surface elements in the phase interval from — £ to £. The effect 
of wavelets with leading phases on the final phase cancels that of those with 
retarded phases, so that the phase of the average is the same as that of the 
wavelet from the center of the aperture at x = 0; hence X is real. 
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When x or y is zero, then X and F becomes 1.0: 

%(^-)-2?0-f + -)-"> 

When £ or 77 is ir, 2ir, 3t, • • • etc., then X or F is zero. When £ or 77 is -> 

—> —> - ' • etc., then X and F have very nearly extreme values. These ex- 
treme values lie exactly where the transcendental equation, tan (£ or 77) = 
(£ or 77), has its roots; and for our purposes we assume that these roots, 
as mentioned above, lie where £ or 77 takes on values equal to odd integral 

multiples of -• 

When Soe-""' is taken as the field at z = 0, the field at a point P on the ob- 
serving screen, which subtends the angles a and /3 at the center of the rec- 
tangular aperture, is 

E P = X?Z = 4(x y ) J ^ ^ ^ **("«) 
Xr TO I 77 

The illumination at the center of the diffraction pattern, £ = 77 = 0, corre- 
sponding to the electric field given above, is 

@ = 1 (4x T/o) 2 So 2 watt 
2 X 2 r m 2 meter 2 

Thus, at other points P defined by £ and 77, we get the illuminations 

(5 _ p? sm 2 £ sin 2 77 watt 
£ 2 77 2 meter 2 



10-2. Square and Circular Apertures Contrasted 
Figs. 10-2 and 10-8 illustrate light distributions produced on a screen by a 

square and by a circular aperture. In Fig. 10-3, -£■ is plotted for each pattern. 

\£c 

In this figure the circular aperture diameter is taken to be equal to the width 
of the square aperture, 2x . In either case, without diffraction, the image 
would be a point. 

In the case of the circular aperture the central disk of the pattern, which 
contains 84% of the light, is surrounded by a succession of diffraction rings. 
The central disk is called Airy's disk. Only the first diffraction ring is con- 
spicuous around it. The fields and illuminations for the circular aperture 
are not calculated here, but merely quoted. 

C? 
In the case of the plot of ~- for a square aperture, or a slit, along yp = 
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FIG. 10-2 Fraunhofer diffraction by a 
square aperture. 



on the observing screen, the path difference for corresponding points in the 
two halves, separated by the distance x , is x sin a, the corresponding 

Xo sin a 



number of cycles of interference being 



and the corresponding phase 



retardation being £ = 2t -^-r And when £ takes on the values — > — • • • 

etc., (&p has the maximal values of @ ma x = @c ( ) ' Here n odd . is an odd 

\Wodd7T/ 

integer. If £ and rj simultaneously take on such values, for the square aperture, 
then, along the diagonal where a = /3, the illumination has the maximal values 
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FIG. 10-3 Fraunhofer diffraction by a a 
circular and a square aperture, or slit, con- 
trasted. 
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maxima are 



of @max = Q£c ( ) • Along this diagonal the distances, p, of 

\n ddir/ 

farther from the pattern center, by the factor V2, than the distances of the 

corresponding maxima along y P = 0, or x P = 0. Relative illuminations, and 

relative distances from the pattern center, are given for successive maxima 

and minima in Table 10-1. For the square aperture it is apparent that the 

@ma X values fall off most rapidly on the observing screen along the diagonal. 

And they fall off least rapidly for the square-on square. For the circular 

aperture, the @ max values fall off with distance on the observing screen at an 

intermediate rate. Also, it is apparent that we have the widest central maxima 

for the most rapid fall-off of illumination — the maximum for the circular 

aperture, as measured by the distance to the first minimum, is 22% greater 

than for the square-on square, but narrower than for the diagonal square. 

In some instances where we may wish to see two close equally strong stars 

resolved, so that the duplicity of sources is apparent in their composite image, 

we must have the central maxima narrow even if outer maxima are not the 

weakest possible. But, on the other hand, there are instances, as in the case 

of the star Sirius and its dark companion, where one of the sources is very 

much stronger than the other. There the narrowness of the central maximum 

may be less important than suppression of diffraction images due to the 

stronger star. 

table 10-1 Successive Diffraction Maxima 



Square-on 


Square 


Square 


Diagonally 


Circular Aperture 


4z 

Wodd = Z~ %P 


dp/dc 


p/Xp 


®p/®c 


p/Xp 


@J»/@C 





1.00 





1.00 





1.00 


1 





1.41 





1.22 





1.5 


0.045 


2.12 


.002 


1.64 


.0174 


2 





2.82 





2.22 





2.5 


0.016 


3.53 


.00026 


2.69 


.0041 


3 





4.24 





3.24 





3.5 


0.008 


4.95 


.000069 


3.72 


.0016 


4 





5.64 





4.24 





4.5 


0.005 


6.36 


.000025 


4.72 


.0008 


5 





7.06 





5.24 





5.5 


0.003 


7.77 


.000011 


5.72 


.0004 
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FIG. 10-4 Satellite of the helium line, by Prof. P. Jacquinot. 



X 



In the case of Sirius and its dwarf companion their separation, 12 seconds of 
arc, is not excessively small; but their difference in strength is excessive, being 
10,000 to one. Here for a telescope with circular aperture, the diffraction rings 
of the main star, overlying the companion star, can mask the view of it. At 
a separation of the dwarf of 12 seconds, or 6.6 X 10 -6 radians of arc, the value 

of — in Table 10-1, for x = 4 inches, is 5.5. This angular distance on the 

Xp 

observing screen gives the overlying diffraction maximum of Sirius as 
33/10,000 G?c for the square-on square aperture; 4/10,000 (Sc for the cir- 
cular aperture, at the same angular distance; but only between 0.70/10,000 @c 
and 0.25/10,000 dc for the diagonal square aperture. Thus, where a square-on 
aperture of 8" on a side would present the dwarf submerged under diffraction 
maxima that were 33-fold stronger, and where a circular aperture of 8" 
diameter would present it submerged under rings that were 4-fold stronger, 
along the diagonal of an 8" square aperture the central image of the com- 
panion would dominate the diffraction pattern. 

Another example where the fainter of two objects is confused by diffracted 
light with the stronger, with relative strengths also of 10,000:1, is found in 
spectroscopy in the case of the yellow spectrum line of helium and its satellite. 
Professor P. Jacquinot of Paris has separated this helium line and its satellite 
in his spectrograph by ingeniously using the collimated light emerging from 
a, pinhole rather than from a slit, so that, actually, he got spectrum "spots" 
rather than spectrum "lines." This spectrum line and its satellite are not 
ordinarily separated in photographs of the spectrum because of diffraction by 
the prism, which constitutes not only a rectangular aperture stop, but one 
that is arranged square-on. In order to avoid veiling diffraction, Professor 
Jacquinot stopped his prism aperture with a square aperture that was rotated 
to the diagonal, or at 45° azimuth position. He was then able to resolve the 
satellite helium "spot." Fig. 10-4 shows how his photograph looked. 

Dr. Jacquinot and his associates have studied other means of achieving the 
suppression of high order diffraction (at the expense of broader central dif- 
fraction). All such procedures are called apodizing (meaning to make without 
feet). They have exploited the use of circular aperture stops with symmetrically 
variable transmission screens — screens that are clear in the center with opacity 
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increasing toward their rims. Such screens remove from play the diffraction 
that is produced by sharp borders, so to speak; for they have no sharp border. 
In this country Dr. W. M. Sinton used an aluminized circular disk of grad- 
ually increasing opacity to thus apodize the Johns Hopkins 9" telescope and 
make the otherwise submerged dwarf companion of Sirius observable. 



10-3. Interference and Diffraction Combined 

Fig. 10-5 shows 91 identical parallel slits each of width 2x Q . These slits are 
separated by equal intervals a. This figure may be thought of as representing 
Fig. 10-1 with the single aperture here replaced by a regular array of slits. 
Wave trainlets from the successive surface elements of each one of the sepa- 
rate slits superimpose, as described previously. Thus, all together, our array 
produces 91 superimposed single slit diffraction amplitudes on the observing 
screen. And these 91 superimposed diffraction amplitudes produce interference 
effects. We can easily check the analysis of these interference effects, that we 
are about to develop, because our theory must reduce to our earlier analysis 
of Young's double-slit interference pattern when we set 91 = 2. When 91 is 
small, but greater than 2, multiple slits produce interference maxima of illu- 
mination such as those illustrated in Fig. 10-6. When 91 is large, say from 10 4 
to 10 5 , the theory we are about to develop applies to diffraction gratings. 

The mathematical result describing these combined diffraction-interference 
effects is obtained by integrating Kirchhoff's differential over the open area 
of all the separate slits. We have already gotten the result of integration of 
Huygens' wave trainlets over one slit. This can guide us in obtaining the 



FIG. 10-5 Multiple-slit interference 
and diffraction. 
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FIG. 10-6 Multiple-slit interference enveloped by single- 
slit diffraction. 



superposition sum of 91 diffraction patterns, thus compounding interference 
with diffraction. If X { is the integral for any one particular slit, and X is the 
superposition sum for all, then 



31 

X = ^Xi 



or 



■j /"xo . 2irx sin a -J /"a+xo 2irx sin a 

% = 7T- \ e x dx + 7T / e * dx 

*%0 J -xo ^Xoja-xo 

j /"(3l-l)a- 

2zo 7(31-1)0- 



!, — l)a+xo .2ttx sin a 



We shall use our earlier result for the first integral, here labeled X s . It appears 
at once that the second integral contains X s if we change the integration 
variable to x' = x — a; thus 



/*a + xo 2-n-x sin a . 2-irq sin a -. fxo Srx' sin a 2ti 

/ e x dx = e x ,— / e J * c&' = X s e 3 

J a —xo ^Xq J —xo 



The treatment of this second term indicates how the third and subsequent 
terms may also be treated. On writing k\ for a sin a, where k becomes the 
order of interference between corresponding parts of adjacent slits, we get, 
for all slits, the series 

X = X s [l + ei(2**) + e2y<2*fc) -(_... _j_ e @i-i)i(2**)] 

The series, in the brackets above, is equivalent to the polynomial fraction in 
the brackets below, as can be shown by applying simple polynomial division 
to that fraction. Thus, remembering the integration over y, and the term Z, 



*, = X S {YZ} [ \ _ e ^ k) j 
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Representing the complex number of the brackets above by B, the illumina- 
tion on the observing screen at P for the interference-diffraction pattern 
becomes 

©p = ±ck X s Xs*{YZ}{?Z}*BB* 
We evaluate BB* as follows: Multiplying our complex fraction by its con- 
jugate: 

I _ 02/31*-^ M _ e -2i3iirfc^ 2 — (e 2 ;> 3ilirfc -+- e~ 2 ^ vk ) 



BB* = 



: }-^ 



1 _ e 2j,k j\ 1 - e-2;-fc J 2 - (e 2jVfc + e- 2 ' Vfc ) 

On writing the exponential terms in this expression as cosines, and then the 
cosines as sines, squared, we get 

gg^ _ 1 — cos 2yiirk _ sin 2 yiirk 
1 — cos 2irk sin 2 irk 

We now check ourselves to see if we get (gp = 2ck S 2 2 cos 2 t I — J (Eq. 
8-3b) for 91 = 2. In &B* we set 31 = 2 and write ^ for ^ to express sin a, 

O S1T1 OL O/U 

as in our earlier terminology for Young's double slit. Thus k = — - — = — • 

sin 2 2x ( oy \ 

Trigonometry gives . 2 = 4 cos 2 x, so that BB* now gives 4 cos 2 tt ( — )> 

as expected. 

When the order of interference is zero, then BB* is 9l 2 . Also, when k is 
positive or negative, and an integer, the value of BB* is again 9l 2 , as demon- 
strated below. Taking k as zero, or as any integer, and going to the indicated 
limit, 

T . sin 2 9l(7rfc + 5) T . sin 2 913 ^ 
Lim . 9 , \ i -/ = Lim . 2 = 9l 2 
5 _o sin 2 (xA; + 5) 5 -^o sin^ d 

These k values represent the constructive interference of all the 91 single-slit 
diffraction amplitudes taken together, giving an aggregate illumination that 
is 9l 2 greater than any one of the single slits alone would produce. When 91 is 
large, an illumination maximum takes on the character shown in Fig. 10-7. 
When 91 is very large, this interference shape is geometrically similar to the 
shape for a single slit diffraction pattern, such as the one described in Fig. 



n 



10-3 for a slit. To show this geometrical similarity, let k = h ± — Then 



, • 2 n 
«£* = sm 2 Qfarfci ± jim) = 2 ^ ^ . 

.„/, ,1 n\ . 2 1 Trn 
sin^i-*-] sm 2 -- 



. itn 
smy 

itn 
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FIG. 10-7 Multiple-slit interference 
pattern. 
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When fci and n are small integers, and 91 is a large one, we may simplify the 
expression for BB* by writing k = k t ± z-r Then on solving for the extreme 
values and zeros, we get 



BB* = 



sin^(^ ± ||) 



sin- 



(*-±s) 






±1 



sin 



irn 
29l> 



y 2 ^49Zf 
I 7l 2 ir 2 



if w is even 
if n is odd 



These values of BB* give an interference contour similar to the single slit 
diffraction pattern, as shown in Fig. 10-7. 



10-4. Diffraction-limited Resolving Power 

The diffraction patterns of Figs. 10-2 and 10-8 are used below to explain 
angular resolving power and the spectral resolving power of a prism. The 
geometrically similar interference pattern of Fig. 10-7 is involved in the spec- 
tral resolving power of a diffraction grating. 

Fig. 10-8 shows photographs of two artificial double stars of equal magni- 
tude variously separated. These photographs were taken by J. A. Anderson 
with a telescope of circular aperture. They illustrate the angular separation 
that is necessary in order to make the duplicity of a double star source ap- 
parent. If the component separations are too small, the composite image 
appears like that of the single star. When the separation is great, the Airy 
disks and their encircling diffraction rings for the two images are completely 
separated. Intermediately, the stars are said to be just resolved at that sepa- 
ration where the composite image is judged first to manifest the duplicity of 
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FIG. 10-8 Circular aperture diffraction of stars — to 
illustrate resolving power. The top pattern is essentially 
the same as that of a single star. 




the source. This judgment occurs near a separation that puts the center of one 
disk over the first dark ring of the other. And the necessary separation is much 
the same for the resolution of two parallel equally strong fine line sources— 
they first appear double near where their angular separation is such that the 
center of one diffraction pattern overlies the first minimum of the other. 
Partly for simplicity, but mainly because it represents experience, Lord Ray- 
leigh chose these simply expressed necessary angular separations as the cri- 
terion for resolvability. For a circular aperture this necessary angular point 

source separation is a B = 1.22 -» where w is the aperture diameter, while the 

separation is a R = - for a rectangular aperture square-on, where w is the rec- 

w 

tangular width. 

Fig. 10-9 shows some calculated composite illuminations for superimposed 
square aperture patterns of two equal parallel line sources. Here, of course, it 
is the illumination of the components which we add to get the composite 
illumination, since such separated component line sources are incoherent. 

In the case of light from two equal lines diffracted by a slit or rectangular 
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FIG. 10-9 Composites of equal diffraction patterns at various slit separations. 



aperture, when they are separated according to this Rayleigh criterion, the 
composite illumination gives a pattern exhibiting a pair of maxima, of illumi- 
nation strength Grc, with a central minimum between, of illumination strength 



sirr 



2<g c - 



(»' 



^ 0.8(g c . 



A student exercise is concerned with Sparrow's criterion of resolution for 
slits or such rectangular apertures. This criterion for equal lines calls for the 
narrower separation, that which just removes the central minimum of illumi- 
nation, as shown in Fig. 10-9. 



10-5. Spectroscopic Resolving Power 

Before we take up the treatment of spectral resolving power, as contrasted 
to angular resolving power, let us define the typical spectroscopic equipments 
to which our spectral resolving powers will apply. Fig. 10-10 shows a spectro- 
graph, a spectroscope, and a spectrometer, all diagrammatically. 

In the spectrograph, shown at a, the light to be analyzed passes through 
an entrance slit e. C is either a lens or mirror, represented here diagram- 
matically as a lens. C, called the collimator, makes the light from each point 
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of the entrance slit (or the entrance spot of § 10-2) parallel. P is a prism or 
diffraction grating. This element causes the different wavelengths to be de- 
viated in angle by different amounts. And finally T is a lens or mirror to focus 
the parallel beams of different wavelengths, propagating in different directions 
after penetrating P, onto the surface of a photographic plate. Here T and the 
photographic plate holder constitute a camera. 

We observe the spectrum visually in a spectroscope such as is shown at b. 
We have a telescope now instead of the camera lens or mirror and plate holder 
above. 

In a spectrometer, the eyepiece of the telescope is replaced by an exit slit 
(in its focal plane) as is shown at c. Behind this exit slit x a radiation thermo- 
pile, bolometer, photocell, or other photometric device measures the different 
wavelength radiations that the exit slit passes when the telescope is pointed 
in different directions. 

In a monochromator, white light is passed through an entrance slit e, and 
light of substantially one wavelength emerges from the exit slit x. A double 
monochromator is arranged in the manner shown in Fig. 10-15b. It is com- 
prised of two monochromators in series, with the exit slit of the first X\ being 



FIG. 10-10 Diagrammatic representation of spectrograph (a), spectroscope (b), 
and monochromator or spectrometer (c). 
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also the entrance slit of the second e 2 . The three slits are usually designated 
thus - : e for entrance slit, m for middle slit, and x for final exit slit. 

In all of these instruments the spectral resolving power is defined by - > 

where X is an average wavelength and 5X is the difference in wavelength 
between two adjacent equal spectrum lines that can just be discriminated. 
This discrimination is determined by the interplay of the angular size of the 
spectrum-line images with their angular separation. The image sizes which 
determine resolving power may arise from aberration or from a wide entrance 
slit setting, because the entrance slit is imaged through P by C and T. But 
here we take it that the image sizes are determined by 8\r, due predominantly 
to diffraction. In any case, in order for two adjacent spectrum lines to be 
resolved, their angular separation, 8a, must exceed their equal angular widths, 
whatever those widths may be due to. 

We calculate this needed separation 8cir, when the equal angular widths are 
determined by diffraction alone. We determine the wavelength difference, 
8\r, corresponding to the necessary angular separation, from Rayleigh's cri- 
terion by means of the relationship 8\r = 8a r / ( 3TJ' Here ( ~7r) is the an- 
gular dispersion of P — prism or grating. 

Fig. 10-11 illustrates the calculation of the resolving power of a prism 
when it is worked at minimum deviation. Here we have a prism of apex 
angle 2e. Its refracting face has a length /, and its total base length is b. 
A light beam of wavelength X, and width w as shown, is refracted sym- 
metrically through the prism, and emerges after an angular deviation of 25. 
The relationships between 5, e, and N, the index of the prism, if we take i 
and i' , and r and r', for the external and internal angles of incidence and re- 
fraction, are 

= e + 5 



r = e 



i = r 



and, from Snell's law, 
N sin e = sin (e + 5) 




FIG. 10-11 
deviation. 



Prism worked at minimum 
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We get (^) from (j^) X (|^Y as follows: First, differentiating SnelPs 
law, 

da_ _ d(28) = 2 sine 
dN ~ dN cos (e + 5) 

From the geometry of Fig. 10-11, sin e = 9^ and cos ( € + 5) = j. Introducing 

— to describe the prism material, we get 
d\ 

da da dN b dN 
d\ ~ dN d\ ~ w d\ 

We use the Rayleigh separation, 8a R = -» to get 8\ R . This gives a resolving 
power: 

8\ R ba R \d\ ) 

It is notable that this resolving power is independent of the prism's refracting 
angle, 2e. 

If P in Fig. 10-10 is a grating, normally illuminated, we may use our analysis 
for multiple slits of § 10-3 to get 8\ R . An equation of § 10-3 gave the light as 
concentrated in directions denned by k\ = a sin a, where k was an integer. 
In these directions the amplitude of the electric field was predicted to be 
9lXs{FZ} ; and the distribution of monochromatic light adjacent to these 
exact directions of concentration, as shown in Fig. 10-7, falls off exactly as 
in a diffraction pattern. To get the angular dispersion of a set of slits, we 
simply differentiate the grating equation. For normal incidence, differentiating 

k\ = a sin a gives -£ = The first minimum of the pattern of Fig. 10-7 

d\ a cos a 

corresponds to k = h ± — • From \8k = a cos a 8a, setting 8k - —> we get 

8a R = — 

9la cos a 

Translating this angle to 8\ R , we get the resolving power of the so-called trans- 
mission amplitude grating at normal incidence, 



X 


*(£) 


Xfc 

a cos a 


8\ R ~ 


8a R 


X 




yia cos a 



= 31& 
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10-6. Diffraction Gratings 

A set of multiple slits constitutes an amplitude transmission grating, but 
such a set is not very useful as a grating because it is impossible to make the 
elements — alternate openings and obscurations — fine enough. In diffraction 
gratings it is desirable to have up to 30,000 diffracting elements per inch. 

Our treatment of § 10-3 may be applied directly to an amplitude grating, 
where the amplitude is modulated across the wave front. It also applies to 
the more common grating, the phase grating, where phase is modulated across 
the wave front, and where the amplitude is only slightly modulated, if at all. 
There are two general subtypes of each of these two types: transmission grat- 
ings and reflection gratings. Reflection gratings are almost always phase grat- 
tings; they are made by embossing equal parallel straight grooves on a smooth 
metal surface, by means of the sharp diamond point of a ruling engine. A 
replica of such an embossed surface on one side of a transparent plate can be 
used as a transmission phase grating. 

Transmission phase gratings may be explained by consideration of the 

Huygens wave trainlets from our familiar set of 3Z multiple slits. Let the slit 

separations be a, as before, with the k th order of interference occurring at 

fcX 
a = sin -1 — • We consider each one of the 91 openings now divided into m 

equal sub-strips, which are in juxtaposition as is illustrated in Fig. 10-12. 
Furthermore, at first, let us consider that the width of each slit is equal to the 
separation a. Then the m complex numbers, representing the m Huygens 
wavelets from the m sub-strips, of which our separate slits of width a are each 
comprised, will add as vectors in the complex plane to form a complete circle 
(just as they do in the case of two adjacent half-period Fresnel zones in Fig. 
9-2b). The vector resultant of a circle of m vectors is, of course, zero. Thus 




FIG. 10-12 Single-slit diffraction. 
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FIG. 10-13 Various diffraction gratings. 
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this particular set of multiple slits, each of width a, can only give an inter- 
ference pattern of zero amplitude in the direction a. This amplitude is zero 
because in fact we do not have a grating at all, but only a clear aperture of 
width Via. This particular grating, which is really here only an open window, 
becomes an ideal amplitude grating if the near half, say, of the m vectors for 
each set of sub-strips is eliminated by obstructions. Then the vector resultant 
of the remainder becomes the diameter of our aforementioned circle of m vec- 
tors. But even better, our imaginary grating becomes an ideal phase grating, 
for the direction a, when we add a suitable tiny transparent prism to each slit 
of width a. The prisms are suitable when they introduce a progressive phase 
retardation (N — l)d which varies from zero, for the farthest of the m sub- 
strip wavelets of each slit, to (N - l)d = k\, for those that are nearest. This 
progressive phase retardation transforms our circle of m vectors, one vector 
for each sub-strip, into a straight line of m vectors. Thus the length of the 
vector resultant, which was first zero for the full circle and then the circle 
diameter, becomes the circle circumference — the m vectors are now uncurled 
and arranged in a straight line. 

Fig. 10-13a contrasts the multiple-slit equivalent of the amplitude grating 
with the phase grating, Fig. 10-14a. Of course any periodic disturbance of 
phase, such as is shown in Fig. 10-13b, would in general prevent the array 
of m vectors from closing, and giving zero resultant. Thus, almost any 
periodic disturbance will produce a spectrum in the direction a. Fig. 10-13c 
shows a reflection grating. 

In Fig.flO-14 the transmission phase grating gives a strong spectrum in the 
direction 5 g . The reflection grating shown in the figure at b has a mirror 
facet of width a which diffracts the light incident on the whole face most 
intensely in the direction a. This grating, also, is a phase grating. The grat- 
ings at b and c are called blazed gratings. 



/ 
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FIG. 10-14 Blazed gratings. 
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The prospective usefulness of such gratings was recognized by Lord 
Rayleigh in his 1888 Encyclopaedia Britannica article on "The Wave Theory 
of Light." In this article, Rayleigh suggested the possibility of the blazed 
gratings as follows: 

"If it were possible to introduce at every part of the aperture [a] an arbi- 
trary [phase] retardation, all the light might be concentrated in any desired 
spectrum [i.e., all the diffracted monochromatic radiation by our multiple 
apertures could be sent in the direction a]. By supposing the retardation to 
vary uniformly and continuously we fall upon the case of an ordinary prism; 
but there is then no diffraction spectrum in the usual sense. To obtain such 
it would be necessary that the retardation should gradually alter by a wave- 
length in passing over any element [a] of the grating, and then fall back to 
its previous value, thus springing suddenly over a wavelength. It is not likely 
that such a result will ever be fully attained in practice ; but the case is worth 
stating, in order to show that there is no theoretical limit to the concentration 
of light of assigned wavelength in one spectrum." 

In 1882 H. A. Rowland achieved the production of precision diffraction 
gratings, and, by 1910, R. W. Wood had advanced the art of making them, 
and realized what Rayleigh had allowed theoretically: reflection gratings, 
such as those of Fig. 14b and c, that put a substantial part (although not all) 
of the incident radiation (in this instance infrared radiation) in one particular 
order. The same result was later achieved for visible radiations, largely by 
the ingenuity, initiative, and skill of Dr. John A. Anderson. More recently, 
since the introduction of the use of aluminum films on glass grating blanks, 
the production of blazed gratings for visible and ultraviolet light has become 
routine. 

Fig. 10-13a represents an amplitude grating, and b represents a phase 
grating, both in transmission. And Fig. 10-14 at a represents a blazed trans- 
mission grating. Fig. 10-13c represents a phase grating in reflection, with 
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Figs. 10-14b and c representing blazed reflection gratings, c being normally 
illuminated and b illuminated so that the incident and diffracted angles are 
equal; a' = a. 

Each of the blazed gratings in Fig. 10-14 introduces the progressive re- 
tardation which Rayleigh's suggestion called for; that is, just that retar- 
dation necessary to uncurl the circle of complex vectors in the complex plane 
into a straight line. 

The achievement of making precision diffraction gratings, first accomplished 
by Professor Rowland at Johns Hopkins University, exemplifies the highest 
manifestation of precision mechanism. The mechanical-minded student will 
find Dr. John A. Anderson's article in the Dictionary of Applied Physics, Pro- 
fessor H. A. Rowland's article on the screw in the Encyclopaedia Britannica, 
the articles by Dean George R. Harrison f in the Journal of the Optical Society 
of America, and the popular articles by A. G. Ingalls| in the Scientific Ameri- 
can, all interesting. 

10-7. Images of Coherent Sources 

In our treatment of angular and spectral resolving power we assumed that 
the two sources that were to be resolved (white stars or spectrum lines) were 
incoherent sources. If these sources are coherent, then their superimposed 
images have a different appearance. The treatment of the appearance of 
images when sources are coherent is of importance for understanding the 
microscope. The problems of the imagery of coherent sources by a system of 
lenses will not be treated generally here; rather, we shall only discuss one 
particular example, the image of the diffraction pattern of a point source as 
it is produced by a relay lens. This example is particularly germane to the 
understanding of the resolving power as manifest by a double monochromator. 

Fig. 10-15a shows a single monochromator (with two prisms), and Fig. 
10-1 5b shows two such single monochromators (each with one prism) com- 
bined to form a double monochromator. The diffraction patterns of the en- 
trance slit e, for monochromatic illumination, are shown diagrammatically. Ci 
is the collimator lens of the single monochromator, which makes the light from 
each part of the entrance aperture, e h parallel. The components Pi and P 2 
are prisms, and 7\ is the telescope lens. This figure, being diagrammatic, does 
not show the deviation of the rays, e is considered to be illuminated by light 
of wavelength X. The image by T x if it acts as a circular aperture of diameter 

w shows a diffraction pattern of width 1.22 — This diffraction pattern is Mus- 



ty 



t George R. Harrison, J. Opt. Soc. Am., 39, 413 and 522 (1949). 
% A. G. Ingalls, Scientific American, June 1952. 
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FIG. 10-15 In variance of diffraction pattern to relaying by a lens. 



trated diagrammatically at a x . In the double monochromator C 2 , P 2 , and T 2 
are identical, respectively, with C x , P x , and T x . The resolving power of the 
single monochromator is determined by the diffraction pattern a x in combina- 
tion with the dispersion of two prisms. The resolving power of the double 
monochromator is determined in the same manner. It is well known that the 
resolving power of a double monochromator, compared with one of its single 
monochromator components, is doubled due to the doubled prism dispersion; 
it follows therefore that the pattern b 2 must be the same as 61, or a x . It is our 
purpose now to show that this equality, b 2 = b x or a x , is indeed expected. To 
demonstrate this expectation we invoke the simplified diagram of Fig. 10-15c. 
In this figure a lens L x replaces the ensemble of C x , P h and T x , giving the same 
pattern, c x , as b\. We expect the patterns c x and c 2 to be equal if &i and 6 2 are 
equal. The demonstration f that this is a valid expectation hinges on apply- 
ing the principle of microscopic reversibility, together with the principle of 
Babinet, of § 9-9. 

Ifl Fig - 10-1 5c the segment of the train of waves S' from e which L x inter- 

t This demonstration was developed by Drs. W. M. Sinton and W. C. Davis when they 
were students. 
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cepts, is focused at Q. When the rays in this segment arrive at their focus, 
they form the pattern c x . Now consider that these rays are reversed at c x and 
that the rays in the unfocused wave front S" are also reversed at the same 
instant. The hole in this reversed wave front, S", is of course fringed by 
Fresnel fringes, while at d we have rays coming, in reverse, from an image 
of a point source that is surrounded by Fraunhofer fringes. After simultaneous 
reversal of all these rays, the principle of microscopic reversibility requires 
that the reversed rays, when they arrive again at L h will reform a complete 
spherical wave. And later, at e, the returned rays, all together, must converge 
onto their original source without any surrounding diffracted light; the whole 
spherical wave must give a field that is everywhere zero except at the point 
source e. But, applying Babinet's principle, the diffraction of the wave S" 
alone, without the returned segment through the lens, would give the pattern 
of a circular obstruction ( — c/); and, further, this pattern is the negative of 
the pattern of the returned segment through the circular aperture, c 2 '. There- 
fore, since c\ — c 2 ' = 0, the refocused returned waves alone c 2 ' give the same 
pattern as the circular aperture originally, c h except for sign. We therefore 
expect the pattern c 2 , of d imaged by the further lens L 2 , to be the same as 
c%. Thus, c 2 = c x . And analogously, in Fig. 10-1 5b, we should expect 6 2 = fo. 
Fig. 8-10 shows the focal pattern, in the stellar interferometer, of two 
coherent diffraction images superimposed. This imagery is to be compared 
with the focal pattern of two incoherent diffraction images, shown at the top 
in Fig. 10-8. 



Chapter XI 

Coherent Sources Separated 
in Depth 



Although Young's great interference experiment (1802) first gave us the 
wavelength of light, it did not afford the first interference bands that were 
observed. Those first bands were observed by Robert Boyle (1663) as con- 
centric rings around the contact between a long-radius convex lens surface 
and a flat glass plate. Because Newton (1666 et seq.) studied these interference 
bands further, they are now known as Newton's rings. 

The third quarter of the seventeenth century was a fertile time for optics. 
For example, Grimaldi, in 1665, discovered diffraction and described diffrac- 
tion experiments. Studies of diffraction were extended by Newton, who called 
the inward diffraction by an obstacle infraction. Robert Hooke (1665) first 
suggested a wave concept of light, and Huygens (1678) gave some sub- 
stance to his longitudinal wave-pulse theory. Neither of these wave theories 
was acceptable, mainly because of the unaccountable straight line propaga- 
tion of light in free space, and particularly because the experiments with 
double refraction of light by a calcite crystal were not explained in terms of 
longitudinal waves. The concept of transverse waves came later, at an equally 
fertile time in optics — during the first quarter of the nineteenth century. But 
to return to Newton's rings — they afford an example of the interference of 
light from coherent sources that are not separated laterally, as is required 
to explain Young's experiment: they are separated in depth. Before we take 
up the wave theory explanations of Newton's rings we shall first endeavor to 
understand the more general case of the interference manifested by a thin 
dielectric plate such as is shown in Fig. 11-1. 
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11-1. Thin Dielectric Plate 

Fig. 11-1 shows a light source S and a transparent plane parallel plate with 
two reflected beams, one reflected at its front surface and the other at its 
back surface. The index of this plate is N, and its thickness is d. The plate is 
immersed in an index of N = 1.0. It returns, of course, more than two reflected 
beams by multiple reflections. For example, a thrice internally reflected 
beam E 3 is shown by dots. But when the amplitude reflection coefficients at 
the plate interfaces are low, the first two beams, Ei and E 2 , shown solid in 
the figure, are the dominant beams. We shall therefore, for beginning sim- 
plicity, assume that the three times reflected beam and others are negligible. 
And furthermore, we shall assume that the incident and reflected beams are 
normal to the plate, and equal — our figure shows the beams at inclined in- 
cidence only for the purpose of distinguishing them. The two beams we con- 
sider here are not gotten by wave-front division, but rather by amplitude 
division. The amplitude of the parent beam E is partly reflected at the first 
surface to give a reflected beam of amplitude Ei = Vi E ; and the remainder 
of the parent beam is partly reflected at the second surface of the transparent 
plate to give a reflected beam of amplitude E 2 = r„i(l — v 2 )E Q e-^. Here 

Vi = — v i = • and <p = w. The third ignored beam, as Problem 

3-3 taught, is E z = r 3 „i(l — r 2 )^ -2 ^. The reason we may ignore E s is that 
it is weak. Here, in the case N = 1.5, Si = -0.2S and S 2 = -f-0.192S ; while 
S 3 = O.OO8S0 is twenty-five-fold less. Later, in § 11-8, we shall take account 
of all the multiple internally reflected beams; but now we assume that 
g x = — g 2) making true two-beam interference. The discrepancy this assump- 
tion introduces in amplitudes is: We take 2Si = 0.40 for the maxima where 
m + jg 2 | = 0.392. And, we take |Si| - |S 2 | = rather than .008 for the 
minima. Thus, our assumed reflected beams, mathematically, are 

Ei = rS e iU+,r) "| 

/ 2Nd\ [ where Z? = S e^« 
E 2 = rS e ^ c 1 J 

E 3 = E 4 = 0, etc. 



FIG. 11-1 Sources separated in depth 
because of reflection by the front and back 
surfaces of a plane parallel transparent 
plate. 
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The two reflected beams superimpose as beams from two coherent sources 
located at S' and S", separated in depth by the optical distance 2Nd. These 
sources are not synchronous at S' and S" but oscillate out of phase. Their 
phase difference arises partly from the phase change of t for first surface 
external reflection, compared to no phase change for the second surface in- 
ternal reflection. When the monochromaticity of our light is sufficient, re- 
flected beams superimpose as in our formula, Eq. 8-3c, giving 
r _. 2mn 

E = rSoe**|_e jV + e 3 " c J 



= — 2rSoe**e 
with the illumination 



\2 C / g m - 



. j2irNd\ ,„,|V 

sm 2 f — — -J = CK r 2 £ 2 1 - 



cos-^J 



A soap film affords a beautiful example of the above analysis. Such a film 
can easily be produced thin enough to show white light interference colors. 
As optical path differences, Ar = 2Nd, vary (because of variation of d), the 
white light interference colors of such a film recapitulate the sequence given 
for Lloyd's experiment, in Table 8-1. Fig. 11-2 shows Boys' spinning top 
by means of which such a sequence of film thicknesses, and colors, may be 



soap 
film 




cup, black 
finish 
inside 



Knurled 

handle for 

spinning 




FIG. 11-2 C. V. Boys' rainbow cup for 
spinning out thin soap films. 
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demonstrated. A soap film drawn across the top of Boys' device will spin 
out thin as the top rapidly rotates, due to centrifugal force. Finally, the soap 
film will become so thin, at the center of the film, that the two reflecting 
surfaces of the film are effectively in optical contact, and the reflected illumi- 
nation, @, vanishes. This black corresponds to the Ar = black band of 
Lloyd's experiment. 

Similarly, the center of Newton's rings, where the lens surface and flat are 
close enough to be in optical contact, exhibits a central black spot, called 
Newton's black spot. 

In contrast to this loss of reflectivity for white light when the film is ex- 
cessively thin, color is lost when the soap film is thick, so that k = — r— > 5; 

then the overall reflected light appears white to the naked eye. Although, in 
this case, the two beams from the two virtual sources, separated in depth, 
are still in superposition, the interference is lost to observation because the 
incident light is insufficiently monochromatic. However, interference in these 
superimposed beams can be recaptured by looking at the reflected light with 
a pocket spectroscope. The spectrum of the reflected light is then observed to 
be crossed by dark interference bands. Such a spectrum is called a channeled 
spectrum, and the interference bands are called Edser-Butler bands. For ex- 
ample, the light reflected by a cellophane wrapper, which has the thickness 
d = 25/x, will manifest about 75 such dark interference bands across the visible 
spectrum. Although the color sensitivity of the eye fails to see interference 
colors (due to differing interference effects for different wavelengths), the more 
powerful color discrimination obtained with the pocket spectroscope recap- 
tures the differing interference effects for different wavelengths. 

The overall illumination @ that is reflected by our thin plate, for a wave- 
length X, depends on the order of interference between the two superimposed 
amplitudes. In the special case of normal incidence, this order of interference 

is k = -— However, when the angle of incidence is increased from zero to 

A 

the angle i, giving the angle of refraction r, the order of interference is reduced 
to =^ cos r. Fig. 11-3 illustrates the derivation of this relationship. We de- 

A 

rive it from the optical path difference between rays reflected at the first 
and second surfaces of a plate as shown in the figure. The optical path differ- 
ence is readily seen to be 

Ar = N(BC + CD) - BD' 

and we proceed to show this is -r- cos r. The factor N above changes the 
geometrical path length within the plate, represented by the parenthesis, to 
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p FIG. 11-3 Geometry of path difference 
on reflection at oblique incidence by front 
and back surfaces of a plane parallel plate. 



an optical path length. We subtract BD' to get the optical path length diff- 
erence. The elements in this expression for Ar, in terms of i, r and d, are 

BC = CD = — 

cos r 

BD' = (BD) sin i = N(BD) sin r 

Rn 2d . 

BD = sin r 

cosr 

The substitution of these elements in the expression for Ar gives 



Ar = 2Nd 



1 



sin^ r 



cos r cos r 



= 2Nd cos r 



When this path difference is divided by X, we get the order of interference; 
and further multiplication by 2w gives the relative phase retardation: 

AicNd 



A<p = 



cos r = 2xfc 



The illumination produced by the superposition of two amplitudes with 
such a phase difference may be varied by three partial variations. These are : 
(1) variation with respect to the optical path difference, Nd; (2) variation 
with respect to the inclination angle, r; (3) variation with respect to X. These 
mathematical partial variations of our expression for A<p represent three dis- 
tinctive experimental manifestations of interference bands : 

1. Fizeau interference bands, where A<p is dominated by a variation of Nd. 

2. Haidinger interference bands, where A<p is dominated by a variation of r. 

3. FECO bands, or the channeled spectrum, where A<p is dominated by a 
variation of X. 

The last designation, "FECO," was introduced by Professor S. Tolansky to 
mean fringes of equal chromatic order. Here we retain Professor Tolansky' s 
designation, although generally we use the word "bands" instead of "fringes" 
for describing the variations of illumination, or color, produced by two-beam 
interference — reserving the word "fringes" to describe the variation of illumi- 
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nation around the edge of a silhouette, due to Fresnel diffraction, or around 
the edge of the image of a light source, due to Fraunhofer diffraction. 



11-2. Fizeau Bands 

If we cause monochromatic light to fall on a very thin dielectric plate at 
normal incidence, as illustrated in Fig. ll-4a, then the observed variations of 
reflected light over its surface, and especially the bands of maximum and 
minimum reflected illumination, are dominated by variations of Nd. A locus 
of constant illumination over the face of the plate is, of course, a locus of 
constant phase difference, or constant k, and, here, of constant Nd. These 
Fizeau bands are called "fringes of equal thickness" because the value of k 
is dominated by d and is insensitive to variation of i or of r. For example, a 
soap film of 1m thickness will exhibit a change of k of 29% viewed at normal 
incidence when d changes to 1.29m or 0.71m- But at constant d, a corresponding 
change of k, due to a change of incidence, requires that r change from zero 
to 45°, or that i change from zero to 70°. It is because of this stronger de- 
pendence on d, and weaker dependence on i, that such superposition bands 
are called "fringes of equal thickness." The dominance of d is greatest when 
the illumination on the surfaces is nearly normal, when cos r is insensitive to 
changes of the angle r. 

The longitudinal coherence necessary in the incident light to yield observ- 
able superposition, or to manifest interference bands, is greatest for the largest 



FIG. 11-4 Method of observing Fizeau interference bands (a) and Newton's 
interference rings (b) — sometimes called fringes. 
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fc's. For observers who are not color blind, white light interference may be 
detected for k's up to about k = 5. (See § 8-5.) 

When monochromatic light is used to observe the Fizeau bands, they are 
interpreted in exactly the same manner as the contour lines of a topographical 
map. There is, however, this difference: whereas a height difference of ad- 
jacent lines on the map may be 6 meters, the height difference of adjacent 
Fizeau interference bands on a thin plate, is only 2.5 X 10~ 7 meters (for 
X = 5000 A). Newton's rings, observed as Fig. ll-4b illustrates, afford the 
classical manifestation of Fizeau bands. Fig. ll-5a shows their normal appear- 
ance with monochromatic illumination. The dielectric plate involved here is 
to be thought of as an air film (JV = 1.0) immersed in glass of index N— this 
air film is the thin interspace between the convex lens surface and the flat 
plate that it contacts. A little algebra will show that_the loci of the equal 
thicknesses, that give integral values of k and hence give dark rings, are circles 
of radii p = vk\R, where R is the radius of curvature of the contacting convex 
glass surface. 

When two inclined surfaces produce Fizeau bands, the bands are localized 



FIG. 11-5 Newton's rings in reflection, with contacting glass surfaces unsilvered 
(a); Newton's rings in reflection (b) and transmission (c), with contacting glass sur- 
faces silvered; FECO interference bands for the same contacting silvered surfaces (d). 
(Redrawn from Tolansky.) Monochromatic light— a, b, and c. White light below. 
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FIG. 11-6 Dependence of "fringe" location on wedge angle and incidence angle. 



at the point where one daughter ray, the ray that was produced by amplitude 
division at the first surface, intersects the other daughter ray from the second 
surface, as illustrated in Fig. 11-6. This intersection point will lie above or 
below the reflecting surfaces, depending on the wedge angle, and on the angle 
of incidence. When the light is incident from the thick side of the wedge, the 
two reflected rays intersect above the wedge; when it is incident from the 
thin side, the daughter rays appear to intersect below the wedge. The inter- 
ference bands have their maximum visibility when the eye focuses on these 
ray intersection points. Thus Newton's rings are localized above the flat on 
one side of the central contact, and below it on the other. 

Fizeau interference bands have many practical uses. They are, for example, 
used for proving the quality of manufactured optical surfaces; a surface to be 
proved flat is laid over a transparent test flat, or it is covered by such a flat, 
and the separations of surfaces are determined by means of the displayed in- 
terference band contours. If these bands are viewed from a sufficiently great 
distance, and if they appear parallel, straight, and equally spaced, then the 
tested surface is flat. But if the fringes are curved, or unequally spaced, the 
tested surface is not flat. The tested shape can be easily deduced from such 
band contours and spacings. Angle observations may be used to determine 
if successive interference bands represent an increasing or decreasing d. If r 
is increased cos r will decrease and all bands will shift over the surface in such 

directions as will increase d, so that -r- cos r for the band remains constant. 

A 

Fizeau interference bands are used for proving curved lens surfaces in fac- 
tory production. A convex or concave lens surface is proved by contact with 
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a transparent concave or convex matching master surface, made to specifica- 
tions. Here displayed bands instantly reveal work quality. (See Prob. 13-2.) 
Also, Fizeau bands and test fiats find many uses in the machine shop in com- 
paring work dimensions with gauge blocks, as illustrated by Fig. 11-7. These 
bands compare thickness and ball or pitch diameters, and measure taper. 

FIG . 11-7 Uses of Fizeau interference bands in mensuration. 
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11-3. Haidinger Bands 

Fig. 11-8 shows the experimental arrangement which manifests the inter- 
ference bands of equal inclination that are produced by plane parallel reflect- 
ing surfaces. They are called "fringes of equal inclination." A monochromatic 
light, or source with great longitudinal coherence, is usually necessary to 
produce these bands, because the Nd of the plate makes k so great that the 
interference is not otherwise observable. Here i, which determines cos r in 
2Nd 



k = 



cos r, is the dominant variable since N, d, and X are all constants. 



In the arrangement shown, the observing eye sees a spot centered around 
the normal of the parallel surfaces, with encircling rings of light and darkness. 

The central spot is a dark one if — — is an integer. Then the surrounding 

A 

dark rings occur at angles that give — — cos r integral values. The Haidinger 

A 

bands are not localized, but lie at infinity. 

A pair of parallel reflecting surfaces that have been made highly reflecting 
by applied metal films constitutes a Fabry-Perot interferometer. The Fabry- 
Perot type bands that are produced when the surfaces are endowed with 
high reflectivity by deposited films of silver are described later in this chapter 
(§ 11-10). The characteristic features of the Fabry-Perot interferometer are 
described in the next chapter (§ 12-7). 

Haid inker's fringes 




FIG. 11-8 Method of observing Haidinger's interfer- 
ence bands. 
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11-4. FECO Bands and the Channeled Spectrum 

Fig. 11-9 shows parallel light incident and transmitted by the two almost 
parallel silvered surfaces of a very thin dielectric plate. Here the slit of the 
spectroscope is focused on the plate, or on the interspace. The superposition 
sums, although they may not be manifest to the naked eye as interference 
if k is large, are displayed in the spectrum at the wavelengths X that make 

— — cos r an integer. Fig. 11-10 reproduces two FECO spectrograms from 

A 

Tolansky's book.f 

The transmission bands become very narrow when the surfaces are silvered; 
and the dark reflection bands also become narrow. Fig. 1 l-5a shows the two- 
beam Fizeau rings in reflection for unsilvered surfaces; while b and c show 
the reflection and transmission rings as they appear after silvering. 

Newton's rings in transmission, with unsilvered glass, are invisible. The 
visibility of these bands in transmitted light is extremely low because of the 
inequality of the interfering beams. Table 11-1 gives values for the unequal 
dielectric-air reflected amplitudes 8, and the unequal transmitted amplitudes 
8'. So is taken as unity. These values of 8 and 8' are given for a parallel trans- 
parent plate of index 1.5; and for one of index 1.3. The first two transmitted 
amplitudes are 8/ = 8 (1 — r 2 ) and 8 2 ' = 8 r 2 (l — r 2 ), following the results 



FIG. 11-9 Set-up for observing FECO bands. (What is wrong in this picture?) 
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FIG. 11-10 Actual FECO bands. (Re- 
drawn from Tolansky.) 
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of Problem 3-3. Table 11-1 also gives the visibility of the interference bands, as 
calculated from the formula of § 8-5, for these unequal beams, both in re- 
flection, Vr, and in transmission, Vt- 

table 11-1 Visibility of Interference Bands 



Index 


8 
-.200 


Vr 


0.96 


V T 


1.50 


+.192 
-.142 


.9992 


0.04 
0.98 


0.08 


1.33 


+.138 


.9998 


0.02 


0.04 



Fig. ll-5d shows a photograph of the FECO transmission bands obtained 
with the same Newton lens-plate combination, but with the contacting sur- 
faces partially silvered. The scale and numbers at the top of this spectrum 
yield wavelengths. Here the incident illumination is parallel white light ; and 
the center of the spectrograph slit is focused on the contact point of the lens. 
If we have the same phase shifts on reflection at both silvered surfaces, the 

overall reflection is a maximum, and transmission a minimum when — r— cos r 

is a half integer. The wavelength along any one of the curved spectrum 
bands gives the variation of X along the diameter of the interspace between 
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lens surface and plate, where the slit is focused. The variation of X along such 
a band is that necessary to keep the order of interference constant. Thus 

knowledge of the variation of X in — r— cos r = constant, along a band, allows 

A 

inference of the variation of d along the diameter of the Newton ring pattern. 
The explanations of why silvering narrows interference bands will be taken 
up later. 

Returning to the channel spectrum produced on reflection from an unsil- 
vered transparent parallel plate, the overall light reflected by the parallel 
surfaces may be used to determine the inter-surface index of refraction, N, 
and also the inter-surface separation, d. When we know the index of the 
interference-producing plate, and when we may ignore changes of its N with 
X, because its thickness, d, is not large, then we may determine d simply 
by counting the number of dark bands displayed by the spectrum between 
two wavelengths, say Xi and X2. If this counted number is Afc, then 



Afc = A ( — — cos r J = 2Nd cos r I — — — J 



This expression gives 
AfcXiX2 



d 



2N(\i — X 2 ) cos r 

o o 

Taking the limits of the spectrum as Xi = 7000 A and X2 = 4100 A, for 

A/c 
N = 1.5, we get d = — • It is from this formula that we previously expected 

o 

75 dark bands in the reflected light from a cellophane wrapping of 25m, or 
.001" thickness. This method of determining d from the number of channels 
in the spectrum is useful for measuring plastic, glass, or mica films which are 
too thick, on the one hand, to be estimated from their produced interference 
colors; and when they are too thin, on the other hand, for easy measurement 
with micrometer calipers— say films of thickness from 2 to 20m- 

We may determine N from the channel spectrum if we observe how a par- 
ticular band changes wavelength as i changes. By measurement we find that 
the band occurs at the wavelengths Xi and X 2 for the angles of incidence i\ 
and ii. The corresponding values of cos r x and cos r 2 are given by 



Vn' 



•v/i r T~ v jv * — sin" 1 

cos r = V 1 — sin 2 r = 77 

N 

Now, insofar as we can neglect changes of N with X, — r— = ^rr% is a constant, 

COS 7*1 COS 7*9 

and we may equate — — = — - — > and solve: 



4 



at / X 2 2 sin 2 i\ — Xi 2 sin 2 n 
Ai Xi 2 - X 2 2 
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k\ 

Again, we can determine Nd from Nd = if we know k; and we can 

& ' 2 cos r 

determine k from the wavelengths of adjacent dark bands, X&, and the wave- 
length of the adjacent band on the blue side, X*+i- Insofar as 2Nd cos r may- 
be taken constant, 

fcXfc = (k + l)X*+i giving k = - — ^ — 

Afc — Afc+1 

We shall return to various aspects of these Fizeau, FECO, and Haidinger 
interference phenomena later. But now it is appropriate to treat Michelson's 
interferometer, which exhibits the Fizeau and Haidinger interference oands 
(on a strictly two-beam interference basis). 

11-5. Michelson Interferometer for Monochromatic Light 

Fig. 11-11 shows Michelson's interferometer. Fig. ll-12a shows its use with 
monochromatic light; and Fig. ll-12b shows its use with a compensator plate 
for either monochromatic or white light. In either case, the central feature 
of the interferometer is a plane parallel glass plate with one surface coated 
with a beam-splitting silver film to divide light incident on it at 45° into two 
equal beams, one transmitted and one reflected. The remainder of the optical 
system consists of two fully silvered flat plates, Mi and M 2 , as shown. We 

FIG. 11-11 Michelson interferometer. 
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FIG. 11-12 Michelson interferometer without compensator plate, for mono- 
chromatic light (a), and with compensator, for white light (b). 



use an extended light source such as may be realized by back lighting on a 
diffusion screen. The equally strong beams produced by the beam-divider 
mirror, Mi /2 , that are returned by Mi and M 2 , are respectively reflected and 
transmitted to the observing eye by M 1/2 . These equal amplitudes superimpose 
to give the observed illumination. If the phases are such as to produce con- 
structive interference, the interferometer returns no light toward the source; 
and in the case of destructive interference all the light is returned to the 
source or absorbed in the My 2 film. 

In order to understand this interferometer easily, we note that the observing 
eye sees the image of M h by M 1/2 , lying near M 2 or even intersecting it. We 
may simply think of the interference as due to beams reflected by M 2 and 
by the image, Mi. Along the line where this image, Mi, intersects M 2 , we 
have Ar = 0, and we call the interference band resulting from superposition 
along this line the k = interference band. Ar is positive on one side of this 
intersection line, and negative on the other. 

When Mi and M 2 lie close together and relatively inclined, we have Fizeau- 
type interferences. If, on the other hand, Mi and M 2 are parallel, and if their 
separation, Ar, is not more than the longitudinal coherence that the diffuse 
monochromatic light source will allow, then we have Haidinger-type inter- 
ference. When the surfaces are inclined, they play the same role as the non- 
parallel reflecting surfaces of Fig. 11-4; and when parallel, they play the same 
roles as the arrangements of Fig. 11-1 or 11-8. In either case the image and 



[§11-6] Interferometer for White Light • 237 

mirror, Mi and M 2 , give virtual sources separated in depth, just like S' and 
S" of Fig. 11-1. 

In Fig. ll-12a the path difference for rays reflected from Mi and M 2 when 
they are parallel is 

Ar = 2ndi — (2nd 2 + 2iVd/cos r) 
Here n is the index of air, and N that of the beam-splitter support plate. 
The distances di and d 2 are indicated in the figure, while d is the support plate 

thickness, r is sin -1 ,- for i — 45° on the support plate. If there is a differ- 
ential phase jump A<p due to internal reflection at Mi/z for one beam and 
external reflection for the other, then the two-beam superposition at the ob- 

serving eye produces a resultant amplitude proportional to cos r f — — + &<p )' 

11-6. Michelson Interferometer for White Light 

The compensator plate differentiates Fig. ll-12a from ll-12b. Its function 
is not far to seek. In the expression above, applying to Fig. ll-12a, Ar cannot 
be made zero except at one wavelength. This is because of the dispersion of 
the Mi/2 support plate, making Ar vary with wavelength. For Fig. ll-12b, 
however, with the compensator plate, which is identical with the support plate 
except for its metal Af i/s coating, the corresponding expression for the optical 
path difference is 

Ar = {2n(d s + d A ) + 2Nd/cos r} - {2nd* + 2Nd/cos r} 
Here, also, the meanings of the various d's are indicated in Fig. ll-12b; 
and n is the index for air. With the compensator plate the effects of disper- 
sion in the two wavelength dependent terms, 2iV<2/cos r, cancel. Thus, if 
di — (d 3 + di) = 0, we have Ar = for all wavelengths. When Mi intersects 
Mi at a small angle, and the differential phase jump at reflection is A<p = x, 
the manifest interference bands will appear exactly as they do in Lloyd's ex- 
periment, with the central band, which we shall call the k = band, black. 

In their tipped position, if Mi is moved forward or backward, the fc = 
White light or monochromatic light band will move laterally across the face 
of Mi. The unique appearance of the fc = white light band may be used to 
ascribe the proper zero order to a monochromatic band when light sources 
are interchanged. Otherwise one monochromatic band looks too much like 
another to ascribe the appropriate fc's. 
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11-7. Mi c kelson 's Measurement of the Meter 

Michelson used this interferometer to measure the meter in terms of wave- 
lengths of the monochromatic 6438 A cadmium spectrum line. The basic op- 
eration involved comparing the meter with etalon mirrors which themselves 
were separated a known number of wavelengths. In his interferometer, Michel- 
son used an etalon of the type shown in Fig. ll-13a and b and he moved it so 
that Mi covered first one mirror of the etalon and then the other. He used the 
fc = white light band for identifying the k = monochromatic light band 
at the coincidences of Mi with the etalon mirrors; and he counted the number 
of monochromatic bands that crossed a fiducial mark on the first mirror as Mi 
moved from one coincidence, with the first etalon mirror, to the other coin- 
cidence, with the second mirror. After certain intercomparisons of etalons he 
compared the separation of mirrors of one of the etalons with the meter. Thus 
Michelson determined the length of the international prototype meter in terms 
of wavelengths of the 6438 A cadmium line, and thus made its length available 
to everyone, for all time. 

The particular cadmium line which Michelson chose is indeed remarkable ; 
although cadmium lines have hyperfine structure, which makes them broad 
and thus degrades the visibility of their interference bands at large path dif- 
ferences, this one line is unique in the spectrum of cadmium in being free of 
hyperfine structure. Its wavelength width, compared to its wavelength, is only 
one or two parts in a hundred million. Until recently no other line approached 
its utility as the primary standard of wavelength or of length. Recently, 



FIG. 11-13 First etalon used for counting, and last etalon used for stepping of 
the count into the meter. 
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FIG. 11-14 Appearance of interference 
bands on Michelson's first etalon mirrors at 
beginning and end of his interference band 
count; or at the beginning and end of one 
step. 
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however, the monoisotopic mercury line (Hg 198 ) and a monoisotopic krypton 
line are competitors (with Cd 6438 A as the current official standard — al- 
though a final international selection has not yet been made). 

Any great experimental work takes full advantage of all available circum- 
stances that can give it significance; and in the present case the ingenuity of 
Michelson's procedures certainly made his work great. His procedures almost 
automatically avoided systematic and accidental errors — making his final 
count of the wavelengths in the meter correct to within a half wavelength, 
or one interference band. The main errors which inhered in his count were 
those in transferring mirror positions to the terminal meter bar engravings. 
An outline of Michelson's counting procedures follows: First, he counted 
fringes only across an etalon of 0.4 mm spacing — the etalon of Fig. ll-13b. 
Next he repetitively doubled this spacing 8 times, in 8 other etalons, until his 
count, now indirect, corresponded to the 10 cm etalon spacing— the etalon 
of Fig. ll-13a. Finally he determined the number of times this 10 cm spacing 
would go into the meter. This determination, taking account of residuals, gave 

1 meter = 1,553,163.5 wavelengths of the cadmium light 

He used the k = white light band to identify the k = cadmium 6438 A in- 
terference band in making his optical coincidences. The procedures used were 
such that an accumulation of error, when it became a substantial part of an 
interference band, was automatically noticed and compensated. 

Michelson counted 1212.35 bands of the 6438 A light across his first 
etalon, shown in Fig. 11 -13b, as Mi was shifted from the coincidence with 
wii of that etalon to coincidence with nti. For this count the etalon took 
the place of M 2 in his interferometer. The appearances of defining white light 
bands at the beginning and end coincidences of this 1212.35 red band count 
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are illustrated in Fig. ll-14a and b. When the fc = white bands showed on 
m h they were of course invisible on mi; but the red bands were visible on 
both mirrors since the monochromaticity of the 6438 A line was abundantly 
sufficient to give good visibility of bands over a much larger spacing than the 
Ar = 0.4 mm involved here. Fig. 8-7 shows the visibility of the 6438 A bands 
as a function of Ar. The monochromaticity of this line, however, is not suffi- 
cient to reach over an optical path difference Ar = 1 meter. Even if Michelson 
had had a spectrum line of sufficient monochromaticity to span such a great 
spacing, and could have attached a microscope to the carriage of M h focused 
its cross hairs on one set of the terminal engraving of the meter bar, and 
counted bands until he had reached the other terminal engraving on the meter, 
such a count would have been very tedious. Such a count, of over 3 million 
bands, counting at the rate of one band a second, 8 hours per day, 6 days per 
week, would have taken 18 weeks. In contrast with this tedious task. Michel- 
son counted the actual bands over only the 0.4 mm of his etalon #1. He then 
compared twice this with etalon #2; twice #2 with #3; and so forth until he 
knew the count for etalon #9, which had a separation of its mirrors, ra 9 and 
mi, of about 10 cm. Finally, he compared 10 times this etalon with the meter. 

In doing the count with the first etalon in the place of M 2 , the micrometer 
carriage carrying M x was moved to bring M i into coincidence with m x for the 
fc = red band; then Michelson counted the bands crossing the face of m x 
until the fc = red band arrived at mi. This count was 91 = 1212 bands, 
plus a residual of n x = 0.35 band. After adjusting the separation of mirrors 
of etalon #2 to almost exactly twice the separation of those of #1, Michelson 
determined the exact count for #2 to the fraction of a fringe as follows: He 
put m x and w 2 coplanar in the M t arm of the interferometer by means of Mi, 
using the fc = white band. He then brought Mi to coincidence with mi, 
and moved etalon #1 until mi was where mi had been, using the fc = white 
band. And finally he determined the number of red bands residual between 
the second position of mi and ra 2 '. This residual would, of course, have been 
zero if etalon #2 had been exactly twice #1. Here we do not elaborate on details, 
such as the need for two fiducial marks, and the need for corrections for the 
Mi tip, etc.— these details, of little pedagogic interest, are of course important 
practically. 

Fig. 11-15 shows how the count for etalon #5 is derived from that of #4, 
and how the count for #6 is derived from #5. Both illustrate how the count 
of #2 was derived from #1. In Fig. 11-15, M x ' first serves to make m 4 and m 5 
coincident. Then it serves to mark the position of mi until ra 4 can be moved 
to that position. Finally Mi serves to measure the residual number of red 
bands necessary to shift from coincidence with mi to mi, this being the re- 
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FIG. 11-15 Management of etalons in the doubling of a band count. 



sidual m,5. This residual would be zero if etalon #5 were exactly twice #4. 
Thus the count for etalon #5 is 

9l 5 = 29l 4 + 7*4,6 
In this notation, the previous counts were 

9l 4 = 23l 3 + n Sti 

£TC 3 = 2(9l 2 + n 2 ) + w 2 ,3 = 2 2 9li + 2n 2 -f w 2 ,3 

9l 2 = 2(9li + ni) + n lt2 = 9l 2 + w 2 
This notation, extended, gives 

3l 9 = 2 8 9di + n 9 
After having thus indirectly counted the interference bands in his etalon 
#9, which had the nominal mirror separation of 0.4 X 2 8 , or about 100 mm, 
Michelson attached a microscope to M\, and by means of the etalon #9 in 
the other arm of the interferometer he repetitively advanced the microscope 
a distance corresponding to 9I 9 bands, ten times. The starting position was 
defined by both an interferometric coincidence of m 9 and Mi, as well as by a 
microscopic coincidence of the cross hairs with an image of one set of the 
meter bar engravings. After these ten advances of Mi, and its attached micro- 
scope, the residual number of red bands, wio, were counted as Mi moved from 
interferometric coincidence with m/ to a position giving microscopic coin- 
cidence between the cross hairs and an image of the terminal meter bar en- 
gravings. Thus, in wavelengths of 6438 A, the meter was found to be 

i{10(2 8 3li + n») + n w } = 1,553,163.5 

It might be supposed that the many residuals which enter here, ni to nw, 
would have involved a manifold multiplication of the errors that inhere ir' 
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determining them, but this supposition of large accumulated errors is wrong ; 
the character of all the interferometric coincidences was such that the accu- 
mulated errors, when they became a substantial part of a band, or of half a 
wavelength, were noticed and compensated. Thus Michelson's final count was 

good to -> or less. The main errors were those in the microscopic settings 

on the terminal engravings. 

As an analogy to Michelson's procedures, imagine a short red machine screw 
with a thread near each end painted white, and a series of screws also with 
white threads at approximately 2 n greater separation, the n = 8 separation 
being nominally 256 times greater than that of the short n = 1 screw. If we 
count the threads and the residual fraction of a thread in the short screw, 
and proceed to lay it off twice in the 2 1 screw (using red threads extending 
beyond the white ones on our screw if necessary) and so forth, we can easily 
visualize how accumulating error will become noticeable when it is com- 
parable in amount to one screw thread. 

11-8. Multiple Sources Separated in Depth 

When the r's for two parallel surfaces of a plate such as the one illustrated 
in Fig. 11-1 are not small but rather approach unity, as when the surfaces 
are partially silvered, then the beams we have previously ignored because r 
was small, Ez, Ei • • • etc., the so-called multiply internally reflected beams, 
as in § 11-1, now take on a dominating importance. The profound changes 
these multiple beams produce in observed interference bands, as illustrated 
in Fig. 11-5, are analyzed below. 

Fig. 11-16 shows a plate of thickness d and index N 2 . It is bounded on the 
side of incidence of the light by a medium of index Ni and on the other side 
by a medium of index N 3 - All three dielectrics here are assumed to be trans- 
parent. We represent the incident light as plane parallel electric wave fronts, 
polarized in the *■ or o- planes, and described at some point on the 1,2 interface 
by E . This light is taken to be incident at the angle i. The phase retardation 




FIG. 11-16 Geometry, indices, and beams 
involved in deduction of overall reflection 
and transmission. 
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of E 2 , reflected from the second surface of our plate, relative to Si, will be 

A<p = r 2 cos r; for E 3 the retardation will be 2A<p; etc. These incident, re- 

fleeted, and multiply reflected beams, illustrated in Fig. 11-16, may be de- 
scribed by the following complex expressions: 

E = &#>* 

Ei = Vi,2Eo 

E 2 = r 2 ,3(l - Ti,f)E<fi-'*> 

' E* = r 2> 3(l - ri^Xr^^.O^oe- 2 ^ 

Ei = r 2>3 (l - ri/Xra^.i) 2 ^ -3 ^* 



E m = r 2>3 (l - ri,^)(r ai 8r».i) m - 2 ^oe- (m - 1WA * 
Here the r with numerical subscripts represents either r* or r„ at the indicated 
boundary; and from Stokes' theorem ri >2 = — r 2 ,i. 

To get the overall reflected amplitude, E, we must sum all the separate 
reflected amplitudes above, E m . We may either add separate representative 
vectors graphically in the complex plane or add the complex numbers them- 
selves algebraically. By the latter method of superposition, we can reduce the 
sum, in the present case, to a simplified closed algebraic form. This sum is the 
following series : 

E = it E m = £ {ri,2 + r 2l3 (l - r 2 2 )[>-^ -J- r 2 , 3 r 2> ie- 2yA * ■ • •]} 

Polynomial division shows that the value of the series in brackets above is 
equivalent to 



|_1 - r2, 3 r 2> ie- yA *'J 



Substituting the latter expression in brackets, and solving for the complex 
overall amplitude reflection coefficient, r, we get 






= *' + r2 - 3e "t = re* (a) 

This expression for f is real when A<p is an integral number of 7r's. When A<p 
is an even number of tt's, then e~ iCup = +1, and 

_ ri.2 + r 2 , 3 _ ri, 2 4- t 2 , 3 ,y\ 

l — t 2 , 3 r 2 ,i l + ri, 2 r 2> 3 
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And, similarly, when A<p is an odd number of t's, e -•"**' = — 1, and 

El ,2 — ^2,3 ^1.2 — ^2,3 / N 

todd = , — ; = z (c) 

i -r £2,312,1 i — ri,2r2,3 

To find the predictions of theory, we shall apply these three equations to 
dielectric films deposited on glass and to partially silvered parallel reflecting 
surfaces. 

11-9. Dielectric Films on Glass 

In the notation of Fig. 11-16, we let Ni = 1.0 represent air and N 3 = 1.52 
represent glass, while N2 is the index of a deposited thin transparent film. 
N 2 may be lower than N 3 , such as we have in a deposit of MgF 2 (iV 2 = 1.38) 
produced by thermal evaporation; or it may be higher, as with deposited 
films such as ZnS or Ti0 2 (Nt ^ 2.25). 

If N 2 = 1.38, we get n,j = -0.160 and r 2>3 = -0.048. And when N 2 d = |> 

we get the sum of all reflected beams as r C dd = —0.113. This is to be compared 
with the algebraic sum of the first two beams, which is —0.112. Thus the 
neglect of E s> etc., in this instance, leads to a 1% error in calculated overall 
amplitude. The overall reflectivity of such overcoated glass, in this case, is 
r dd 2 , or dt = 1.28%. This overall reflectivity is 70% less than the reflectivity 
of naked glass, dt = 4.3%. And, furthermore, such an overcoat results in a 

(4.3% — 1.3%) or 3% greater transmission. Such j films of FMg 2 or other 

transparent low index material are called reflection reducing films. They are 
nowadays applied to all good camera lens components to increase their overall 
transmission and to reduce the inter-component reflection which can produce 
undesirable ghosts in photographs. 

On the other hand, if an overcoat film has a higher index, like N 2 = 2.25 

for example, thenri, 2 = —0.385 and r 2 , 3 = 0.194. When N 2 d = -> all beams 

4 

together for such a film yield r G dd ^ —0.538. This is to be compared with the 
sum of the first two beams, which is —0.579. Here a neglect of E 3 , etc., leads 
to an error of 7.5% in reflected amplitude. Such high index overcoat films have 
an intensity reflection coefficient of 29%. 

^ n 208 

It is of interest to note that a MgF 2 film of N 2 d = - gives r eV en = ' ? _ 

*j 1.0077 

/N z — 1\ 
or — .2065, which is exactly equal to ( „ y the same as naked glass. 

And for an N 2 d = - film with Af 2 = 2.25, we also get r eV en = - »„„■ = 
4 0.925 

-0.2065. 
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Professor Pfund first produced such reflection-enhancing films by thermal 
evaporation; and the author first produced such reflection-reducing films by 
the same process. 



11-10. Metallic Films 

Fig. 11-17 shows calculated transmissions for four pairs of ideal non- 
absorbing reflecting surfaces, where the Sft's for the single surface reflection 
of each parallel pair are, respectively, T V> tV> h an d tV I n order to apply 
Airy's formula to predict such results, we simply set r 2 ,3 = — ri >2 = r2,i 
= V$fti, where dti is the intensity reflection-coefficient of one surface of the 
pair. Results thus predicted apply approximately to actual interferences 
by two partially silvered surfaces. From Eq. ll-8a, these predicted results 
are given by 

Multiplying I by f *, we get the overall reflectivity, 0J 2 , for the two surfaces: 
2 — (e~ J,A » + e jA ») 



dli 



_«> r 2 ~< e 



d 



Finally, writing the parenthesis in terms of its cosine equivalent, 2 cos A<p: 
2(1 — cos Ay) 



9? 2 



-*[r 



*] 



29?! cos Ay + SRi 
Now for non-absorbing films, even when 9?i is nearly unity, we get 



FIG. 11-17 Multiple-beam bands— dependence of band sharpness on reflectivity 
of surfaces. 
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$2 = if cos A<p = +1 

^ 2 = (i -L. ft? )2 ti cos &<P = —1 

And for the total transmission, setting £ 2 = (1 — $2), we get £ 2 = 1.0 and 
zero, respectively. Or, generally: 

3- = (1 ~ %i) 2 

*- 2 1 - 2% cos A<p + $! 2 

(1 ro \ 2 
j-— ^ J > when cos A<p = - 1, and £ 2 = 1.0, when 

cos A<p = +1. 

Fig. 11-18 illustrates graphically the interrelations of 9ti, A<p, and £ 2 . In the 
triangle, A ABC, we let the side AB represent the incident amplitude, and we 
let the base AC represent 9fr. If the heavy line 91 represents (1 — 9fr), and 
the dashed line BC is 2D = Vl - 29?i cos A^ + 9ti 2 , then the transmission is 

(9l\ 2 
— J • £ 2 decreases very rapidly as A<p increases, as is apparent from the 

figure; and it decreases most quickly when (1 — 9?i) is smallest. 



FIG. 11-18 Geometric explanation of beam 
sharpness with a circle about A. 



Chapter XII 

Applications of 
Physical Optics 



Although the advent of new principles into the science of physical optics is 
relatively rare nowadays, new applications of old and established principles 
are being made regularly, and such applications are exploited with great 
vigor. For example: reflection-reducing and reflection-enhancing deposits on 
the surfaces of lenses and beam splitters; periodic film structures for producing 
color filters; new and improved diffraction gratings, such as Professor G. R. 
Harrison's echelle; large interferometers, such as the Mach-Zehnder inter- 
ferometer used 4n aeronautical research; birefringence interferometers, and 
interferometry in infrared spectroscopy; Professor Frits Zernike's phase 
microscope; and so forth. 

We have already discussed some applications of physical optics, such as 
Young's interferometer for measuring stellar separations and star diameters 
and the use of Michelson's interferometer to measure the meter. And in this 
chapter we shall continue this discussion of applications. We have chosen 
several applications for their pedagogic value. In our selection, however, 
many applications have had to be omitted for want of space, but not for want 
of interest or importance, f 

In this chapter we shall be concerned with interference bands that extend 

over a broad wavelength span, such as the --films required in reflection- 
reducing overcoats, where the lowest possible order of destructive interfer- 
ence encompasses the whole visible spectrum, and an entire lens surface. We 
shall be concerned, also, with interference bands that are less wide, but not 



t For example, see A. C. S. van Heel, "High Precision Measurements with Simple 
Equipment," J. Opt. Soc. Am., Ifi, 809 (1950). 
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sharp either, such as are used in color niters to isolate one or two of the seven 
colors of the spectrum. And finally, we shall treat those applications in 
multiple-beam interferometry that involve interference bands that are to be 
made as sharp as possible, in both low and high orders of interference, such 
as are obtained by partially silvering the opposed surfaces. 

12-1. Reflection-reducing Overcoats 
When the surface on glass of index iV 3 is overcoated by a film of j optical 

thickness, and of index N 2 = vNz, the overall reflection for wavelength X is 
zero. Such a reflection-eliminating film is called an L-film. It is also called 

an L-film, as long as N 2 < N 3) if its optical thickness is -• An #-film is a --film 

with N 2 > N 3 . We shall designate these films hereafter simply by L and H . 
Thus, for example, a certain three-film combination may be designated HLH ; 
etc. 

An Nd = - film introduces - phase retardation between reflected ampli- 
tudes Ei and E 2 , for each film traversal by l 2 ; or a total phase shift of x for 
E 2 relative to Ei. Such a --film contrasts with our --plates of § 7-7 (which were 

of calcite, of quartz, or of mica) as follows: the --plates of calcite, etc., give a 

- phase retardation of the o-ray relative to the e-ray for one film traversal; 

i.e. (N ord - N ext )d = -• 

The index of refraction of water (1.33) is lower than that of ordinary glass 
(1.52); thus, a film of water on a wetted glass surface may form an L-type 

overcoat when Nd = -• When a film of water on glass evaporates until its 

thickness becomes Nd = -, the reflectivity of the wet glass is reduced, rela- 
tive to dry glass, by an order of magnitude. Since countless people have looked 
at this phenomenon, as they have cleaned their eyeglasses, it is surprising 
that it was so late when its practical implications were first recognized, and 
the reflection reduction was permanently realized by thermally evaporated 
L-films of CaF 2 . 

We approach an understanding of reflection-reducing overcoats by consid- 
ering first the properties of reflection-elimination films; for although reflec- 
tion-elimination films are seldom realized in practice, their properties, being 
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FIG. 12-1 Reflection of glass coated with 
a reflection-eliminating film. 
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simple, are of interest pedagogically. First, to produce a reflection-elimination 
film, it is apparent from Eq. ll-8c that we must have ri, 2 = r 2 , 3 . On writing 
N\ = 1.0 in this equality of r's we get the required index for a reflection- 
elimination film as N 2 = viVy. 
1 - iV 2 N 2 - N 3 



yielding 



N 2 = VN* 



I +N 2 N 2 + N 3 
For ordinary glass, its index 1.52 calls for an overcoating film of index N 2 = 
Vl.52 = 1.23. Although no stable solid of such low index is known, thermally 
evaporated overcoats of MgF 2 , for which N 2 = 1.38, produce substantial 
reflection reduction, as was pointed out in the last chapter, and they are 
extensively used. As is often the case with new inventions, the annoying 
effects of surface reflection were appreciated, and the materials and opera- 
tional facilities for practical realization of reflection reduction were well 
known, or available, before their combination was invented. 

In a reflection-reducing overcoat it is desirable to have the desired inter- 
ference effect extend over as broad a wavelength band as possible. Thus we 
4xiV 2 d 



wish Acp = 



cos r to vary as little as possible with wavelength. This vari- 



ation is least when N 2 d has its least possible value; that is, when it is approx- 
imately -r- And yet, a T-film of correct thickness for green light, such as to 




FIG . 12-2 Reflection of glass as a func- 
tion of film thickness. 
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FIG. 12-3 Vector diagram for glass 

coated with a - reflection-eliminating film. 
4 



make A<p = t, gives a retardation A<p > ir for blue light, and A<p < x for red. 
Fig. 12-1 shows how the overall intensity-reflection coefficient for a reflection- 
eliminating film varies from its green zero with increasing or decreasing wave- 
length. Here, taking AT 2 constant, the changes of X control the value of A<p. 
Fig. 12-2 shows how the reflectivity of overcoated glass changes as N 2 d 
changes, with X fixed. And Fig. 12-3, which is to be compared with Fig. 12-1, 
shows how the representative vectors add in the complex plane. Here we 
take Si , 2 = S 2(3 = 0.18 for red, green and blue light. When A<p = t for green 
light, the retardations for blue and red are A<p — fir, and % x, if Xbiue = iXgreen 
and X r ed = f Xg re e n . Thus the overall reflected amplitude, taken as the super- 
position of the two main beams only, is E — Ei -f E 2 . This sum is zero only 



FIG. 12-4 Vector diagram for glass coated with a 3- reflection-eliminating film. 
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for X gr een. Thus white light, after reflection from such films as are represented, 
in Fig. 12-1, will appear magenta in color. 

Fig. 12-4 shows the comparable representative vectors in the complex 

plane for a 3 | film, and Fig. 12-1 also shows (in dots) the plot of reflectivities 

against wavelength for glass overcoated with this film. It is apparent that 

the thinner --film gives reflection-elimination over a wider spectrum band 

than the 3 |-film, just as we anticipated. In Fig. 12-4, when A^green = 3ir for 

the green, A^biue = f A^ gre en and A^ re d = i A<p gr een. 

For overcoats thicker than these, the spectrum of the reflected light takes 
on the character of a channel spectrum. Although the reflected light may 
appear white for very thick coats (N% = VF 3 ) the superposition sums of 
amplitudes of the light, returned from the front and from the back surfaces 
of the overcoat film, can be made manifest, and interference fringes can be 
recaptured, by means of a spectroscope. For such thick films the averaged 
overall reflection is one half of that of naked glass. 

We do not treat here the cases of non-normal incidence. They are mathe- 
matically involved but not difficult. There are, of course, two problems to be 
solved, one for the incident light polarized in the 7r-plane, and one for light 
polarized in the <r-plane. In either case, inasmuch as A<p is proportional to 
cos r, an increase of the angle of incidence decreases A<p, just as an increase 
of X or a decrease of d would. 

Although overcoats with non-uniform optical properties have had very 
little application, they afford interesting possibilities. Fig. 12-5 illustrates 
how the overall reflectivity depends on the thickness of an overcoating film 
whose index varies linearly from A^ 2 = N h at the 2-3 interface, to iV~ 2 = N h 
at the 2-1 interface. The author has made such graded films on glass by 



FIG. 12-5 Amplitude reflection coefficient as a 
function of the thickness of a variable density film. 
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thermal evaporation. In one such film the index at its outer surface terminated 
with the value N 2 = N 3 2 . This structure is illustrated in Fig. 12-6. To accom- 
plish this film he started with the thermal evaporation of pure silica deposited 
at a rapidly decreasing rate while evaporation of titania was started and con- 
tinued at a rapidly increasing rate. These rates of evaporation, of silica and 
titania, were managed so that the composite film had an optical thickness of 

about - when terminated. The film was substantially pure titania outside and 

pure silica inside. The inside film surface, with its index N 3 approximating 
that of glass, eliminated reflection at the glass boundary by "immersion"; 
while the outside surface of this film with its index N 2 , which was approx- 
imately iV 3 2 , made the reflectivity the same as that of pure titania. And this 
altered surface was ideal to receive a pure quartz L-film reflection-elimination 
overcoat. The advantage of this procedure, of first increasing the reflectivity 
and then eliminating it, lies in the hardness of the films that can be used. 
Since titania is not entirely free from absorption some other material, like 
cerium oxide, might be preferable for the high index material. 



12-2. Multiple Overcoats 

Although H and L films are separately useful, they are especially useful 
in combination. A carpenter's rule is ideal for visualizing the representative 
vectors in the complex plane, when several such films, compounded, are 
overcoated on glass with all interface r's equal. This manner of showing the 
changes of resultant amplitude due to simultaneous changes of all the A<p's 
must not be disdained, if we are to judge fairly from the fact that it has been 
much used by those whose creativeness in inventing useful H-L combinations 
has been greatest. Two applications of the carpenter's rule method (of 
Dr. Francis Turner) are suggested in Figs. 12-7 and 12-8. Such films, HLH, 
HLLH, etc., producing high reflectivity, or transmission, over a limited 
wavelength region, without absorption, make useful color filters. And even 
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FIG. 12-7 Vector diagrams for a practical reflection-reducing film of MgF s . 



more elaborate periodic structures are used for getting the high-order multiple- 
beam fringes in Fabry-Perot interferometry. 



12-3. Interference Filters 

An interference filter may be made of two transmitting silver films sep- 
arated by a dielectric layer of MgF 2 . We may deposit this combination by 
thermal evaporation as follows: First a silver film of such thickness as to 
have a reflectivity alone of dt\ = 0.9 is deposited on a glass plate. Next follows 
the deposition of a spacer layer of thickness d, to give interference of the 

order k = — — - Following this, a second 9?i ^ 0.9 silver film is deposited on 

A 

the MgF 2 spacer layer. Finally, for protection, a glass cover plate is cemented 
over all with a plastic cement. The intensity-reflection coefficient of such a 
combination is given in § 11-10. If the phase shifts at both silver films are 
the same, overall reflection will be zero when k is a half integer; and the fil- 

ter will then exhibit a transmission peak. It we set k = —— = I 1 + -I tor 

X = 5000 A, since N = 1.38 for MgF 2 , we get d = 2720 A for the required 
spacer layer thickness. Such a filter will transmit green light. The transmission 
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FIG. 12-8 Vector diagram study of a transmission interference filter, neglecting 
multiple reflections, and actual measured transmission. (Prepared by Dr. Robert 
Greenler.) 
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band it exhibits is very narrow. It is so narrow that, in reflection, the filter 
looks like a simple single silver coating, and not negative green (magenta) 
as one might expect. However, if we look at the spectrum of the reflected 
light with a pocket spectroscope, it will show a narrow dark band in the green 
where the transmitted light is missing. 

As another example, consider a similar filter which is to have the thickness 
that will transmit in the k = (1 + ^) order near Xi ^ 7000 A, and in the 
k = (2 + |) order near X 2 ^ 4000 A. Assuming that N for the dielectric 
spacer layer is 1.38 at both wavelengths, and Xi = 7000(1 — e), and X 2 = 

4000(! + .), we get £ - § = »^|; or (1 + 2.) = § and . - .025. 

Thus Xi = 6825 A and X 2 = 4100 A. 

And as still another example, consider a similar filter with a wedge-shaped 
MgF 2 spacer film. Let the wedge be such as to transmit in the k = 1 + % 
order at both the above wavelengths, Xi and X 2 . The wedge thickness then 
will be di = 3710 A for X^ and d 2 = 2230 A for X 2 . Such a filter will transmit 
a narrow band at the ends of the spectrum, and when a white light is viewed 
through this wedge, the ordered transmission bands for the other spectrum 
colors will be seen between. If a mercury light is viewed through this wedge 
filter, the mercury lines will show up in transmission in a display just as they 
do with a pocket spectroscope. 

12-4. Low-order Multiple- beam Interferometry 

Professor S. Tolansky describes many interesting applications of multiple 
beam interferometry in his book, Multiple-beam Interferometry of Surfaces 
and Films.} One of these applications is concerned with the determination 
of the surface structure of terraced mica cleavages. According to Bragg, 
mica cleaves along surfaces coincident with the planes in the crystal which 
contain the potassium atoms. And these planes are separated in mica by its 
c-spacing, which is equal to the molecular dimension, 20 A, or -^ of the 
wavelength of green light. In Tolansky's words: 

"The interference data can now be compared with these conclusions. The 
smallest steps recorded from mica interferograms are 20 A in height, i.e., 
exactly the c spacing (effectively one 'molecule'). 

"The following typical set of measurements show five steps in which the 
precision of measurement is high, since they occur in areas nearly plane. The 
fractional order displacement is known to 0.001, which corresponds to an 
error of the very small value of 3 A. It is a striking fact that these steps are 

t Samuel Tolansky, Multiple-beam Interferometry of Surfaces and Films (Clarendon 
Press, Oxford). 
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exact integral multiples of 20 A (within the error) . In Angstrom units they are : 
table 12-1 Mica Cleavages 

A 

41 = 2 X 20.5 
100 = 5 X 20.0 
158 = 8 X 19.8 
180 = 9 X 20.0 
341 = 17 X 20.0 



Furthermore, these steps all being small multiples of 20 A, there is no question 
about the certainty of the integral ratios. It is clear that the steps are simple 
multiples of whole 'molecules'. There is amongst these five, no evidence of 10 A 
being the fundamental unit. This might only be a matter of chance, for clearly 
if 10 A happens to be the unit, it is simply a question of whether amongst 
five random steps all will have an even number of units. Other evidence seems 

o 

to incline to favour 20 A as the unit. 

"Some mica samples cleave true to a single molecular plane over areas 
exceeding 20 sq. cm." 

Fig. 12-9 illustrates the sharp Fizeau bands that have been obtained by 
Tolansky with a silvered mica surface and a flat silvered surface. It shows 
their displacement at mica cleavage terraces. These and other recent applica- 
tions of low-order multiple-beam interferometry by Dr. Tolansky in Britain, 
and by Dr. W. F. Koehler in this country, applied to surface contour problems 
(such as the nature of optical polish) all depend on the very sharp interfer- 
ence bands obtained with two highly reflecting surfaces. This sharpening was 
illustrated academically by Fig. 11-17. Fig. ll-5a shows Newton's rings as 
normally seen; and b and c show them after silvering the interfering surfaces, 
to illustrate how the interference bands are sharpened. The interferences of 




FIG. 12-9 Mica terraces revealed by 
Fizeau interference bands (produced with 
silvered surfaces and monochromatic light) . 
(Redrawn from Tolansky.) 
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a, b, and c in Fig. 11-5 are Fizeau bands; while the FECO interference 
bands for the Newton lens-plate setup, with silvered surfaces, are illustrated 
at d. Many other applications of low-order multiple-beam fringes are described 
in Tolansky's book. This type of interferometry offers a fruitful field of re- 
search in applied optics with relatively simple equipment. 

12-5. High-order Multiple-beam Spectroscopy 

Figs. 12-10, 12-11, and 12-12 illustrate Haidinger's transmission fringes 
applied to spectroscopy; and Fig. 12-13 shows a spectrometric application of 
interference. In each case the Haidinger transmission bands are sharpened 
by use of transparent silver films. These Haidinger arrangements display the 
spectrum by virtue of variation of the overall transmission of the parallel 
surfaces, with angle of inclination of the light. Because the transmission 
around a ring occurs for a wavelength X at the angle of inclination r which 
makes the order of interference an integer, this inclination angle acquires a 
wavelength meaning. Fig. 12-10 shows the way the structure of a mono- 
chromatic line can be photographed, and Fig. 12-11 shows the appearance 
of the photograph of a spectrum of lines. 

Fig. 12-12 illustrates juxtaposed half-photographs taken with the photo- 
graphic plate in the position of the slit, and with a mercury discharge 
as the source. One of these half-photographs shows the Haidinger bands 



FIG. 12-10 Use of Fabry-Perot interferometer in spectroscopy. 
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FIG. 12-11 Character of spectrum ob- 
tained with the set-up of Fig. 12-10. 



of the spectrum line X = 5461 A from a natural mercury source; and the other 
half-photograph shows the bands for the same spectrum line from a mono- 
isotopic mercury source, using mercury transmuted from gold. The succes- 
sive rings of the second half-photograph, on the right, correspond to suc- 
cessive orders k. The light from this source is substantially monochromatic. 
The wider and more complex rings in the first half-photograph, on the left, 
are representative of the more complex 5461 A emission of natural mercury. 
The illumination here is not wide enough in wavelength span so that the 
complex rings of one order, k, overlap those of adjacent orders, k ± 1. But 
when such overlapping occurs, the interpretation of the photograph gets 
confused. The spectral range over which we have no overlapping, and which 
is thus unconfused, is called the free spectral range. This free spectral range 
is very narrow in high-order spectro-interferometry. Fig. 12-11 shows how 
the overlapping of fringes is avoided by the use of the spectrograph of Fig. 
12-10. The center of the ring pattern is focused on the center of the entrance 
slit of the spectrograph ; and the dispersion of the spectrograph acts as a filter 
to restrict the spectrum lines in any one photographed interference pattern 
to less than one free spectral range. 
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FIG. 12-12 Fabry-Perot ring system for 
natural mercury and for the 198 isotope of 
mercury, made from gold. 
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FIG. 12-13 Fabry-Perot spectrometer. 
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Fig. 12-13 shows an interference spectrometer. This spectrometer uses the 
central ring or, more properly, the central spot of the Fabry-Perot ring system. 
The entrance and exit "slits" are here circular apertures. This spectrometer 
must be used in conjunction with a filter or another spectrometer, so that it 
is illuminated with only one free spectral range. Otherwise the flux passed by 
it would have an ambiguous meaning. We shall return to this spectrometer 
later; but now let us examine the matter of unambiguous display, or free 
spectral range. 

12-6. Free Spectral Range 

We may introduce the concept of free spectral range by discussing the 
just overlapping orders that are obtained with a diffraction grating when 
fciXi = A; 2 X 2 . In the field of a diffraction grating we can have, for example, a 
third order 6000 A spectrum line; a fourth order 4500 A line; and a sixth order 
3000 A line all lying at the same diffraction angle a. This superposition of 
spectrum lines, or near if not exact superposition, was used by Professor 
Rowland to establish an interrelated set of spectrum lines for use as sec- 
ondary wavelength standards. But whereas Professor Rowland welcomed and 
used this confusion of spectra, such overlapping, when working for other ends, 
is to be avoided by means of filters. 
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The free spectral range of a grating within which there is no such confusion 
corresponds to just one order of interference. The difference of X's given above, 
all diffracted at the same angle a, gives the sequential free spectral ranges, 

In high-order spectro-interferometry, where we have k^>l, a proper 
filter should pass a wavelength band width just one order of interference 

wide. This is because k + 1 multiplied by X_' = < - — p-y L X is approx- 

imately equal to h multiplied by X/ = J ° x V\ : the wavelengths at the 

limits of the free spectral range are X_' and X + ', with X at the center. The 
limits above are approximately equal since, for large k, 
fc o + I ^ fco + 1 

^0 2 "^0 

The free spectral range required of a Fabry-Perot spectrograph filter in the 
k = 5000 order of interference is 1 A for green light. Thus a resolving power 

of at least — = 5000 is needed in the filter or auxiliary spectrograph in 

order to give an unambiguous display of the spectrum. 

12-7. Fabry-Perot Resolving Power 

Spectral resolving power in the Fabry-Perot ring system may be deter- 
mined from the lack of angular sharpness of the rings that are produced. When 
the system is illuminated by two equally strong monochromatic lines (whose 
wavelengths are different by an amount 8\ R ), the angular dispersion must 
be sufficient to dominate over lack of angular sharpness so that the two 
lines are separated sufficiently to show the duplicity. In other words, the 
two rings must have an angular separation, 8a R , that is determined by the 



interplay of ring sharpness with wavelength dispersion, -j*- 

For unit index between the parallel silver reflecting films, we have a = r 

4:Trd 

and Acp = — — cos r (§ 11-8 and 10). The transmission of the pair of parallel 



plates is 

3- (1 ~ %i) 2 

^ 2 1 - 29?x cos A<p + fti 2 

The illuminations, due to two close spectrum lines, transmitted near the 
same angle a, will be additive since spectrum lines are incoherent. Thus the 
pattern as seen or photographed will be proportional to the sum of two trans- 
mission patterns. Fig. 12-14 (repeating part of Fig. 10-9) shows two diffrac- 
tion patterns and their sum when the two diffraction patterns are separated 
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FIG. 12-14 Diffraction pattern at the 
Rayleigh separation for two equally strong 
lines. 




by the amount required to just satisfy the Rayleigh criterion. We cannot, 
of course, apply Rayleigh's criterion directly to our interferometer here. This 
is because our Haidinger transmission patterns do not have adjacent minima. 
But we can apply Rayleigh's criterion indirectly. We can arrange the separa- 
tion of our interferometer transmission patterns so that a similar minimum 
occurs between two maxima, shown encircled in Fig. 12-14. 

Suppose now that this Fig. 12-14 pattern, produced by two equally 
strong monochromatic lines, requires the angular separation 8a R . From 

77-7 d(pR = 8\r, by differentiating, A<p = — : — cos a. Let us designate the 
Zttk a 

transmission for one of our two equally strong spectrum lines, where the 
other has a maximum transmission, by Xs v ', while we designate the trans- 
mission half way between the lines by X§£. The central minimum of the 

2 

composite pattern of Fig. 12-14 will display an illumination proportional to 

2%fo, while the adjacent maxima on either side will display an illumination 
2 

very nearly proportional to (1 + X& v ). Simulation of the Fig. 12-14 pattern 
requires a central minimum that is equal to 0.8 of the adjacent maxima. 
Therefore we write 

2£& = 0.8(1 + Z S J 
2 

Here 8<p R will be a small angle, and we may, accordingly, write 

cos (2irk ± s<p) fi = 1 - I (S<p R y and cos (2^ ± 8j f\ = 1 - \{^j 

Making this substitution for both cos (8<p) and cos ( — J> we get 

** = 1 1 %* f , y and ^ = 1 1 fo (**A* 
1 + (1 - W (8(Pr) X + (1 - 9*i)» \2~) 

Letting x = jz ^-r^ (8<pr) 2 and solving the resulting quadratic equation, 

(1 — yii) 
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taking only the positive root, we get x = 4.45. This value of x makes 



_ (i -Jt.) vji 



8<p R = ± — — ' V 4.45. Using 8\ R = r-r 8(p B , we get finally the resolving 
power : 

X 2tV^ ^ sVWr ; , 



5Xij V4.45(l - SRi) ~ (1 - 9ii) 

3V^"i 



In this expression we interpret 



beams and write 9l e ff for 



approximately 



(1 - JRi) 

3^ 



as the effective number of interfering 



(1 - Wi) 



When 9^1 is nearly unity, this number is 



(1 - SRi) 



Expressing the resolving power as a frequency 

2d 
resolving limit, 8pr, with v in waves per centimeter, since k = — at a = 0, 

A 

we get 

. 8\ R 1 

- OPR = ~^ = 



29l eff d 



The free spectral range for the interferometer may be determined by differ- 

2d 
entiating k = — cos r and setting Ak = ± 1 since A; is large. At a = r and 

A 

3l e ff may be interpreted as the number of equal monochromatic spectrum 
lines that may be equally spaced in wavelength, and just fill in one free spec- 
tral range of frequency, with each line still separate enough from its neighbors 
to be discernible according to Rayleigh's criterion. 




O WQ ZOO 300 400 500 FIG. 12-15 Reflectivity, transmission, 
thickness in A and efficiency of silver films. 
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Fig. 12-15 gives the values of dti and Xi for single silver films of increasing 

thickness. If there were no absorption in the silver films we would have 

(1 — 9?i) = £i, and £i would not be asymptotic to zero as 9£i increased; the 

overall transmission of two parallel films at the peak, for a spectrum line, 

would be unity. Because of absorption, however, (1 — 9?0 is asymptotic to 

(1 — dto), where 9? represents the reflectivity of massive silver. And with 

absorption, £ 2 does not have a maximum of unity for our interferometer; but 

/ Xi V • 

we get £ 2 = ( ~, ^r ) • We get the ratio of maximum to minimum transmis- 

4 

sion of the two ideal interferometer films as 7: ^rr^ The table below gives 9? 

(1 — Vii) 

and 9l e ff for ordinary opaque silver films at X = 4500 and 6000 A. The values 

for X = 5461 A represent special silver films prepared by Dr. Frank Mooney. 

table 12-3 Silver Reflecting Films 



X 


fto 


3leff 


4500 A 


.92 


38 


6000 


.96 


75 


5461 


.985 


200 



There is a fundamental difference between an amplitude-division type 
spectrometer, such as the interferometer of Fig. 12-13 for which interference 
is the basis of operation, and a wave front-division type spectrometer, such 
as the grating with diffraction as the basis of operation. The difference is 
apparent when we set about to account for the incident light. In the case of 
the Fabry-Perot etalon, the energy absent in the narrow transmission bands 
is largely present in the spectrum of the reflected light. In case of the Hai- 
dinger interference bands, the sum of the reflected and transmitted light 
would be unity if the silver films did not waste light by absorption. In the 
case of the diffraction gratings, interference effects merely cause a redistribu- 
tion in angular projection of the diffracted light. 

The Fabry-Perot interferometer gives the highest resolving power of any 
spectroscopic device. Professor K. W. Meissner has used d = 20 cm with 
31 beams. Here the order is k = 800,000. Applying this order in combination 
with 9l e ff = 31 gives a theoretical resolving power of 25 million. 
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12-8. The Transmission and Reflection Echelons 

Fig. 12-16 shows the transmission echelon of Michelson and the reflection 
echelon of Williams. These instruments are quite like blazed transmission 
and reflection diffraction gratings, except for the grossness of the phase steps. 
A typical diffraction grating having 14,400 lines per inch, 5| inches of ruling 
makes a total of 91 = 80,000 interfering beams. Such a grating may be worked 
in the k = 5 order. A Fabry-Perot interferometer, or the echelons of Fig. 12-16, 
worked in the k = 10,000 order, with 91 = 40 beams will have the same 
resolving power — kdl = 400,000. 

In either the transmission or reflection echelon of Fig. 12-16 we have steps 
of rise a, and widths, which are typically 1 mm and 1 cm. Although the trans- 
mission echelon is easier to construct, it is very difficult to get sufficiently 



FIG. 12-16 Michelson transmission echelon (above) and Williams reflection 
echelon (below). 
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homogeneous glass from which to make it. In the reflection echelon the plates 
are not penetrated by the light, and this difficulty with glass inhomogeneity 
is absent. Although Michelson foresaw the advantages of the reflection 
echelon, its requirement of four times greater precision of construction pre- 
cluded its realization until 1929, when Williams discovered he could achieve 
the precision with optically contacted clean fused quartz. Such contacted 
quartz surfaces can only be parted after several days' soaking in kerosene. 

The manner in which echelons are used, and the way they compare with 
gratings and with the Fabry-Perot interferometer, are set forth hereunder. 

In the transmission echelon in Fig. 12-16 we have wave front division of 
internally incident plane waves. We get a retardation, in a direction a, which, 
in part, is of the same character as that with which we are familiar from our 
multiple slits; but, in addition, we have a progressive retardation for the beams 
by virtue of their passage through the successively thicker layers of glass. 
Consider the adjacent steps A and B in the diagram of Fig. 12-16b, and the 
emergent beams, which are shown there diffracted upward at the angle a. 
Along LT these beams weld with each other to form a diffracted wave front, 
with the total retardation of the diffracted beam B, relative to A, say at the 
corresponding points, T and P, given by the difference of optical paths 
(RT — OP). Because the angle a will be small, we may write a for sin a, and 

RT = Nd + a sin a ££ Nd + aa 

OP = d cos a ^ d 

In order for the diffracted beams to weld into the diffracted wave front LT, 
the path difference (RT — OP) must be an integral number of wavelengths. 
Thus 

(RT - OP) = (N - l)d + aa = k\ 

In the forward direction the order of interference f or d = 1 cm will be 10,000, 
as cited above. 

The resolving power of this echelon comes from 8\r in — ; and, in turn, 

8\r comes from ( 8ocr -4- —h as before. Within this parenthesis the width of 

the 91 diffracted beams is approximately 3la. Following § 10-5, this makes 

Socr = — • The dispersion comes from differentiating the equation for k\ 

, . . da k d dN rTM 

above, giving 37 = 7-— Thus 

aX a a d\ 

— — = k9l — m,d -r- 
8\r d\ 

If we express the power of this instrument, for spectroscopy, in waves per 
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centimeter as the resolving limit, 8j>r = -rj-> we get 



8v R = 



91 ( fc 



(-'£) 



The free spectral range here is most meaningfully expressed in wave numbers. 
The wave number width of one order can be obtained by setting Afc = ±1, 
for constant a, as follows : 

Afc = - [(N - l)d + aa]^? = ±1 



giving 



AX K 1 

Av F = 77" = 



X 2 (N - l)d + aa — (N - l)d 

In the case of the reflection echelon, with normally incident white light, 
corresponding approximations hold, and we have 

fcX = 2d -f- act with -77 = _ and da# = — 

d\ a 9la 



giving, as before, 

I rh / \ 1 

fc3l 



x X (£) =x p/A1 = 



The free spectral range at a = 0, setting Afc = ±1 = 2d— -f, is given by 



X 2 






fcX =| 



Now, although the wavelengths are given by separate equations, 

±aa + (N — l)d for transmission 

±aa + 2d for reflection 

the illumination in the direction a, in either case, is given by the formula 
that we have already developed for multiple slits. It involves the phase differ- 
ence £ of § 10-1 ; and illumination is proportional to 

sin 2 £ , y. iraa 

~Y~ where * = T" 

To pursue the question of spectral illuminations further, we invoke the prin- 
ciple that the sum of illuminations in all orders, in transmission, is equal to 
the incident illumination — thus neglecting reflection losses at glass surfaces. 

Now ^t^> as in Fig. 10-6, envelops the orders, thus relating their ilium- 
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inations. These illuminations are proportional here to the single-slit dif- 
fraction pattern for the facet of width a. When a certain wavelength appears 

sin 2 £ 

e 



in the direction a = 0, we get £ = and 2 =1.0 for its order. This order 



will be ha = (N — 1) -• For the two adjacent orders k = k ± 1, we get 

A 

£ = ±t, making their illuminations zero, as they are for all other orders. 
In this manner we deduce that all the monochromatic light of this wavelength 
should appear in the k order at a = 0. Now we deduce that a different wave- 
length, such as would appear at the angle a that makes £ = ± -> will exhibit 



sin 2 £ _ 4_ 

£ 2 ~ IT 2 



an illumination proportional to 2 = —^ Other adjacent orders of this wave- 



length will lie at the angles that make £ = ± — ; ± — ; etc. And for these 

4 4 
angles, illuminations will be proportional to r-^; 7^r~ 2 ', etc. The sum of all of 

the orders of this wavelength will be proportional to the sum 

2 W + W + 25^ 2 + " 7 

If we divide the light appearing in one strongest order by this sum, we get 
a spectrometric efficiency of 0.44. Thus no matter what the wavelength may 
be, our theory predicts that a strongest order may lie at the angles a, corre- 
sponding to £ = ± -; or between one of them at angles a giving |£| < -• 
And furthermore, the strength of this order is such as to contain at least 44% 
of the incident illumination. At a < — we get, for visible light, a = 1 mm, 

a < tttktv- Thus our approximation, sin a = a, is abundantly valid. Sim- 
ilar arguments apply for the reflection echelon. These arguments are qualita- 
tively valid, also, for blazed diffraction gratings (and the echelle below). 

But in the case of diffraction gratings the facets are often not flat; and 
also, a is usually not large compared to X, so that Kirchhoff's scalar theory is 
only an approximation. The fact that Kirchhoff's theory is not valid is ir- 
refutably evinced when we find that t- and ^-components of a grating spec- 
trum of natural light are unequal. 

Professor George R. Harrison's echelle is neither a narrow-grooved dif- 
fraction grating nor a wide-stepped echelon such as we have just described. Its 
facet width lies between that of the grating, a few microns, and that of the 
echelon, thousands of microns^ — the step of Harrison's echelle is typically 
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some hundreds of microns wide. The free spectral range, r^> is also interme- 
diate. The advantage of his echelle is that, when it is used with a suitable 
crossed dispersion, the whole echelle spectrum can be photographed on a 
single photographic plate. 



12-9. The Lummer-Gehrcke Plate 

The reflectivity of silver gets as low as 4% in the ultraviolet; and it is 
typically 30% there. This reflectivity is much too low to be efficient on Fabry- 
Perot plates. Even 9l e g for aluminum is only about 12 ; and aluminum certainly 
gives the most favorable values of 3l e ff. Before the advent of aluminum films, 
the Lummer-Gehrcke interferometer plate was used for the highest ultraviolet 
resolving power. Fig. 12-17 shows the cross section of such a plate of thick- 
ness d and length I. It is a plane parallel slab of quartz provided with the prism 
shown at the left end, for introducing light. The introduced light is multiply 
reflected internally at the slab surfaces. At each reflection, which is arranged 
.to be very near the critical angle, a beam emerges from the slab at an almost 
grazing angle. Thus, by multiple internal reflection, we get amplitude division. 
Here the wavelets are arranged laterally, as well as retarded in depth. The 
emerging beams at the angle a lie side by side; and if their relative longitudinal 
retardation is an integral number of wavelengths, k, they then weld and give 
an interference wave front. 

Because the reflection is near to that giving total internal reflection, the 



FIG. 12-17 Lummer-Gehrcke interferometer. 
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parent beam loses so little amplitude to each of the emergent daughter beams 
that we can make the assumption, at least for an elementary theory of the 
Lummer-Gehrcke plate, that the daughter beams are equally strong. From 
this assumption we may determine the resolution limit, as before, by consid- 
eration of the dispersion, together with the diffraction width of spectral lines 
proper to the width of the welded emergent wave front. This width is 
w = I cos «, where I is the slab length; and the angular line width proper to it is 

§ aR = . The dispersion is obtained by eliminating i's from the square 

I cos a 

of a SnelPs law expression and from the square of an expression for the path 
difference : 

sin r' = N sin i' 
k\ = 2Nd cos i' 
On squaring and eliminating i', we get 

* 4d? (N 2 - sin 2 r') = k 2 \ 2 
Differentiating this last equation with respect to r', keeping d and k constant, 
gives the dispersion since a = r' : 

, , XiV 4r ~ (W 2 ~ sin 2 r') 
dr d\ 

d\ X sin r' cos r' 

It turns out that the term XiV -=- is negligible. Neglecting this term and set- 
ting sin r' = 1.0, the dispersion simplifies to 

d\ ~ X cos r' 
On combining this dispersion with the necessary Rayleigh separation, ban, 
we get 

_ br R ' X X cos r' X 2 

" * ~ (dr'\ ~ I cosr' ' (N* - 1) " W 2 - 1) 



\dk) 



And the resolving limit in waves per centimeter, from 5vr = — -rp is 

^ = z(iV2 X _ 1} cm" 1 

We can get the free spectral range by differentiating, as before, setting 
Ak = ±1. With since = 1.0, this operation for the Lummer-Gehrcke plate 
givea 

Avf — / 

2dVN 2 - 1 
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12-10. Energy-limited Resolving Power 

The resolving power of a spectroscopic device is not always limited by inter- 
ference and diffraction effects. A spectrometer in which the attainable resolv- 
ing power is not limited by diffraction or aberration, but rather by an inade- 
quate flux of energy falling on a too insensitive detector is said to be energy 
limited. This limitation exists, barring aberrations, when the entrance and 
exit slits cannot be set narrow enough to enjoy the resolving power that dif- 
fraction, or freedom from aberration, affords — but when the slits must be 
kept wide because light sources are not bright enough and/or detectors 
are not sufficiently sensitive. We shall calculate the energy available at the 
detector both for a spectrometer, using a prism or grating as the dispersing 
element P (as shown in Fig. 10-10c) and for the interference spectrometer 
shown in Fig. 12-13. This calculation will illustrate the significance of energy 
limitation. For simplicity we shall take the collimator and telescope focal 
lengths, /, for the prism or grating, and for interferometry, as equal. We shall 
let s represent the area of the entrance slit, and also the area of the equal 
exit slit, of the conventional spectrometer; or the area of the round entrance 
hole, and also the area of the equal exit hole, of the interference spectrometer. 
In our deductions we shall let S represent the useful projected area of the dis- 
perser P, or of the interferometer plates. In both cases, the entrance slit of 
the conventional spectrometer, or entrance hole of the interference spectrom- 
eter, is considered to be flooded with light from a source of spectral brightness 
S3x (expressed in watts per unit area, per steradian solid angle, per unit spec- 
tral band pass). The flux emergent through the exit slit, or exit hole, will be 
S8x multiplied by an area; by a solid angle; and by a wavelength band pass; 
as well as a transmission factor X: 



8 = 33x s ^ A\X watts 



S 

Here X, the appropriate transmission factor for the system, for monochromatic 
radiation is given a subscript P, to represent the transmission of the conven- 
tional spectrometer; or a subscript J, to represent the transmission for the 
interference spectrometer. In these cases AX will not be determined by dif- 
fraction but by the size of the equal entrance and exit apertures, and by dis- 
persion. 

In the case of the conventional spectrometer we introduce a symbol to 
represent the ratio of the slit length I to the focal length /. This ratio is called 

the L-number: L = -z- If w represents the equal entrance and exit slit widths, 
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then 

AX = £ • ^ and s = l-w = (Lf) (/^ Ax) 

In the case of the interference spectrometer the hole radius subtends the 
angle a , which is related to the spectrometer pass band by the relation 

ao 2 = 2 (y )• We Set this relation from sin r Ar = -^ by differentiating 

cos r = ;t3- We take r = a; we call cos r = 1.0; we use — for the average 
value of sin a; and finally, we take da = a . These approximations give 
a 2 = ^ AX. Thus s, for an interference spectrometer that passes the band AX, 

is equal to ira 2 P = ~r / 2 AX. 
A 

We are now prepared to intercompare a conventional spectrometer and an 

interference spectrometer. If, for the first, %p is the minimum operable flux 

in the detector, eliminating s and solving for AXp, the allowed pass band, we 

get 

AXp= / / f*\ 

Because -£ for a conventional grating is 10-fold, or so, greater than for a con- 
ventional prism (excepting crystal quartz prisms in the ultraviolet, which are 
excellent), we would expect the resolving power of the grating spectrometer, 
under energy-limited conditions, to be 3-fold better than that of a prism. 

A similar calculation for the interference spectrometer, using a minimum 
flux %i*, and eliminating s, gives 




I^tl 



We shall compare energy-limited resolving powers by taking the ratio of 
the AX's under the following realistic conditions: We strike off SBx's, assum- 
ing the same source brightness for both spectrometers. For simplicity we 

da 
strike off the Va and take the g*'s and S's as equal. We find that L— 



for the grating compares with -^ for the etalon. For a grating normally 

A 

illuminated Xf^J becomes tan a P , which we may realistically take as 
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unity. Thus the ratio of AX's becomes 

A representative value for L P is -r-> making the ratio of the AX's, under 

energy-limited conditions, 1 to 6t. 

Professor Stanley Rupert first fully recognized this, and Dr. Robert Green- 
ler first exploited this advantage for interferometry in the infrared. Greenler 
used evaporated tellurium films for the H layers, and evaporated KBr or 
NaCl films for the L layers, in his HLH coats to give high 9fo. Tellurium is 
an appropriate material for the H layers because it has the high index of 5.3, 
and it is quite transparent in the infrared at 10/*. 



Chapter XIII 

Images of Points by 
Single Surfaces 



In the preceding twelve chapters we have treated those topics in optics which 
fall in its division called physical optics. Our study began with the wave 
nature of light, and it was primarily concerned with the interaction of waves 
with matter as manifest in the phenomena of reflection, refraction, polariza- 
tion, dispersion, and interference and diffraction. We concluded this division 
by discussions of some practical applications of physical optics, particularly 
spectroscopic applications. 

Now we come to the division of our subject called geometrical optics. Our 
explanations here will be based primarily on the oldest concept of light, as 
rays. We combine this concept with the laws of reflection and refraction, and 
geometrical considerations, to study the confluences or unions of the rays 
into optical images. But before we get into these applications of geometry 
to rays of light, we shall briefly consider the geometrical transformations of 
plane and spherical wave fronts of monochromatic light, that occur when the 
light passes through plane or spherically contoured boundaries between trans- 
parent media of different indices of refraction. We consider these transforma- 
tions at first under the simplest possible conditions: namely, that the incident 
wave front and the reflecting or refracting interface are symmetrically ori- 
ented with respect to a common optical center line. This line, <£, contains 
the point source, the final image, and the center of curvature of the inter- 
mediate surface. And we restrict ourselves to such rays as are nearly parallel 
to this <fc, both before and after refraction. In the next chapter we shall en- 
large our considerations: Point light sources will still lie on an axis of sym- 
metry; but we shall consider two successive refractions. These two refractions 

may, for example, be those produced by the two faces of thin or thick lenses. 
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And we shall extend these considerations to the successive transformations 
of rays by systems of lenses and mirrors. After this, we shall be prepared to 
enlarge our considerations still further, and include point light sources that 
do not lie on the axis of symmetry. Finally, we shall remove or mitigate, 
successively or simultaneously, other simplifying restrictions. 

There is little need to emphasize the practical significance of the study of 
optical images. In principle, our subject encompasses both the images of the 
outside world that are formed on the sensing retina of the eye, and corrections 
of faulty image-forming powers of the eye, achieved by means of spectacles. 
Geometrical optics concerns itself with magnifiers, microscopes, and tele- 
scopes — devices that increase the power of the eye. Also, it concerns itself 
with cameras and projectors— devices that extend what is available to be seen. 



13-1. General Considerations 

Fig. 13-1 illustrates image formation by reflection and by refraction, and 
represents the light both by wave fronts and by rays. This figure serves to 
define new terminology that we shall need, and it illustrates our beginning 
simplifying restrictions. 

Either a point object or its image point is said to be real when the light 
propagates through it. In this figure a and b represent reflections and refrac- 
tions, respectively, in cases where the point object and its image are both real. 
Below this, c and d represent reflections and refractions where the point 
object is virtual, and its image real. An object point is said to be virtual when 
the light propagates toward it, but is refracted or reflected in front of it. 
Finally, e and / represent reflections and refractions where both the image 
and object points are virtual. An image point is said to be virtual when the 
light propagates away from it, after reflection or refraction, and never actually 
propagates through it. 

Our beginning simplifying conditions, mentioned above, which we impose 
on first considerations, are defined in reference to Fig. 13-1 in terms of the <fc 
on which object and image points lie, and on which the centers of curvature 
of the reflecting or refracting surfaces fall. The rims of the reflecting or re- 
fracting spherical surfaces, S, have outside radii h*. Our simplifying conditions 
are: 

1. The light is monochromatic. 

2. We ignore diffraction. 

3. The object is taken to be a point source on the <£. 

4. The area of the optical surface of radius of curvature r is small; h <3C r. 

5. The object is at such a distance from the surface on the <fc at V as to 
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a. reflection 

real object - real image 




b refraction 

real object - real image 
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c refraction 

virtual object - real image 
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<t ref/ection 

virtual object - real image 




e reflections 

virtual object - virtual image 
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f refraction 

virtual object - virtual image 



FIG. 13-1 Images by single-surface reflection and refraction. 
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make the angles of incidence and reflection, or refraction, so small that 
their sines can be represented by the approximation, sin x = x. 

The rays we consider, which lie near the optical (fc, and are inclined at only 
a small angle to it, are called paraxial rays. 

The light is conventionally taken as incident on a reflecting or refracting 
surface from the left. Thus an object point on the left of the surface is a real 
object; and one on the right of it is virtual. All space is possible object space — 
the half-space to the left is called real object space; the half-space to the right 
is called virtual object space. Concurrently all space is also possible image 
space — an image on the left of a reflecting surface, or on the right of a refract- 
ing surface is a real image, and the corresponding half-space is called real 
image space. The complementary half-space is, of course, virtual image space. 

Fig. 13-la shows a concave spherical reflecting surface with its center of 
curvature at C, the radius of curvature being r. The mirror has a circular 
rim centered about V of radius h . The optical <fc runs through both the center 
of this mirror surface, at V, and its center of curvature at C. By virtue of 
symmetry, if the object point lies on this center line, its image does also. 
The mirror collects a solid angle segment of spherical waves emitted from, 
or through, P. This spherical wave segment, of solid angle £2, is transformed 
by the mirror into waves convergent on P', of solid angle &'. In Fig. 13-lb 
the refracting surface also has a circular rim, of radius ho, and it handles the 
solid angle fi of the waves from P; the transformed waves, of solid angle fi', 
converge here on P'. Matters are analogous in the remainder of Fig. 13-1. 

We may preliminarily define a ray of light as a wave normal, but it is 
appropriate also to think of it as a flow line of radiant energy, like a Poynting 
vector. In geometrical optics the surface density of rays is interpreted as a 
measure of image illumination. If we imagine that the wave front from a point 
source, of solid angle £2, is handled by a refracting or reflecting surface, and 
that we divide the surface into equal parts, each subtending an increment of 
solid angle Aft, then these equal parts, called pencils of rays, may each have 
a representative ray ascribed to them. After determining the confluence of 
these rays, by means of the laws of reflection and refraction combined with 
geometry, it is only a matter of display to determine the distribution of il- 
lumination in their union, if their confluence is not at a point. Often the rays 
do not come together perfectly, but only within a smallest circle, perpendic- 
ular to the <fc, called the circle of least confusion, or blur circle. The union of 
rays becomes imperfect, and they fail to pass through a single point as soon 
as our beginning restrictions are removed. 

Paul Drude in his Theory of Optics says: "The concept of light rays is . . . 
introduced for convenience. It is altogether impossible to isolate a single ray 
and prove its physical existence. For [owing to diffraction], the more one 
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FIG. 13-2 Coma as predicted by ray tracing and as measured (a), and as photo- 
graphed (b) (redrawn from Martin, Technical Optics); coma manifesting diffraction 
details (c) (redrawn from Kingslake, Photographic Lenses). 



tries to attain this end by narrowing with restricting apertures, the less does 
light proceed in straight lines, and the more does the concept of light rays 
lose its physical significance." 

Although the geometry of rays may predict a point image of a pinhole 
source, we know from diffraction theory that the image size cannot be less 
than Airy's disk. It is not surprising when the images that are predicted by 
considerations of rays and geometry to be larger than Airy's disk are found 
by experimental tests of the distribution of illumination in them to be pre- 
dicted correctly. It is surprising, however, that the agreement between such 
predicted distributions of illumination, and test results, should agree as well 
as they do when predicted images are not much larger than Airy's disk. Fig. 
13-2a shows a comparison of predicted and realized illuminations in the photo- 
graph of an image that is dominated by the aberration coma. Curves of equal 
illumination represent the measured pattern. Fig. 13-2b shows a photograph 
of this image. Here we have a borderline case where geometric results are in- 
validated by diffraction. And Fig. 13-2c shows the mischief of diffraction in 
full play. The geometrical prediction of blur circles has been used by lens 
designers since the time of Sir Isaac Newton and John Flamsteed. This art 
of geometrical prediction is called ray tracing, and it is of great practical 
value because it costs less to trace a representative set of rays for a proposed 
lens design than to construct and test prototype models. The full-blown ray 
tracing treatment of a proposed lens, however, may be a formidable task. 
Before we apply ourselves further to geometrical optics, let us consider 
the required microscopic nature of optical surfaces (§ 13-2) and establish 
some simple mathematical descriptions by which we can describe macroscopic 
contours (§ 13-3). 
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13-2. Optical Surfaces — Polish 

In our geometrical optics considerations we shall assume that the reflecting 
and refracting surfaces are smooth and that the refracting material of lenses 
is both isotropic and homogeneous. If this were not the case, there would be 
both surface- and body-type scattering of incident and transmitted light. 
From the point of view of the wave nature of light, the smoothness require- 
ment, to avoid surface scattering, is that irregularities of the surface must 
be sufficiently small so that the reflected or refracted wave fronts shall be 
smooth. Tolerable wave front irregularities must be of an order of magnitude 
less than one wavelength, at least. The required smoothness of refracting or 
reflecting surfaces occurs naturally on liquids, and it is found in crystal sur- 
face cleavages, over small areas. Also, smooth surfaces can be produced on 
glass by optical polishing, using procedures which are old, and which have been 
studied extensively (but which are, even now, not conclusively understood). 

Fig. 13-3 shows the effect of scattering of radiation by a rough surface 
and how it detracts from measured apparent specular reflectivity. If the 
surfaces of the figure had been here microscopically smooth, the samples 
represented in Fig. 13-3 would each have reflected infrared light almost 
completely. This figure shows the reflectivity deterioration observed with 
rough surfaces. The three brass plates represented in the figure were ground 



FIG. 13-3 Dependence of specular reflectivity on roughness. 
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FIG. 13-4 Path differences on reflection (a) and on refraction (b) by rough surfaces. 



with #60, #220, and #400 abrasives respectively. Their apparent specular 
reflectivities were measured over the wavelengths region from 20 to 150m- 
Microphotographs of these three rough plates are shown variously enlarged; 
and on the various scales of these final enlargements, the roughnesses signifi- 
cantly appear similar. 

Below, we calculate the relative significance of roughness for producing 
scattering, both in reflecting and refracting surfaces. Figs. 13-4a and 13-4b 
represent microscopic surface undulations relative to an average surface, 
shown as a dashed line. We calculate the optical path difference between a 
ray reflected or refracted from a peak on this surface, or a depression, relative 
to another ray that is reflected or refracted by the average surface. Referring 
to Fig. 13-4a, we consider the two rays reflected from an incident wave front, 
one at H, the other at M . These two rays travel over different paths, and 
their final path difference on superposition at a focus is 

Ar = 2/i cos i 
This equation gives Ar = 2h when i = 0, Ar = when i = -• Referring to 
Fig. 13-4b, the corresponding final path difference for refraction is: 

Ar = Nh cos r — h cos i 
giving Ar = (N — l)h when i = and Ar = hVN 2 — 1 when i = -^ 

For a fine ground surface, there is an angle where the red rays from an 
incandescent filament are first reflected specularly, as i increases toward ^> 

while the surface is still rough for blue rays. This is because increasing i 
is equivalent to decreasing h, making it small compared to X. This transition 
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angle is used by opticians to judge the roughness of a surface. If this angle 
for a worked surface is 80° or less (10°, or more, away from grazing) the surface 
is deemed to be ready for pitch and rouge polishing. 

13-3. Optical Surfaces — Geometry 

Lenses almost universally have been manufactured with spherical surfaces. 
This has been mainly because spherical surfaces are the easiest to make, but 
partly because spherical surfaces are best for reducing certain aberrations. 
Mirrors, however, often have aspheric contours. These contours are usually 
conic sections of revolution, symmetrical about an optical (J). For example: 
a mirror surface with the shape of a parabola of revolution gives a geomet- 



FIG. 13-5 Analytical geometry of conic sections. 
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rically perfect confluence of reflected parallel rays at its focus. Rays from a 
real point object can be united in a geometrically perfect point union by a 
mirror surface having the shape of an appropriate ellipse of revolution. A 
properly oriented convex hyperbolic mirror diverges rays from a point object 
as if they came from a geometrically perfect virtual image. And a spherical 
mirror is ideal for reflecting rays from a point, at or near its center of curva- 
ture, back to a nearby image. It will be shown here that all these conic sec- 
tions can be mathematically represented by simple and convenient expressions 
with sufficient accuracy for our purposes. These expressions, developed below, 
are valid when h <$C r . Here r is the radius of the sphere which, at V, osculates 
the conic under consideration. Fig. 13-5 shows all these conic sections and 
their representation in the V-centered coordinates {x,y). In the usual system 
of coordinates (£,*;) the equations, and eccentricities e, are : 
Circle: £ 2 + rj 2 = r 2 e = 

¥ , V 2 , Va 2 - b 2 b 2 ,a 2 

Ellipse: J + | = 1 * = —^— ro = -and ^ 

Parabola: r/ 2 = 2r £ e = 1.0 



tt u , ? V 2 , Va 2 + & 2 b 2 

Hyperbola: ^-^=1 * = — ro = - 

A student exercise shows that the (x,y) coordinates, having their origin at V, 
may be written in the general form 

(1 - e 2 )x 2 - 2r x + y 2 = 
Solving this equation for x, we get 



To 
X = 



(1 " e 2 ) 



{i^i-a-flft)' 



Now, when - <<C 1.0, the radical above may be expanded by means of New- 
ton's binomial theorem, giving 

V 2 , (1 ~ * 2 ) 4 , 

In many of the cases we shall treat, even after dropping all but the first two 
terms of the above series, we may still represent the x of the surface of our 
conic with sufficient accuracy. 

These approximate expressions for the curves of shape of the circle and the 
parabola, and derivatives for their slopes, are : 

Parabola: x = — ^ = - 



a u V 2 , V* dx y 1 (y_\ 3 

Sphere: x = - + ^ J y = ~ + ^ r J 
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The local radius of the curvature of any curve is given by the calculus as 

dy 2 

For the parabola, derivatives of our approximate expression for x, with 
e = 1.0, give this radius of curvature at y as 

And for the circle (although we already know its radius everywhere), deriva- 
tives of our expression for x with e = gives 

.■.. f--(gy-ftYH--r .. 

The curvatures of a parabola, and of its osculating sphere, are approximately 
constant over a substantial area about the point of contact, V. In the sphere 
it is this constant curvature which reflects or refracts the incident pencils 
equally, and it is the tip or inclination of this curvature, so to speak, by an 
amount proportional to y, which directs the equally focused pencils to a 
common image. 

13-4. Longitudinal Equations for a Single Surface 

In our expressions we shall frequently, although not always, write h for 
the distance from the $ to a point S at which reflection or refraction occurs. 
And for the x coordinate of the surface contour, in our F-centered coordi- 
nates, we shall often write a. The sagitta of a sphere or parabolic surface to 

h 2 
first approximation is a = — • Fig. 13-6a illustrates this formula. The sagitta 

<r = BY of the circle S, about P, is a side of ABVS. This right triangle is 
similar to ABSA because both triangles have acute angles on the circle which 
cut out equal arcs from it. Thus the ratios of corresponding sides, taking 
BS = h, give 

<r h h 2 _ h 2 

h 2u — <r 2u — <x~ 2u 

At Fig. 13-6b we see the transformation of a wave front of radius u into 
one of radius — u. This transformation is effected by the plane mirror illus- 
trated. We see the corresponding transformation, effected by a plane refract- 
ing surface, illustrated at c. The figure at d shows the transformation of the 
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FIG. 13-6 Sagitta method of calculating image positions from wave and surface 
contours. 



wave front of radius u to one of radius v, as produced by a spherical mirror, 
and, at e, as produced by a curved refracting surface. 

In Fig. 13-6b, during the time that the marginal rays are traveling the 
indicated distance to the plane mirror, Aw, the segment of the wave front 
which is tangent to the mirror at V will have been returned an equivalent 
distance, a. Since we take h as small, a and Aw have the same length, and 
the reflected wave has the same radius of curvature. The image of P lies 
behind the plane mirror at P' . 

In Fig. 13-6c, a spherical wave from P is shown when it has progressed 
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to the point where it is just tangent to a refracting surface, at V. It will 

take a time At = ~ for the marginal rays to travel the further Au dis- 
c 

tance and strike the surface at S. But this Au is small since h is small. Dur- 
ing this time the central ray, which penetrated the surface at V, will have 

progressed the distance <T v = ~At = j*- From the o-'s, since h's are small and 

h u ^ h v , we get the descriptive formula Nu = v. We shall return to this for- 
mula later, and show how it may be used to measure the index of refraction 
of a glass plate. 

In Fig. 13-6d, we have a concave mirror of radius r with its center at C. 
A marginal ray is shown just progressed to the point where it is striking the 
mirror at S. It will have been returned toward P' a distance Ay during the 
time it takes the central ray to reach further to V. For paraxial rays, and 
h small, this Av is approximately (<r r - c u ). Thus <t v = Av + <r r = 2<r r - <r u ; 
or a u -f a v = 2o>. Writing in the expressions for o-'s, and using h u = h v , this 
equation leads to the well-known mirror formula, 

1 + 1-2 

u v r 
In Fig. 13-6e, we have a curved refracting surface. During the time it takes 
a marginal ray to travel the indicated distance Au, in the time interval 

Aw 
At = — , the central ray at V will have penetrated the refracting medium a 

distance (<r r - <r v ), where (ov - * v ) = — At. From the figure it is evident that 

Au = o r + <r u . Equating A*'s, we get N(* r - <r v ) = a r + <r v , or <r u + Na v = 
(N — l)o>. On entering the appropriate expressions for the o-'s, taking 
h u = h v as before, the last equation leads to the important Gauss lens formula 
for a single refracting surface : 

1 ,N_ = (N - 1) 
u v r 

Figs. 13-7 and 13-8 show corresponding cases where, in contrast, we deduce 
these object and image distance relationships for plane and curved surfaces 
by application of geometry to rays, rather than by reasoning with wave fronts. 
Fig. 13-9 illustrates the geometric treatment of the general case of refraction 
of any ray at a curved surface. When the equation for the general case is 
specialized for a ray from a point on the $ we get the formula immediately 
above. 

In Fig. 13-7a, paraxial rays from P that are reflected near V come away 
from the mirror as if from P'. This is because the right triangles, APSV and 
AP'SV, are congruent. Here PV = P'V. 
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FIG. 13-7 Simple refractions and reflections. 



In Fig. 13-7b, we have the case of refraction by a plane dielectric boundary. 
Rays from P that are refracted at S proceed as if they came from P'. Here 
we consider the right triangles, APSV and AP'SV, with their common side, h. 
In these right triangles u tan a = v tan a'. Thus 

v sin a cos a' ,, cos a , , r 

- = : 7 = N = N 

u cos a sin a cos a 

This descriptive formula is the basis for the method of determining the index 
of refraction of a plane parallel plate, of thickness v, to which we alluded 
above. This method, using a microscope, is illustrated in Fig. 13-8. First we 
focus the microscope on a spot on its stage. Then, after interposing the glass 
plate of thickness v, as shown in the figure, we raise the microscope lens and 
tube through the height Ay = (v — u) to refocus on the same spot. If the 
index of the plate is N, using our descriptive formula v ^ Nu, we get, on 
eliminating u, 



N = 



v — Ay 

Fig. 13-7c illustrates the ray solution for the concave mirror. Here three 
right triangles in the figure all have the common side h. The hypotenuses of 
these triangles are u, v, and r. If the angles 6, 9 , and 6' are small, so that 
tan 6 = sin 6 = 6, then h = ud = vd' = rd . And since the difference between 

v-it=Ay 



FIG. 13-8 Method of measuring the 
index, JV, of a plane parallel plate with a 
microscope. 
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FIG. 13-9 Geometry for deducing the longitudinal equations for a single re- 
fracting surface. (Redrawn from T. Smith.) 



two angles of any two right triangles, with a common side, is equal to the 
difference of the two angles opposite that common side, the angles of inci- 
dence and reflection are (0 O — 0) and (0' — 6 ). Equating these angle differ- 
ences, and writing the angles as -» -> and -> 

u v r 



I + i-2 

u v r 

Fig. 13-9 shows an object point Q and its image by a refracting surface Q', 
both object and image lying off the line PP' . This case gives the important 
general longitudinal equation of Gauss for a single surface; and for the pur- 
poses of this chapter, we shall specialize it for the simplest case of paraxial 
rays. 

Before we proceed further, we must settle certain conventions of sign for r, 
for u and v, and for a quantity called the power of the refracting surface, F. 
Otherwise we could not proceed without confusion. The conventions we shall 
arbitrarily adopt are those recommended as Group II Case (1) in T. Smith's 
report on the "Teaching of Oeometrical Optics. "f We always take r the radius 
of curvature of the considered surface — either a reflecting or refracting sur- 
face — as a positive quantity. We ascribe signs to u, the object distance meas- 
ured from the point object Q to the refracting or reflecting facet S; and to v, 
the image distance measured from S to the point of cross-over of the refracted 
ray with the (£. We take both object and image distances as positive if the 



t T. Smith, "Appendix B: Explanatory Notes on the System of Group II, Case (1)," 
Report of the Committee A ppointed by the Physical Society to Consider and Make Recommen- 
dations on the Teaching of Geometrical Optics (1934, The Physical Society, Cambridge). 
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light rays actually travel along the lines that u or v measure ; otherwise they 
are taken negative. Distances measured from a real object point, and to a 
real image point, are thus positive. Distances from Q to P or S, or from S to 
Q' or P', are negative when the object or image is virtual. 

The quantity F, called the power of a surface, takes on the form 

F = ±iV *= (a) 

r 

Here N is the index of the medium of the incident light rays, and N' is 
the index of the medium of the emergent or reflected light. We ascribe positive 
or negative signs to iV's according to the following rules: N for the incident 
medium is given a positive sign if the incident light is on the concave side 
of the considered surface at S; and N is given a negative sign if the incident 
light is on the convex side; and similarly for N', the index of the emergent 
medium. It is given a positive sign when the emergent or reflected light is 
on the concave side, and negative for the emergence convex side. 

13-5. The Gauss Equation 

In Fig. 13-9 we consider two rays from Q to its image Q' to get Gauss' im- 
portant equation. One ray from Q, through C, penetrates the surface normally 
and is undeviated; the refraction of the ray at S is described by Snell's law 
relating the angles of incidence and refraction, <p and <p'. Invoking the right 
triangles ACQP and ACQ'P', which are similar because of equal angles at C, 
we have 

CP _ CP' 
PQ P'Q' 

We next write the ratios of sides of these right triangles as 

u cos <p + r _ v cos <p r — r 

u sin <p v sin <p' 

N 
Applying Snell's law, to remove the ratio of sines by substitution of -rp we get 

N(&»v + r ^) =JV'(cos^'-^ 

We get the Gauss equation on rearranging terms: 

N , N' N' cos p' — N cos <p , >. 

- + — = (a) 

u v r 

This is the first important longitudinal equation of geometrical optics. The 
right side of this equation is called the power of the surface: 

„ _ rir N' COS <p' ± N COS <p ,, ■> 

r 
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We associate signs, plus and minus, with N and N' according to our rules of 
§ 13-4 — i.e. the N's on the left side of Eq. 13-5a are always taken positive; 
but the N's on the right side of this equation have associated signs in agree- 
ment with our convention rule. In Fig. 13-9, N on the right side of a is nega- 
tive since the light is incident from the negative or convex side of the surface; 
and N' on the right side of a has a positive sign, also in agreement with our 
convention rule since the refracted light is emergent on the positive concave 
side. Eqs. 13-4a and 13-5b are quite general, and they apply equally to reflec- 
tion and refraction. When S lies near V on the line through C, so that <p and 
<p' are both small, Eq. 13-5a reduces to the form we have already deduced 
by means of transformed spherical waves: 

N.N' N'-N f AT in 1,N' N' - 1 

— + — = ; or for N = 1.0 - H = 

u v r ' u v r 

13-6. Newton's Equation 

Fig. 13-10, intended to get Newton's equation, shows a refracting surface 
with five rays or lines to or through its center of curvature, C. By means of 
geometrical considerations applied here we arrive at the second general longi- 
tudinal equation for a single refracting surface: 

(u-f)(v-f>) =dd' = N ^- (a) 

In Fig. 13-10, four of these five lines penetrate the dielectric boundary 
surface normally. Of these four, one goes through both P and P'. The three 
lines through S pass, respectively, through P, P' and C. Two lines through 
& and C are parallel, running through P and Q, while two other lines through 
S and C are parallel, running through P' and Q'. The ray from P, which 



FIG. 13-10 Geometry for deducing the principal foci, as well as Newton's equa- 
tion, for a single refracting surface. (Redrawn from T. Smith.) 
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is refracted at S, intersects the one through Q and C at F', whereas the ray- 
through P', which is refracted at S, intersects the one through Q' and C at F. 
These intersection points F and F' are called the principal foci of the refract- 
ing surface. 

We make our geometrical deductions from this figure from the par- 
allelogram formed by the intersection of the above two sets of parallel 
lines. They form the parallelogram EJCFSF', shown cross hatched. Opposite 
sides of this parallelogram are equal, so that d = f and d' = /. Now if we set 

N' 
u = oo , using Eqs. 13-5a and 13-5b, we get v = /' = -=•> for the point F'; and 

N 
similarly for the other point, setting v = °o , we get u = f = -p Applying the 

angle relationships of parallel lines, triangles, and supplementary angles, it is 
easy to show that the triangles, APFC and ACF'P', are similar. And the 
ratios of corresponding sides of these similar triangles give the Newton 
equation 

ii — f d' NN' 

d = V=J> or (u-f)(v-f') = dd' =//' = -^- 

This Newtonian equation, like the Gauss equation, is concerned with longi- 
tudinal image positions. 

13-7. Nodal Equation 

There is still a third general longitudinal equation for a single refracting 
surface. This equation is called the nodal equation: 

ATu + iV'v NN' K } 

In Fig. 13-10, the deduction of the nodal equation uses the parallel lines 
through P' and Q', and the parallel lines through P and Q. The transector 
line CK is drawn so that the triangles, AKFC and AK'F'C, are isosceles 
and similar, with KF = d and K'F' = d'. An examination of the geometry of 
these figures reveals that the triangle AKSK' is also isosceles and similar, and 

SK = d-f=SK'=f'-d' 

The two points K and K', thus located, are called the nodal points; and we 
designate object and image distances, as measured to or from them, by u 
and v. Thus 

u = PK = u + SK = u + d-f 

v = P'K' = v - SK' = v + d' - /' 

Now if we multiply u— f=u — dbyv— f' = v — d', one product, accord- 
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ing to Eq. 13-6a, is dd', which gives 

u v 

/ N N' \ 

On introducing our former values for d and d' Id' = — = f and d = — = f ' \, 

we get the Eq. 13-7a above. This nodal equation, like the Gauss and Newton 
equations, has the function of predicting the longitudinal location of images. 
For paraxial rays the bisector of the parallelogram angle at C, on which the 
points K and K' lie, will be nearly perpendicular to the optical (£; conse- 
quently, the nodal points for paraxial rays lie approximately at C. 



13-8. Mirrors 

We shall now apply these new results to the concave and convex reflecting 
surfaces of Fig. 13-11. These cases will further illustrate our convention of 
signs. In Fig. 13-1 la, the positive sign is associated with both N and N', in 
the expression of § 13-4 for F, because both incident and emergent rays lie 
on the concave or positive side of the considered surface. Thus with these 
signs for N = N' = 1.0 we get 



u v r 



(a) 



In Fig. 13-1 lb, the negative sign is associated with both N and N', in the 
expression for F, because both incident and emergent rays lie on the convex 
or negative side of the considered surface. Thus these signs yield 



u v r 



(b) 



And the power of this convex mirror is negative as compared to a concave 
mirror of equal radius of curvature. 

A negative sign enters Eq. 13-7a for reflection. This negative sign enters 

FIG. 13-11 The same as Fig. 13-9, but for reflecting surfaces. (Redrawn from 
T. Smith.) 
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FIG. 13-12 Geometry for deducing the nodal equation for a reflecting surface. 
(Redrawn from T. Smith.) 



because our line, CK of Fig. 13-10, that was a bisector of the internal paral- 
lelogram angle at C, is now, in Fig. 13-12, the bisector of an external paral- 
lelogram angle at C. The nodal distances u and v are taken positive or nega- 
tive, according to the same rules that we apply to u and v; namely, positive 
if the light actually passes over the measured distance to the image, etc. 
In Fig. 13-12 v is negative. Using geometry, and considerations based on 
two sets of parallel lines similar to those we applied to Fig. 13-10, we get 
the following expression from Fig. 13-12: 

(c) 



I + U-F 

U V 



And this equation, for reflection, has a sign which is opposite to that of 
Eq. 13-7a for refraction. 



13-9. Parabolic Telescope Mirror 

• The above equations are concerned with spherical mirrors. In a telescope 
used for the purpose of focusing starlight, an aspheric parabolic mirror has a 
more appropriate shape. Parabolic mirrors also have important applications 
in projection, such as for searchlight mirrors and automobile headlamps. We 
shall compare the spherical and parabolic mirror as regards appropriateness 
for these applications. In particular, we shall compare mirrors of a spherical 
and a parabolic contour characterized by 6 inches diameter and r = 100 
inches. These contours are typically produced by amateur telescope makers, 
successively, on a glass disk during the process of making it into a telescope 
mirror. A study of such contours, and of their optical performance, will ex- 
emplify several optical principles. 

Fig. 13-13 shows a typical amateur's telescope using such a parabolic mirror. 
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FIG. 13-13 T3 r pical amateur's telescope. 



Its optical parts consist of the six-inch diameter primary mirror, a smaller 
diagonal flat mirror, and an eyepiece for viewing images formed by the pri- 
mary mirror. These optical parts are held in proper relative alignment by 
means of a telescope tube. This tube, in turn, is mounted on axes so that it 
may be trained on any heavenly object that is to be observed. The mounting 
is arranged so that the tube may be clamped to a driving mechanism which 
will track an observed star, and keep its image centered in the field of the 
eyepiece as the star marches across the heavens. 

The means used to test these contours — namely, the Foucault knife-edge 
test and Gaviola's caustic test — are essentially the experimental inverse of 
mathematical ray tracing : In ray tracing we have a mathematical procedure 
of predicting where rays from a point go. In these two experimental tests 
we have means of determining where the rays from a point source actually 
do go. Such experimental tests can be used either to confirm the predictions 
of theory, or to test and control the perfection of constructions. 

The amateur telescope maker prepares his primary mirror as follows: 
First he cuts out a 6-inch diameter glass disk of about one-inch thickness. 
On one face of the disk, by grinding, he produces a concave spherical surface 
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of r = 100 inches. This disk is ground first with coarse abrasive grits and 
then with finer and finer abrasives until a final grinding, with emery flour, 
produces a surface that will give the transition to specular reflection, at 
i < 80°, that we described at the end of §13-2. Then he polishes this surface 
with a fitting convex pitch tool that is charged with a suspension of rouge in 
water. And finally he figures his mirror to remove zonal errors, and to achieve 
a true spherical contour. In this figuring stage he controls the polishing by 
optical test results and polishes selectively on those areas of the whole glass 
surface that are revealed by test to be relatively high, in respect to an imag- 
ined perfect sphere. After the surface has been made spherical, it is modified 
to the parabolic contour by the same process of selective polishing. 

It is the amateur's first task to make the spherical contour described by the 
expression 

Once this sphere is achieved, his next task is to remove glass selectively, 
and modify this sphere into the desired parabolic contour. The parabolic 
contour finally desired is described by 

The equation t = (x c — x P ) = -^— % defines the glass that must be selec- 

h i 81 

tively removed. At the rim of the sphere t = ^ = g x 1Q8 > giving 10 

microinches as the glass to be removed. This 10 microinches is only half 
of a wavelength of green fight, and yet its removal is very important. We 
shall determine how important it is by comparing the reflected parallel rays 
united by the sphere, before this 10 microinches is removed, with the perfect 
union of them that geometrical optics predicts when they are united by the 
parabola. Although the predicted geometric union by a parabola is perfect, we 
know from physical optics that the radius of the produced blur circle can be 
no less than the radius of Airy's disk. Setting h = 3 inches for the rim of the 
mirror and X = 20 X 10 -6 inches for green light, the radius of Airy's disk 
is predicted by our diffraction theory as 

, on 20 X IP" 6 , . ,- 

1.22 = 4 microradians 

o 

This Airy disk gives a minimum blur circle of 200 microinches, when v = 50 
inches, for r = 100 inches. And this blur radius describes the best union that 
can be expected of the parabolic contour. The character of the union of par- 
allel rays reflected by the sphere may be determined from twice the difference 
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between the slope of the sphere and the slope of the parabola, ( - ) • Multi- 
plied by / = 50 inches, this doubled slope difference gives a predicted devia- 
tion of the marginal rays, reflected by the sphere, of 1350 microinches to one 
side of the paraxial focus. Actually the rays reflected by the sphere, at a 

point defined by the coordinate y, cross over the <fc at a distance j- in front 

of the paraxial focus. A student exercise shows from this that there is a four- 
fold smaller, and minimum geometric blur circle for this sphere, of radius 337 
microinches, lying intermediately between the <£ crossover point for rim rays, 
and the focal point for the paraxial rays. Even so, this 337 microinches blur 
circle radius is larger than the 200 microinches Airy disk radius. It points to 
the need of parabolizing the sphere by selective polishing, or figuring. 

F. Twyman says that a cloth polishing tool of 1^ inches diameter, when 
charged with moist rouge, will normally remove about ^ microinch per 
stroke. This experience of Twyman's illustrates what may be expected in 
the action of a pitch polisher, such as is used for figuring. Thus the 10 micro- 
inches to be removed will require a hundred strokes. Although the work to 
be done is very delicate, the means to do it is equally delicate; and, as we shall 
soon see, the test for controlling the work is also delicate. 

13-10. Foucaulfs Knife-edge Test 

Fig. 13-14a shows a testing arrangement with a pinhole light source near 
the center of curvature of the mirror to be tested. Here a knife-edge is shown 
in partial eclipse of the image at the union of rays that are reflected by 
the tested mirror. The eye is located close enough to the image so that all 
the uneclipsed rays enter its pupil. Such a view of a mirror or lens surface 
is called Maxwell's view. Fig. 13-15a illustrates the uniform illumination 
that is to be expected over the face of the tested mirror when it is a sphere. 

The view of a lens or mirror with the eye at or near the union of focused 
rays, so that the pupil receives them all, is called a Maxwellian view because 
Maxwell, in some of his color mixing experiments, caused several objectives 
to be thus viewed simultaneously and superimposed. 

Fig. 13-14b illustrates the disposition of the eclipsing knife, the tested 
mirror, and an auxiliary test flat, as used when the tested mirror has a true 
parabolic contour. Fig. 13-15b shows the uniform illumination in the Max- 
wellian view that a true parabolic mirror presents by this arrangement. 

Figs. 13-14c and 13-15c relate to the testing arrangement and test result 
for an untrue spherical mirror with a raised intermediate ring zone, sym- 
metrical about the <fc. In a geometrically perfect image, as in Fig. 13-15a, the 
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FIG. 13-14 Foucault test of spherical mirror at its center of curvature (a); test 
of parabolic mirror with auxiliary testing flat (b); test of mirror with symmetrical, 
raised, intermediate error zone (c) . 



rays from the different local areas of the mirror are equally eclipsed when the 
knife-edge is brought into their union. However, for a mirror with an error 
ring zone, such as that in Fig. 13-14c, the rays are less eclipsed where the 
mirror facets tip away from the knife-edge, and these facets on the face of 
the mirror appear relatively brighter when the knife edge is brought into 
the union; and oppositely tipped facets give a relatively darker appearance. 
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FIG. 13-15 Appearance of mir- 
rors under the Foucault test of Fig. 
13-14. 



These appearances are indicated in Fig. 13-15c. While Fig. 13-15a shows the 
view when the mirror is properly spherical, Fig. 13-1 6b shows it as viewed 
with the arrangement of Fig. 13-14a, after it is parabolized. The difference 
between the parabola and sphere at the best focus appears as a broad inter- 
mediate raised zone, qualitatively like that above at c. Fig. 13-16a shows 
the Maxwellian view appearance for a spherical mirror when tested with the 
setup of Fig. 13-1 4b. When the sphere is viewed in this parabola testing setup 
it appears to have a raised intermediate zone somewhat like that exhibited 
by the parabola at b. The setup of Fig. 13-14b requires a true testing flat. 
Without such an auxiliary mirror, the amateur is reduced to figuring his 
mirror so that it appears qualitatively as shown at Fig. 13-16b and determin- 
ing if it is quantitatively correct by means of knife-edge test measurements. 
A "coincident" pinhole light source and knife-edge is convenient for carry- 
ing out Foucault's test, as well as for use with the Gaviola test described in 
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FIG. 13-16 Appearance of mirrors under the Foucault test of Fig. 13-14. 



the next section. This coincidence is achieved by means of a beam-splitter 
mirror, such as is shown in Fig. 13-17, the whole device being mounted so 
that its motion is measurable. 

By means of a measurement of longitudinal aberration, the amateur may 
determine, semi-quantitatively, from the appearance of his mirror as shown 
in Fig. 13-16b, when he has the correct quantitative departure from a sphere. 
The longitudinal aberration of a parabola is the difference between the <fc 

FIG. 13-17 Coincident source and knife edge, to avoid parallax. 
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cross-over for paraxial rays at ~> and the cross-over point on the <fc for par- 
allel rays returned by the zone of the parabolic mirror at y. This cross-over 
point, experimentally, is the point where the returned rays from the zone y, 
on each side of the center of the mirror, are simultaneously cut off by the 
"coincident" knife-edge. From geometry these two cross-over points for a 
true parabola are found to be separated, longitudinally, by the amount 

y 2 

%i = k~> as shown in Fig. 13-18. Although a parabolic mirror can be surveyed 

by determining the cross-over points for a set of contiguous zones laid out 
across the face of the mirror, a much better quantitative test has been devised 
by Dr. Enrique Gaviola, and it is illustrated by Fig. 13-18, and described 
below. 



13-11. Gaviola 3 s Caustic Test 

Dr. Gaviola's test applies to the survey of deviations of a mirror surface 
from a true parabolic shape. The surveyed deviations are assumed to be 
symmetrical about the <|), which is a realistic assumption. Gaviola's method 
is based on the fact that centers of curvature, in the plane of a diametrical 
section through the center of a true parabolic mirror shape, do not lie on the <|). 
Rather, they lie off the center line on a curve called the caustic. The facet 
of the parabola, Ay i} of Fig. 13-18, for example, has its center of curvature 



FIG. 13-18 Geometry of Gaviola's test with knife edge on the caustic. 
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at the point (£,-,17,) in the auxiliary coordinate system shown. The relation- 
ships between these caustic coordinates (£1,17*) and the parabola facets, 
(%i,yi), are given by analytic geometry as 



*-!£ *-<(9 -*•(©, 



A Gaviola survey of the parabolic mirror, using these caustic coordinates, 
involves the following steps to determine improper inclination of such zones 
as that shown, A?/,-: We divide a strip across the center of the parabola into 
a succession of facets of equal width, Ay*. For a particular one of these facets, 
centered at yi as shown, we set the source-and-knife gadget where its center 
of curvature should lie if the parabola were true, that is at (£;,??;). If this 
zonal facet at y t has the correct inclination then the source-and-knife should 
he on its center of curvature. If, however, the mirror is not a true parabola, 
then the source-knife gadget must be moved, say, to 77/. Here the light 
reflected at yt will be returned on itself, and (77 / — 17*) determines the angle 
of improper inclination, e». After the improper inclinations of all facets have 
been determined, we may calculate the curve of shape of the mirror surface. 
At each facet the linear increment of deviation is u^yi) and the accumulation 
of such linear deviations determines the curve of shape. The aggregate devia- 
tions are 

1=1 

The procedure of determining the e/s consists of the following steps. First, 
by means of the "coincident" pinhole light source and knife-edge of Fig. 13-17, 
we determine r for the central zone of the parabola. Second, by means of 
this r , and formulas given above, we calculate the coordinates of the caustic, 
£ and 77. Thirdly, we move the knife-edge device from the center of curvature 
just determined to the calculated point (£,-,17,), for testing the uncovered facet 
at yi. Then we make the "further shift" to 77/, at £,-, so that the knife-edge 
device is brought to lie perpendicular to the facet. The improper inclination, 
e», is proportional to the perpendicular component, i.e., (77/ — 77;) cos <p. 
Finally, this component is divided by the parabola's local radius of curvature 
to give the inclination e*. The local radius, r i} is 



"-MS'} 



3/2 



This procedure is repeated for all the facets of the mirror, so that the curve 
of shape may be determined by the sum given above. 

The zones, Ay it should be taken narrow compared to any residual errors 
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of figure which are to be measured and removed. Very narrow zonal er- 
rors can be seen with much greater sensitivity when they are examined 
from the caustic than when they are examined with the Fig. 13-17 source- 
and-knife-edge device located on the optical <£. 



Chapter XIV 



Images of Points by Systems 
of Surfaces 



In this chapter we extend our treatment of images to include images formed 
by two or more reflecting or refracting surfaces in cascade — their centers of 
curvature being all on the common optical center line, (J). We consider that 
successive refractions by successive surfaces give successive images of the 
rays coming from an object point source on this <fc. In this chapter our con- 
cern is with the so-called longitudinal equations, giving the successive and 
final longitudinal image locations on the <|). In the next chapter we shall con- 
tinue these considerations but with the point source moved off the <fc, bringing 
us to the concepts of magnification and field. 

We first consider refractions produced by the two plane surfaces of a par- 
allel plate, and then deviations produced by the two plane surfaces of prisms. 
Then we pass on to images produced by the curved surfaces of lenses — first 
the two surfaces of a thin lens; then thick lenses; and finally combinations 
of lenses. 

14-1. Plane Parallel Plate, and Prisms 

Two plane surfaces successively refracting light rays from an object point 
produce virtual images. Fig. 14-1 shows a tipping plane parallel plate of thick- 
ness d and illustrates how its tipping is used to produce a lateral displacement 
of light rays (and images). This plate may be used for measuring small angular 
deflections of a light ray, such as deflections of a mirror galvanometer pro- 
duce. In this particular usage, the beam after the galvanometer response 
is returned to its original undeflected position by a measured rotation of 
the tipping plane parallel plate. Such a return can be accomplished far more 

301 



302 • Images of Points by Systems of Surfaces [ch. xiv] 




FIG. 14-1 Geometry of tipping-plate 
ray-displacement device. 



precisely than the galvanometer deflection can be read on the scale directly. 
In Fig. 14-1, the displacement is seen to be 

(BD — BC) cos i — d cos i (tan i — tan r) = d sin i ( 1 — ... ) 

\ Ncosr/ 

and if i is a small angle, the expression reduces to 

(— ^— )dsint 

Fig. 14-2 shows several other considerations of the imaging effects of a 
plane parallel plate for rays diverging from a point P. In a the image of P h 
after one refraction, is P/; and the image of this image, after a second refrac- 
tion, lies at P 2 '. Pz is separated from P x ' by the longitudinal distance 

= d I — — — J- The student can derive this equation easily; but we know 



Ax 



FIG. 14-2 Geometric optics of plane parallel plate. 
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it is correct since the distance from P 2 ', perpendicular to the ray from Pi, 
is Ax sin i. This is just the lateral displacement we found, in the last paragraph, 
to be produced by our tipping plate. 

In Fig. 14-2b, two rays of an oblique pencil of rays from P, which lie in 
the plane of the figure, are refracted at S and S', respectively. And the re- 
fracted rays appear to diverge from the point P m '. However, a third ray in 
the pencil, which lies at the same angle to the (£ as the one refracted at S, 
but above or below S, will appear to originate from the same point as the ray 
through S, at the point P» which lies on the (£. The rays in a plane that are 
bounded by a pair of rays is called a fan of rays. Thus a fan of rays in the 
plane of the figure appears to come from P m ', while a fan of rays in a plane 
perpendicular to the plane of the figure appears to come from P/. Here we 
have a simple example of astigmatism, an aberration we shall encounter in 
further detail in Chapter XVI. 

Fig. 14-2c shows the two astigmatic virtual images of two such fans of rays 
when the object point P does not lie on the surface of the parallel plate. 

In the case of the prism, we shall treat one ray that is deviated successively 
by its two surfaces. Fig. 14-3 shows the prism penetrated symmetrically at a, 
and unsymmetrically at b. For convenience we call the refracting angle of 
the prism 2<p . Also, we call the total angular deviation for case (a) 25 . In 
this symmetrical case the angle of refraction at the first face, or the angle of 
internal incidence at the second, is r = i' — <p . The angle of incidence at the 
first face, or of refraction at the second face, is i = r' = (8 + <po). Applying 
Snell's law, 

N = sin Qo + dp) 
sin <po 

When (po is small this expression reduces to 5 



(N - l)^o. 



FIG. 14-3 Geometric optics of prism worked on (a) and off (b) minimum devia- 
tion. 
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304 • Images of Points by Systems of Surfaces [ch. xiv] 

The non-symmetrical penetration of this prism is best considered by taking 
the total prism angle, 2<p , as being comprised of two unequal half prisms. 
For one reason, we already have the expression which covers each half prism. 
Each is penetrated symmetrically since the internal ray in Fig. 14-3b is 
perpendicular to the line A B which divides the total prism angle, now un- 
equally. The line AB divides the refracting angle into angular parts: <pi, 
half of a prism of angle 2pi; and <pi, half of a prism of angle 2<p 2 . We represent 
the total deviation in this case, similarly, by two unequal half deviations: 
fa and fa. This procedure makes it possible to treat this non-symmetrical 
case as the composite of two parts: one with n = <pi; and the other with 
r 2 = <p 2 ; and with k = (Si + <pi) and i 2 = (fa + &). Since our total prism 
angle is 2<p , it follows that the half prism angles of the parts are <pi = <p + &<p 
and <P2 — <Po — &<P- To get the total deviation for an only slightly non-sym- 
metrical penetration we use the following first and second derivatives of the 

component deviations: From j- = ; > obtained from SnelPs law, 

clt tan r 

d(S) d . . N tan i . 

-±-l = — (t — r) = 1 

dip dr tan r 

d 2 (S) ^ N d_ /cos r\ = N sinr / tan 2 i _ A > Q 
dip 2 dr \cos i) cos i \tan 2 r J 

With these derivatives we may express the component deviations, fa and fa, 
as Taylor series. Recalling that (A<p) for prism #1 is (— A<p) for prism #2, 
these deviations become 

* . d ( 8 ) /AN, 1 d2 ( 8 ) / A^2l 

52 = 5o + d7 ( ~ A * } + 2\~dv ( ~ A<p) + "' 

The total deviation for the non-symmetrical case, adding, becomes 

fa + fa = 25o + ^ (A*,) 2 

This deviation is greater for any penetration which is not symmetrical, since 
(A<p) 2 and its coefficient are both positive. Thus the symmetrical penetration, 
with its simplest mathematical description, corresponds to a minimum of 
deviation. 

If the prism angle is fixed and we examine the variation of (5i -f 5 2 ) with X, 
using this mathematical expression for minimum deviation, we get the angu- 
lar dispersion 
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Zenger prism 



Amici prisrh 



/ lipoid 
Wernicke orism XWvTNN Nf 



Wernicke prism 
equivalent to two 
Zenger prisms 



Thollon prism 



These lines show how the prism 
is composed of two 50* and one Ari 

prism. 




Rotation 
about the inter- 
section of the prism 
bisector and the mirror 
plane keeps Ay constant. 

Wads worth prism and 
mirror arrangement 



P«l I in -Brocc prism 



FIG. 14-4 Various composite prisms and various methods of working prisms. 



j 7V7" 

—r~ is an intrinsic property of the prism material, and it can be obtained from 
a\ 

Cauchy's equation of § 4-6. Differentiating N sin <po = sin (5 + <p ), for the 

symmetrical and near symmetrical cases, we get 

1 



d /* . * \ 2 sin <p 

w (Si + 5a) = vr — 



or 



<Po = 30 c 



AT 2 sin 2 «, Vl - iN 2 

Sometimes composite prisms are used as shown in Fig. 14-4. For example, 
the Zenger prism is a composite of two right angle prisms, made of different 
glasses, with the components arranged hypotenuse to hypotenuse to form a 
right parallelepiped of glass. Glasses of nearly the same index for the yellow 
light, but of different dispersion, are chosen for this composite. This composite 
prism is often used for making a direct vision spectroscope. The Wernicke or 
Amici prism is a composite of three prisms, as shown. With such a 3-compo- 
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nent prism J. Duclaux and G. Ahier [cf. Rev. d'Optique 17 417 (1938)] achieved 
an angular dispersion equal to that of 6 prisms of heavy flint glass, and, at 
the same time, with higher transmission. The transmission was higher because 
dispersion grows rapidly as the angle of incidence at a solid-solid interface 
increases, whereas light loss by reflection at the solid-solid interface grows 
more slowly. A further advantage in using this type of prism lies in the 
fact that the spectrum is less polarized by differential a and ir interface 
reflections. 

Fig. 14-4 shows the Pellin-Broca prism and the Wadsworth prism-and- 
mirror combination. These arrangements are used in constant deviation mon- 
ochromators. In both, <pi = <pi = <p is invariant at 30°. The total constant 
deviation is 90° for the Pellin-Broca prism. The total constant deviation is 0° 
for the Wadsworth arrangement. The light that emerges through the exit 
slit penetrates the entering and emerging prism refracting surfaces equally 
in both cases. Only the Pellin-Broca prism, or the Wadsworth arrangement, 
is rotated in order to vary the wavelength of the light passed by the exit slit. 
In either case, as the wavelengths are varied by rotation, this light is always 
dispersed as by a 60° prism used at minimum deviation. 

14-2. Longitudinal Gaussian Equations 

In our considerations so far, with paraxial rays, the rays from the point 
source have been considered limited so that they strike the refracting surface 
only near the optical center line (j). In the case of a single refracting or reflect- 
ing surface, or thin lens, the radius of the rim h sets this limit on the extent 
of the wave front which is focused. Half the angle that this rim subtends at 
the object is called the angular aperture. Correspondingly, half the angle that 
this rim subtends at the image is called the angle of projection. When an iris 
aperture, centered on the (J), is in front of the lens it may determine the angu- 
lar aperture. And correspondingly, the half angle that the image of such a 
limiting iris rim subtends in image space at the image point is the angle of 
projection. For the present we shall ignore the relationship which exists be- 
tween these angles and simply take both the angular aperture and the angle 
of projection as small. 

Fig. 14-5a shows two rays from the object point Pi, located on the (£ of a 
lens. One of the rays runs along the (£ itself to Vi, and the other, refracted at Si 
and Si, is returned to the (£ at the cross-over point P 2 '. There is an inter- 
mediate virtual cross-over point, at Pi or P 2 . The refractions at Si, and at S 2 , 
are illustrated separately in the figure at b and c. For paraxial rays, if Pi is a 
point source of light, P 2 ' is its final image. Pi', or P 2 , is both an image for first 
surface refraction at Si, and an object for the second surface refraction at $2. 
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FIG. 14-5 Image location for a thick lens and for combinations of lenses. 



The distances u x and V\ } measured to and from Si, as well as w 2 and v 2 , meas- 
ured to and from $ 2 , are reckoned positive or negative according to our sign 
conventions of the previous chapters. Thus, in Fig. 14-5, w 2 is a negative 
quantity, while vi and v 2 are positives. These distances for paraxial rays be- 
come substantially equal to the distances along the <fc from Vi and V 2 . Taking 
cos <p and cos <p' as unity, the powers for the two refracting surfaces of our 
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FIG. 14-6 Illustration of convention to 
assign signs to N's. 



vef lection. 

lens are obtained from our formula of the preceding chapter for F, invoking 
the rule given there for ascribing signs to the incident and emergent indices. 
Fig. 14-6 repeats the rule for the formula of § 13-4. 



fi = 



N - 1 



F 2 = 



-1 +N 



n r 2 

Here the emergent rays for the first surface are the incident rays for the sec- 
ond ; both emergence and subsequent incidence are on the concave or positive 
side of their respective refracting surfaces. A positive sign is thus associated 
with N in both inside cases, with a negative sign associated with the outside 
index on the convex side of each refracting surface. 

If we take the limiting case where Si and $2 lie near Vi and F2, since — u 2 
is positive we may write u 2 = d — v\. Here d is the separation of Vi and V2 
along the (£. The equations for the two surfaces become 



1 , N „ 

- + - = F X giving 



Vi = 



Nux 



d 



— + - = F* giving 



UiFx - 1 

Vi = d — 



Nvi 



V2F2 — 1 



When d is negligible, compared to the w's and v's, we can easily eliminate vi, 
and get the so-called thin lens equation: 



- + - = 7^1 + ^2 = ^ 
Mi V 2 



(a) 



Here Fi and F 2 are the powers of the cascaded lens surfaces, and $7 is the power 
of the lens as a whole. 

If d is not negligible, writing t = -r^> we can eliminate vi, although not quite 

so quickly. Then we get the so-called thick lens equation. After first eliminat- 
ing v\, we get 
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_i_ / Fit - 1 \ . / Fit - 1 \ 

UlV2 + Ul \fTTf7^~Kf7t) + " 2 U + ft - W 



ft + ft - FiF 2 t 
It will turn out that the power of this thick lens as a whole is the recurrent 
denominator in the expression above. This power is represented by CF, and 

3= = ft + Ft - ftftr 

Rearranging terms, 

, Fit F 2 t 1 , . . . 

U1V2 + — Mi + — v 2 = ~ (Mi + v 2 + t) 

If we add — — r 2 to both sides of the above equation, the left side can then 
be factored : 

And, since adding — *— ? t 2 to t yields f lT — - )> the right side becomes 

Now, on dividing both the right and the left side by the two factors on the 
left, while multiplying both by SF, we get 

1 + ~^Z = * (b) 



, ftr ' . Fit 

Ul + T U2 + ~V 

From this equation it appears that if we measure object and image distances 
not from Vi and V 2 , as before, but from points at certain distances inside the 
V's, these certain distances being independent of Wi and v 2 , then the equation 
takes on the familiar Gaussian form that our thin lens equation had : 

i+b = * go 

The two points from which object and image distances are now to be meas- 

ured lie inside the thick lens surfaces by the amounts — zr and — ^- Surfaces 

v JF 

through these two points, perpendicular to the (£, are called principal sur- 
faces and sometimes unit surfaces. As T. Smith puts it, ". . . it is evident 
that the distance of a unit surface from the corresponding refracting surface 
is approximately a constant fraction of the lens thickness in that neighbor- 
hood, so that the unit surfaces are necessarily curved like the refracting sur- 
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FIG. 14-7 Location of principal planes for various lenses. (Redrawn from Mor- 
gan.) 



faces themselves. If, however, we are only dealing with rays refracted at a 
small distance from the axis of a lens, the longitudinal error that we shall 
make by treating the unit surfaces as planes will be very small. It is only 
under these conditions that we are justified in using the conception of unit 
planes." Fig. 14-7 shows some examples of the positions of these unit planes, 
labeled H and H', for various lenses. We can combine formulas for two 
thick lenses, mathematically, in the same manner that we have just combined 
them for two single refracting surfaces. We combine 

1 , 1 u 1 , 1 

— + — ; = JFi With -j > + — 7 = ^2 

(J\ <7l Cb — <J\ 0"2 

where d here is the distance from the last principal plane for the first lens, 
Hi, to the first principal plane of the second, H 2 . These four planes are shown 
in Fig. 14-5d, and the two corresponding thick lenses in 5e. Now since the 
equations for these two thick lenses are of the same mathematical form as 
the equations which represented refractions of the two single surfaces of our 
thin lens, or of a single thick lens, similar algebraic operations will lead to a 
similar result ; namely, 
1 1 



0"! + — 0"2 + 



= $ 



Here <i> is the focal power of the two thick lenses, en ensemble, and 

$ = JFi + ^2 - SFiSFtfJ (c) 

And the principal planes of this combination, 3C and 3C', lie at the distances 

-^- and -^- inside of Hi and H%. 
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Of course we can extend such considerations to combinations of combina- 
tions, all in an entirely analogous mathematical manner. 



14-3. Longitudinal Newtonian Equations 

In addition to the principal or unit planes, there are other fiducial points 
from which object and image positions on the <£ can be located. Object and 
image positions may be located by measuring from the principal foci (of a 
thin lens, a thick lens, or a combination). These principal foci on the <fc are 
labeled F and F'. The point F indicates the object position that gives an image 
at infinity, while F' is the image formed by parallel light from an object at 
infinity. We are already familiar with the Newtonian equation from our 
previous deduction with the equations for the single surface in § 13-6. There 
we measured the object position by (u — f) and the image position by (v - /'), 
where / and /' were slant distances measured to the refracting surface. 
For a thick lens, the locations of the principal foci are obtained first by setting 

a' = oo and then a = » . These foci are / = - as measured from the princi- 
pal planes. With j written for $, Eq. 14-2 b' can be written 

1 + X 



(*-/)+/ ' W-f)+f f 

Now we multiply the terms of this expression by the least common de- 
nominator and represent (<r — f) by x, and {a' — f) by x' . 

(<7-f)(<r f -f)=P = xx' (a) 

This is in the Newtonian form of the thick lens equation. 

Fig. 14-8 illustrates a procedure by which the focal points and principal 
points for a thick lens may be experimentally determined. Here two screens 
with pinhole apertures in them, P and P', are separated by the fixed distance 
X. Three operations are involved: Firstly, we set the lens at A so that light 
from the first pinhole is focused back to a sharp image alongside P when 
returned through the lens by a tipped plane mirror M. This returned light 
is in focus, or autocollimated, when the first principal point F is at P. Then 
the distance, u F = PV h may be measured. Secondly, we remove M and set 
the lens at B so that the pinhole at P is sharply focused on P'. The shift 
from A to B determines a Newtonian distance x. Thirdly, we replace M and 
move the lens to C, where we autocollimate the pinhole source at P' back on 
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FIG. 14-8 Procedures to determine the principal planes and principal foci of a 
thick lens. 



itself, and measure the distance, u F > = V 2 P'. The shift from B to C determines 
the second Newtonian distance x'. The focal length of the lens is 

/ = \ / xx' 
The experimental measurements may be checked by the relation 

X — (u F + u F > + x + x') = d 

where d is the overall thickness of the lens. The principal planes are at the 
distances (/ - u F ) and (/ - u F ,), behind V x and V 2 . This procedure works 
for a compound lens as well as a single thick or thin lens. 



14-4. Immersion Lenses 

In our consideration of systems of surfaces, above, we have taken the indices 
of the initial object space and final image space as both being unity. The 
index of refraction of object and image space is always different for a single, 
or an odd number of surface refractions. In optical systems with more than 
one refracting surface, the initial and final indices are thus often different— 
the most notable case, of course, being the eye itself. Equations similar to 
those developed above for the thick lens may be set up for these cases; and 
they may be manipulated with a similar algebra. For a thick lens of index N 2 

separating two media of indices Ni and N*. we have F x = ± Nl ^ N * 
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and F 2 = ± — -• Appropriate signs are, of course, to be prefixed to the 

iV's according to our curvature convention of § 13-4. The equation for such 
a thick lens, with different indices of object and image space, derives in a 
familiar manner. 



Ni . N 2 „ 

— + — = /?! giving 

U\ V 2 

N 2 . N* „ 
+ — = p giving 

a — vi v 2 



N 2 



Ui 



uiFi - Ni 

jh d 

N 2 ~ N 2 v 2 F 2 - N, 



v% 



If now we write tt = r, and let %- = ai and -Jj- = V, then our expressions 

J\ 2 ■/» 1 * v 2 

have the same form as before, and we may write their solution by analogy, 
using 5 = Fi -\- F 2 — F x F 2 t. Finally, returning from 11 and V to w x and v 2 , 
we get 

1.1 Ni , Nz 



wi_ , Fjr v 2 , Fit 



Ml + 



NiF 2 t 



+ 



V2 + 



NzFit 



= 5 



(a) 



FH &sf = —> and #'F' as/' = — 2 - Here the /'s are measured from princi 



Setting first v 2 and then Mi infinite, we get the focal distances above: 

Ni 

pal planes. 

The normal eye with its characteristic optical parameters is illustrated in 
Fig. 14-9. Here we have three refracting surfaces. The index of object space is 
iVi = 1.0; and of the final image space, Nz = 1.336; while the index of the 
intermediate immersed crystalline lens is 1.413. Typical radii of curvature at 
dielectric interfaces are indicated in the figure. 

f — * r t ~7.8 mm 

H*"" w r 3 = 6.0 mm 

fovea. 




nerve- 



FIG. 14-9 Gullstrand's eye. (Redrawn 
from Martin.) 
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14-5. Freedom from Spherical Aberration 

Although we shall consider the aberrations for off-axis objects in the next 
chapter, it is appropriate here for us to touch on spherical aberration. A lens 
begins to show imperfect union of the marginal rays that it collects from an 
object on the <fc when the aperture is enlarged so that these marginal rays 
are no longer refracted at points which lie close to the optical axis. We have 
seen, in the last chapter, how this imperfect union, called longitudinal spher- 
ical aberration, enters at the rim of a spherical mirror used to focus parallel 
light. 

Certain systems are free from spherical aberration when they are worked at 
certain conjugate points. Fig. 14-10 shows two examples of such systems; one 
is worked in refraction, and the other is worked in reflection. The first is a 
sphere worked in refraction at the conjugate points P and P'. The second is 
comprised of two mirrors — a spherical reflector at Si, and a cardioid reflector 
at $ 2 . In the refraction example, converging monochromatic light incident 
on the sphere "from" the virtual object point P is refracted without longi- 
tudinal aberration to a real image point P'. P lies at a distance Nr to the 

right of the center of curvature C, while P' lies at a distance tt to its right. 

In the reflection example, rays of white light parallel to the <fc, but displaced 
variable distances h from it, are all focused after two reflections at a common 
image point P'. 

In Fig. 14-10a, if we consider the triangles, APCS and AP'CS in the figure, 
it becomes apparent that all incident rays directed toward P are refracted 
toward P'. These triangles are similar because they have a common side and 



FIG. 14-10 Aplanatic points of the sphere (a) and of the Siedentopf cardioid 
mirror (b). 




mirror 



pdO^\sn _ cardioid 



^jrttrror 



Pa! c\ |P 



r r n 



sphere- of 



[§ 14-6] Spherical Aberration of a Lens • 315 

angle at C, and because the ratio of the sides which enclose this angle, for 
either triangle, is N. Therefore the angle <p' at S of the smaller triangle is 
equal to the angle at P of the larger triangle. Applying the law of sines, 

r_ 

Nr r N r . . sin <p AT 

giving -t— - -, = N 



sin<p sin0' sin<p' sin 0' & & sin <p 
Since these relationships fulfill the requirements of Snell's law, the refractions 
deviate all rays' toward P' that are incidentally directed toward P to give 
an image without spherical aberration. 

In Fig. 14-10b parallel rays from infinity are first reflected by the convex 
sphere, centered at C, like the one at Si. Then they are again reflected by the 
concave cardioid mirror, as at >S 2 . This mirror has the special shape of a cardi- 
oid of revolution — a section of it is expressed in a polar coordinate system 
by the equation p = r(l + cos 0), where r is here the radius of the sphere 
centered at C. The twice reflected rays are focused at the origin of the polar 

coordinate system, as we shall show, and at a distance - behind C. The angles 

labeled <p in the figure, for the representative ray, are all equal; the triangle 
AQSiC is therefore an isosceles triangle; and Q, from which the ray appears to 

come after reflection at Si, lies at a distance to the left of C on the <fc. 

Z COS <p 

Now consider this ray reflected at S 2 , a point defined by the radial coordinate p 
and angle 0. By the law of reflection, this ray must be deviated at £ 2 through 
twice the angle which lies between the line perpendicular to P'S 2 and the 
tangent to the cardioid surface; that is, through twice the angle whose tangent 

is \^r A0 -¥■ pAd [• Differentiation of p gives this tangent as — — — — > which 
[ad J l ~r cos v 

is tan |- Thus the total deviation at £ 2 is 0; and the triangle AQS 2 P' is also 

isosceles. Now if AQS 2 P' and AQSiC are both isosceles, with a common 
angle at Q, then and <p are equal, and the ray in question goes through P'. 

14-6. Spherical Aberration of a Lens 

Having described two systems that are free of spherical aberration, let us 
turn to the consideration of the spherical aberration of a simple lens. This 
aberration depends both on object and image distances, and on the two lens 
surface curvatures. Although spherical aberration of a simple lens may be 
minimized by choice of a suitable shape, it cannot be eliminated. The longi- 
tudinal spherical aberration of a simple lens has been described analytically 
in the Paper No. 461 of the Bureau of Standards. It is described in terms of 
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four index of refraction parameters, and two others; an object and image 
position parameter r, and a lens shape parameter a. These last two param- 
eters are : 

_ V% — U\ 
Vi + Wi 

r 2 + n 
<r = 

r 2 — n 
Here, in this a formula alone we ascribe signs to the r's, and' use the conven- 
tion that r is positive if light is incident on the convex side, and negative if 
it is incident on the concave side. 

The four index of refraction parameters are : 

a = s/iN^-iy for N== r a = L166 

N -f 1 
6 = 2N(N - 1) * = 1 - 666 

c = ^±- 2 c = 0.542 

8N 

N 2 
d = S(N - 1)« d = L125 

Spherical aberration will be described in terms of how far the cross-over point, 
for rays refracted at a distance h from V, misses the paraxial focal point. 
This difference, Av 2 , is given by the Bureau of Standards expression as follows : 



^ = -A (±\ = % (aa* + bar + *> + d) 



As an example, consider that a thin lens focuses parallel light; i.e., Ui = <x> . 
Then we have r = —1.0. Mathematical manipulations soon show that the 
expression above cannot be made zero by any possible choice of a, although 
we can find a a which will give a minimum of longitudinal aberration. This 

minimum is gotten from the derivative of A ( — J with respect to <r. On setting 

this derivative equal to zero we get 



_ _ b_ 

° mia ~ 2a T 



--«*-»[££] 



For parallel light we find that the incident and emergent surfaces of a lens 
of N = 1.5 should both be convex, with the ratio of radii of emergent and 
incident surfaces —6 to 1. But for a lens of index iV = 2.0, we find that the 
incident surface should be convex with £ the radius of an emergent concave 
surface. Fig. 14-11 not only illustrates these two cases diagrammatically, 
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FIG. 14-11 Longitudinal spherical aberration minimized for N = 1.5 and N = 2. 



but shows that our minimum of spherical aberration is considerably smaller 

for the higher index lens, even when it is a thick lens. 

In the preceding chapter we saw that the longitudinal aberration of a 

h? h 2 
spherical mirror had the value -j— > or 0.125 z This value is less than the 

4/"o /mirror 

minimum spherical aberration of a lens. For a lens characterized by t = — 1.0 

5 h? 

and crmin = *> of index N = 1.5, we get the value 1.07 - — for the minimum 

7 Jlens 

spherical aberration. This eightfold larger value shows that a lens with nega- 
tive /i e n 8 could easily have the same magnitude of longitudinal spherical 
aberration as a mirror, but with opposite sign. 

A. F. E. Mangin (1876) was the first to use a compensating lens for mir- 
ror aberrations. He did this by silvering the convex side of a diverging 
meniscus lens, such as is shown in Fig. 14-12a. The curvatures of this lens, 



FIG. 14-12 Mangin mirror and Bouwers' catadioptric system. 
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when correctly chosen, give freedom from both spherical aberration and coma. 
But the field of this combination is small. The center of curvature of the un- 
silvered face of the meniscus lens lies approximately at the focus of the 
combination. 

A. Bouwers was the first to recognize and use these compensating longi- 
tudinal aberrations in a separated combination, with the lens at the center 
of curvature of the mirror. Fig. 14-12b shows his use of a relatively large lens 
aberration, with relatively small power. The quotation below from his 
Achievements in Optics describes this use. His use retains most of the desir- 
able achromatic power of a concave spherical mirror while correcting its 
undesired spherical aberration with a weak negative lens. In the words of 
Bouwers :f 

"It is more or less obvious that a spherical mirror, combined with a suit- 
able lens or system of lenses, should produce reasonable images. In recent 
literature there are some interesting examples of such combinations in which 
the negative curvature of the mirror image is compensated by the positive 
curvature of the lens system. It is possible to treat systems so far published 
along the usual lines with the application of the well-known theories of 
aberrations. 

"Instead of following this 'classical' course, we have tried to retain as many 
as possible of the excellent properties of the spherical mirror, accepting the 
curved images produced by it. We have reasoned approximately along the 
following lines. Let us place before the mirror and centred with it a single 
negative lens of a given small power, say a twentieth of the power of the 
mirror, its focal distance being thus twenty times the focal distance of 
the mirror. This lens does not materially alter the power of the mirror nor the 
curvature of the image, but the system will probably show a considerable 
amount of spherical aberration, although less so than the mirror would alone. 

"We may now replace the negative lens by another one of the same power 
but another degree of 'bending' ; perhaps such that its spherical aberration, 
increasing with the degree of bending, is comparable with the spherical 
aberration of the mirror of opposite sign and thus more or less compensating it. 

"Experiments in this direction were at once surprisingly successful, and 
we shall show in the course of this paragraph that these good results may be 
easily explained a posteriori. 

"For the sake of curiosity we have reproduced in [Fig. 14-11] a sketch of 
one of the first successful experimental systems, which, used as a camera 
with relative aperture of very nearly// 1.0, produced [an excellent photograph] 
in less than a tenth of a second without any special illumination. The result 
was the m ore striking as both mirror and corrector were commercial spectacle- 
t From A. Bouwers, Achievements in Optics (1946, Elsevier Publishing Co., New York). 
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glasses of the meniscus type, bought at an optician's. The concave surface 
of one of the glasses was covered with aluminium by evaporization in vacuo, 
and used as mirror, and the other meniscus was used as corrector." f 



14-7. Longitudinal Chromatic Aberration 

It is the property of a mirror to redirect the propagation of all wavelengths 
equally; hence the images that mirrors form are free from color, or chromatic 
aberration. The power of a lens is determined by the powers of its surfaces, 

Ni ± iV 2 
F = ± > and since these F's contain indices of refraction, they conse- 
quently vary with wavelength. This variation causes the so-called longi- 
tudinal chromatic aberration of a lens when it forms images of white light 
objects. 

In this section we shall consider two simple combinations of lenses, made 
of properly chosen glasses, and so contrived as to give minimal longitudinal 
chromatic aberration. The power of the separate lens components may be 
expressed as 

(Ni - l)Si and (N* - 1)& 

where S is a shape factor determined by the r's of the component surfaces. 
The power of a doublet combination of these components, $, when the com- 
ponents are separated by a distance, d, will be 

<f> = ffi + ^2 — JFi^d 

In geometrical optics we define the variation of N with X to first approxi- 
mation, for a particular glass, by the quantity v, called the reciprocal dis- 
persion. If Nv, N F , and N c are indices of refraction for a particular glass 

o 

at the wavelengths of the Fraunhofer lines D, F, and C, at X D = 5892 A, 

o 

Xf = 4861 A, and X c = 6563 A, the reciprocal dispersion is defined as 

_ JVp- 1 

V N F - N c 

Intermediate partial dispersions define the details of the manner in which N 
varies through the intermediate wavelengths, when the above v value, alone, 
does not define the glass adequately. 

If a doublet lens has a minimal longitudinal chromatic aberration, its $ 

will satisfy the equation — = 0. We shall examine two possible ways of sat- 

oX 

isfying this equation. 

First, let us consider that we have a doublet made of two different glasses 
t This experiment was carried out in August 1940 at Eindhoven. 
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in contact, so that we can set d = 0. If d = 0, then the partial derivative of 
$ is zero when 

dN x dN 2 

We now introduce v into this equation, using ( -r^ r- ^ ) for — — *• Writing 

\ Af — Ac /i oa 

§N = ( S(Nt> - 1) \ / AT F - iVA = ff 

a\ V A F - Xc / \ #d - 1 / (Xf - Xc> 



the condition for — =0 becomes 
oh 

s + a-o 

It is possible to satisfy this relationship when one component is made of crown 
glass and the other is made of flint glass. The achromatic doublet is the 
realization of this possibility. Below we quote the early history of such doub- 
lets as that history appears in Louis Bell's The Telescope:^ 

"Chester Moor Hall, Esq. (1704-1771) a gentleman of Essex, designed and 
caused to be constructed the first achromatic telescope, with an objective of 
crown and flint glass. He is stated to have been studying the problem for 
several years, led to it by the erroneous belief (shared by Gregory long before) 
that the human eye was an example of an achromatic instrument. 

"Be this as it may, Hall had his telescopes made by George Bast of London 
at least as early as 1733, and according to the best available evidence several 
instruments were produced, one of them of above 2 inches aperture on a 
focal length of about 20 inches (F/8) and further, subsequently such instru- 
ments were made and sold by Bast and other opticians. 

"These facts are clear and yet, with knowledge of them among London 
workmen as well as among Hall's friends, the invention made no impression, 
until it was again brought to light, and patented, by the celebrated John 
Dollond (1706-1761) in the year 1758. 

"Physical considerations give a clue to this singular neglect. The only 
glasses differing materially in dispersion available in Hall's day were the 
ordinary crown, and such flint as was in use in the glass cutting trade, — 
what we would now know as a light flint, and far from homogeneous at that. 

"Out of such material it was practically very hard (as the Dollonds quickly 
found) to make a double objective decently free from spherical aberration, 
especially for one working, as Hall quite assuredly did, by rule of thumb. 
With the additional handicap of flint full of faults it is altogether likely that 
these first achromatics, while embodying the correct principles, were not 



t From Louis Bell, The Telescope (McGraw-Hill Book Co., New York). 
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good enough to make effective headway against the cheaper and simpler 
spy-glass of the time. 

"Dollond, although in 1753 he strongly supported Newton's error in a 
Royal Society paper against Euler's belief in achromatism, shifted his view 
a couple of years later and after a considerable period of skilful and well 
ordered experimenting published his discovery of achromatism early in 1758, 
for which a patent was granted him April 19, while in the same year the Royal 
Society honored him with the Copley medal. From that time until his death, 
late in 1761, he and his son Peter Dollond (1730-1820) were actively producing 
achromatic glasses. 

"The Dollonds were admirable craftsmen and their early product was 
probably considerably better than were Hall's objectives but they felt the 
lack of suitable flint and soon after John Dollond's death, about 1765, the 
son sought relief in the triple objective which, with some modifications, was 
his standard form for many years. 

"Other opticians began to make achromatics, and, Peter Dollond having 
threatened action for infringement, a petition was brought by 35 opticians 
of London in 1764 for the annulment of John Dollond's patent, alleging that 
he was not the original inventor but had knowledge of Chester Moor Hall's 
prior work. In the list was George Bast, who in fact did make Hall's objec- 
tives twenty five years before Dollond, and also one Robert Rew of Coldbath 
Fields, who claimed in 1755 to have informed Dollond of the construction 
of Hall's objective. 

"This was just the time when Dollond came to the right about face on 
achromatism, and it may well be that from Rew or elsewhere he may have 
learned that a duplex achromatic lens had really been produced. But his Royal 
Society paper shows that his result came from honest investigations, and at 
worst he is in about the position of Galileo a century and a half before. 

"The petition apparently brought no action, perhaps because Peter Dollond 
next year sued Champneys, one of the signers, and obtained judgment. It 
was in this case that the judge (Lord Camden) delivered the oft quoted 
dictum : 'It was not the person who locked up his invention in his scrutoire 
that ought to profit by a patent for such invention, but he who brought it 
forth for the benefit of the public.' 

"This was sound equity enough, assuming the facts to be as stated, but 
while Hall did not publish the invention admittedly made by him, it had 
certainly become known to many. Chester Moor Hall was a substantial and 
respected lawyer, a bencher of the Inner Temple, and one is inclined to think 
that his alleged concealment was purely constructive, in his failing to contest 
Dollond's claim. 

"Had he appeared at the trial with his fighting blood up, there is every 
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reason to believe that he could have established a perfectly good case of pub- 
lic use quite aside from his proof of technical priority. However, having clearly 
lost his own claims through laches, he not improbably was quite content to 
let the tradesmen fight it out among themselves. Hall's telescopes were in 
fact known to be in existence as late as 1827. 

"As the eighteenth century drew toward its ending the reflecting telescope, 
chiefly in the Gregorian form, held the field in astronomical work,^the old 
refractor of many draw tubes was the spy-glass of popular use, and the newly 
introduced achromatic was the instrument of 'the exclusive trade.' No glass 
of suitable quality for well corrected objectives had been produced, and that 
available was not to be had in discs large enough for serious work. A 3-inch 
objective was reckoned rather large." 

A second way to satisfy — = 0, which we now examine, applies to two 

separated components made from the same glass. Differentiating $, and can- 

dN 
cehng out equal — 's, as we may if both components have the same disper- 
sion, we get 

Huygens was the first to make such two-component achromatic combinations. 
He invented eyepieces with components made from just one kind of glass— 
the two components being separated by the amount prescribed above. 

When two lens components, in contact, satisfy the relation ^f * + ffu^ 1 = 0, 
the aggregate power <f> will be the same at two wavelengths; but it may vary 
at wavelengths between. Then an image in white light will show secondary 
longitudinal chromatism, called secondary spectrum. Optical materials with 



FIG. 14-13 All-calcite telescope devised by Dr. J. A. Anderson. Dr. Anderson 
used the index for the extraordinary ray for the positive component, and the index 
for the ordinary ray for the negative component, of this unusual lens, which is also 
a polarizer. The focus at F 2 is absorbed by an opaque paddle. 
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FIG. 14-14 Cooke triplet lens. (Redrawn from Martin.) 



appropriate partial dispersions can be employed to make compound lenses 
which are quite free from such secondary spectrum. As an example, crystal- 
line CaF 2 and vitreous silica have appropriate dispersions so that, together, 
they make doublets with very little secondary spectrum. Again, Fig. 14-13 
shows a novel telescope devised by Dr. John A. Anderson which uses the ordi- 
nary index of a calcite crystal for one lens component, and the extraordinary 
index of the same crystal material for the other component. This telescope 
is designed to work only over a narrow field, and with only one azimuth of 
polarization of incident light— a little paddle, shown in the figure, removes 
the other orthogonal component of polarization. The remarkably small 
variation of the focal length of this telescope, throughout the visible and 
ultraviolet, is evident from the tabulation of / x 's in the figure. 

Three different glasses, properly chosen for their partial dispersions, can 
be combined in components to yield a composite lens with the same aggregate 
power "at three wavelengths and with small secondary spectrum between. 
Fig. 14-14 gives a tabulation of the indices for the D-line, the reciprocal dis- 
persions v, and the relative partial dispersions, all for the three glasses used 
in the Cooke photo-visual triplet lens. These numbers come from the Jena 
Catalog and the mean relative dispersions show how the nearly equal positive 
components of the Cooke lens, shown in Fig. 14-14, act like a lens with a 
partial dispersion that almost exactly matches the partial dispersion of the 
negative flint lens. 



14-8. Optical Materials 

The tabulation in Fig. 14-14 suggests why lens designers are always inter- 
ested in new transparent materials, such as new glasses, crystals, plastics, 
etc., from which to make their lens components. They want, particularly, to 

be able to have a wide range of — values from which to contrive their de- 

v 

signs. For example : to make an achromatic doublet, their components must 
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FIG. 14-15 The old, new, and modern glasses. (Redrawn from Kingslake.) 



satisfy the equation 1 — = = 0; and to manifest minimum stigmatism 

and curvature of field, the glasses must also satisfy Petzval's condition, which 
is — + — = 0. Multiplying these equations gives — = — - as a condition to 

&1 &2 V\ V2 

be satisfied if two glasses are to be doubly satisfactory. Ernst Abbe, speaking 
of his interest in glasses, says, "For years we combined with sober optics a 
species of dream optics, in which combinations made of hypothetical glass, 
existing only in our imagination, were employed to discuss the progress which 
might be achieved if the glass makers could only be induced to adapt them- 
selves to the advancing requirements of practical optics." Finally despairing 
of cooperation from existing manufacturers, Abbe and Schott (in 1880) them- 
selves undertook together to produce the desired glasses. Fig. 14-15 shows the 
old glasses as they existed before this undertaking and the new glasses which 
Abbe and Schott produced. Finally, this figure also shows the latest modern 
glasses. Prior to the work of Abbe and Schott the available old glasses were 

N N 

characterized by — = .024 for silicate crown glass and — = .045 for flint glass. 

V V 

The new glasses of Abbe and Schott led to several famous lenses, like the Dagor 
cemented triplet and the Cooke air-space triplet; but the available range of 
N's was still not as great as now, so that curvatures of components in those 
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lenses were necessarily high, to effect achromatism— and these large curva- 
tures meant that reduction of other aberrations was made difficult. Whereas 
the new glasses of Abbe and Schott defined a very important second period 
in optical history, the present, characterized by the modern glasses, offers 
much wider choice to the designer. These latest glasses have resulted from a 
determined effort to find all the glass-making combinations that are possible 
with all the elements of the periodic table. G. W. Morey has been a dominant 
personality in the successes of this effort. As one example of the importance 
of these developments: a lens is now made with three modern glasses that 
gives performance comparable to that of one of the best four-element lenses 
made from predecessor glasses. 

Other new optical materials that have recently appeared are useful for 
work in the infrared and ultraviolet as well as in the visible spectral region. 



Chapter _X v 



Magnification, Aperture, 
and Field 



When we begin to consider images of point objects, formed by a lens or other 
optical system, which lie off the optical (fc, we find the concept magnification 
useful. And when refracting or reflecting surfaces of an optical system collect 
more than an infinitesimal solid angle of rays, we find the concept aperture 
useful. Finally, when a lens system has separated reflecting or refracting com- 
ponents, or one such surface and a separated iris diaphragm, or aperture stop, 
then we find the concept field useful. We shall first discuss these concepts, 
magnification, aperture, and field, and image defects associated with them, all 
in context with the properties of Maxwell's perfect optical system. Although 
the correspondence between such a perfect system and a real system is not 
valid, even as a limiting case, the ideas of Maxwell do facilitate our thinking. 

When the obliquity of monochromatic rays is sufficiently increased, real 
optical systems fail to focus rays at a point in image space. Rather, the final 
union will exhibit the defects which are characteristic of point imagery: 
spherical aberration, coma, and astigmatism, as well as longitudinal or lateral 
chromatic aberration, the defects of white light images. When two or more 
objects lie in a plane at P perpendicular to the (J), but off that axis suffi- 
ciently far, their images may (and usually do) fail to fall in the conjugate 
plane which lies at P' perpendicular to the (£. Rather, the conjugate images 
will fall on a curved surface, thus exhibiting the image defect curvature of 
field. Also, the array of conjugate image points in the image surface may fail 
to display themselves in geometrical similitude with parent object points, 
thus exhibiting the image defect distortion. 

At first, let us consider the geometrical coordinates of both off -axis object 

points and their conjugate image points and also the mathematical trans- 
326 
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FIG. 15-1 Coordinates of collinear transformations for an ideal optical system. 



formations which relate such points in object space to conjugates in image 
space. Fig. 15-1 shows an azimuthal section containing the <fc of a lens, and the 
coordinate systems we shall use for object and image space, with their origins 
at F and F'. We describe an object point in the plane of the figure by the co- 
ordinates (x,y) of the infinite object space, centered at F. And we describe 
its image point by (x',y') anywhere in the infinite image space, centered at F', 
which image space is coexistent with the infinite object space. These coordi- 
nates, referred to the principal focal points F and F' , measure x positive to 
the left in object space and x' positive to the right in image space. The coordi- 
nates y and y' are reckoned positive upward and negative downward. The 
transformations of coordinates of an object point (x,y) that yield the coordi- 
nates of its image (x',y') are the so-called collinear transformations of Max- 
well's ideal optical system : 

= / 2 



xx 



dx' 


x' 




dx 


X 




y' 

m = — = 
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_f_ = 

X 


x' 

f 


I = —m? 







The first equation above has the form of Newton's longitudinal equation. 
The second equation is obtained from the first by differentiation, giving the 
longitudinal magnification, I. This equation is applicable when dx' and dx 
are larger than differentials, but still small. The third equation gives the 
similitude factor, or lateral magnification, m. This equation is derived in the 
next section, using the geometry illustrated by Fig. 13-10. 

It is noteworthy that an ideal Maxwellian system yields m = I only if 
m — 1. 
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15-1. Magnification by a Single Surface 

The longitudinal magnification derives from the equations of our previous 
chapter simply by differentiation: 

N , N' „ . . dv Nv 2 

— H = t gives I = —- = — — —— 

u v & du N'u 2 

J_ , J_ _F_ . _ dv _ 2VV 

Nu "*" N'v NN' glVeS du ~ Nu* 

(u-fKv-f) = — glV es I = Tu = - ^^j 

In considering the lateral magnification, — , we reckon PQ as positive if Q 

y 
lies above P and P'Q' as negative if Q' lies below P'. This convention of signs 
is equivalent to the rule that the magnification of a single surface is negative 
if the conjugate planes, at P and P', lie on opposite sides of the surface center, 
and positive if these planes lie on the same side of C. 

Considering the rays through S in Fig. 13-9, we see that QP = y is a side 
of APQS, while Q'P' = y' is a side of AP'Q'S'. Thus 

= ^ = _PV == _CP^ = _ vsm<p' _ _ Nv_ 
■ y PQ CP usm<p~ N'u 

From the geometry of Fig. 13-10, using the fact that AF'P'C is similar to 
AFPC, and remembering that d — f and / = d', 

- _ QH - v -/' _ / 
m ~ cp - f -~ u -f 

And further, remembering from § 13-6 that/' = — and / = -=;, we get 

t b 

m " - f' ) = tzf\ (a) 

In Fig. 13-10, CP and CP' are corresponding sides of the triangles APKC and 
AP'K'C, with PX = u and P'K' = v. These triangles have equal angles i 
at K and K', and because the sides PK and P'i£' are opposite supplementary 
angles at C, if we apply the laws of sines, remembering that sines of supple- 
mentary angles are equal, we get 

= _ OIL = _ P ' K ' = _ 1 
m CP PK " u 

As the student may establish for himself, the corresponding lateral magnifi- 
cation for the mirror of Fig. 13-1 lm= = +-• Thus, whereas the ex- 

u u 
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pression for m is the same for reflection as for refraction, in terms of u and v, in 
terms of the nodal distances, u and v, the expressions for reflection, and for 
refraction, have opposite signs. 

15-2. Extended Sine Relationship 

The extended sine relationship is an equation of great importance in optics. 
Here we derive it with the help of Fig. 15-2. In this figure <P and (?' are conju- 
gates, as well as P and P' . This figure is much like Fig. 13-10, and with the 
same markings, except that here we have <P and (P r on the <fc. The perpendic- 
ular distances of P and P' from the <£ are y and y', respectively. Referring to 
this figure : 

PQ = +y = <PP sin 0; F(P sin = d sin 0' 
P'Q' = - y ' = (p'P' s in 0'; F'(?' sin 0' = d' sin 

N 
From the Newtonian equation, remembering from § 13-6 that d' = ^ and 

v 

d -~y 



NN' 
F 2 



= (u - f)(v - /') = (F<? - (PP)(F'6>' + (P'P) 



NN' = (W sin0 / _ y \ (N sin0 _ y' \ 
F 2 \ F sin sin 0/ \F sin 0' sin d'J 



Multiplying the last equation throughout by sin sin 0', we get the ex- 
tended sine relation: 

Ny sin + N'y' sin 0' = yy'F (a) 

When ?/ and y' are both small, compared to the reciprocal of F, we neglect 



FIG. 15-2 Geometry involved in deduction of extended sine relationship. (Re- 
drawn from T. Smith.) 
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the right side and get the Abbe sine relation: 

?/ Nsind 

m y N'sind' W 

And when the object is at infinity, then y ^> y', and we may divide Eq. 15-2a 

v' 
by y and neglect the term in which — enters, giving 

N sin = y'F (c) 



15-3. Magnification by a System of Surfaces 

The equations for magnification of a thick or thin lens, or of a system of 
surfaces, are obtained by cascading expressions for m that are appropriate 
to each component surface. First, we consider a thick lens for which the 
aggregate or cascaded magnification is m = Wiw 2 . Suppose that the lens is 
bounded on the object side by a medium of index Ni, that the lens itself has 
an index iV 2 , and that on the image side the lens is bounded by a medium of 
index 2V 3 . Writing the appropriate expressions for mi and ra 2 , we get 



m 



_ f _ NiVi ~] ( _ N2V2 ~\ _ vjv^Ni 
\ N 2 ui) \ NsUzj uiu 2 Nz 



Now Vi + Ui = d for a thick lens. In the case of a thin lens we may take 
d as negligible and write Vi = — w 2 , getting 

m = — 77-^- or m = — -*• if Ni = N s 

It is often convenient to use the property that the conjugates of points 
lying in the perpendicular unit plane H are in the unit plane H' ; and further, 
that we have unit magnification in the case of such conjugates. We prove 
these properties as follows: Firstly, a point lying on the plane H is char- 

FlT 

acterized by U\ = — • Substitution in Eq. 14-3a, 



( Ul + F f-/)(. + ^-/)=/* 



Fit 
yields the longitudinal position of the conjugate point as v 2 = — —• Thus 

the conjugate point lies in the plane at H'. Secondly, substitution of these 
values for u\ and v 2 in Eq. 15- la, 

* -{"» - (r=V,)} {"" = (1 _ ViF ' ) } = r^S; 

yields m = 1.0. 
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principal 
planes 



FIG . 15-3 Magnification of a thick lens as inferred from principal planes and rays. 



We may use these properties to demonstrate, graphically, the equations 
for the thick lens, or for a system of lenses. In Fig. 15-3, let P and Q be 
imaged at P' and Q' by a thick lens or system of surfaces, represented here 
with reference only to H and H'. Consideration of two rays running from 
Q to Q' will suffice — one parallel to the (fc in object space, the other parallel 
to the <£ in image space. The ray from Q parallel to the <|> strikes H at A. 
Since A and A' are conjugates with m = 1.0, this ray "emerges" at A' at a 
distance y from the <fc. It then passes through F' to Q', making the angles 
0' at F'. These angles 0' are angles of the similar right triangles, AH'F'A' 
and AP'F'Q'. Thus, representing the paraxial refraction by the two equiva- 

lent ^-surfaces, we have for our similar triangles m = — = -77- Similarly, 

for the ray from Q which passes through F to B in the plane H and thence, 
with m = 1.0, to B', "emerging" at the distance y' to pass parallel to the <fc 



/ 



} as ex- 



through Q'\ since AHFB is similar to APFQ we have m = - = 

pressed in the collinear equations, since/ = /' here. 

Fig. 15-4 illustrates the equivalent refracting surface of a compound lens, 
determined by Eq. 15-2c. Here that equivalent surface is not a plane, but a 
sphere centered on F'. 



FIG. 15-4 Second principal spherical 
surface for representation of focusing by a 
compound lens that is free of coma. (Re- 
drawn from Kingslake.) 




second principal 
surface * — "a. 
sphere aboutF' 
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15-4. Aplanatic Points 

Geometrical optics predicts that rays parallel to the <|> are reflected by a 
parabolic mirror in a manner such that they unite perfectly on the parabolic 
axis to give an image free of spherical aberration. When the parabolic mirror's 
axis is inclined to the incident parallel rays, however, so that the union of 
reflected parallel rays does not He on the <£, then the reflected rays no longer 
unite with geometrical optics perfection. Rather, their union manifests the 
image. defect called coma, illustrated in Fig. 15-5. The bands of Fig. 15-5 
are due to diffraction, which geometrical optics ignores. 

Whereas spherical aberration is a result of improper deviations produced 
by different ring zones of a lens or mirror, which lie symmetrical with the (j), 
the defect coma, in contrast, is a result of improper deviations, produced by 
reflection or refraction, at different facets of the same ring zone. A lens or 
optical system which unites rays perfectly in an image on the (£ must be 
free of spherical aberration, while a lens or optical system which also forms 
a point image off the (j) must be free from both spherical aberration and 
coma. A lens or system that is free from both spherical aberration and coma, 
when worked at certain conjugate planes, is said to be an aplanatic system; 
and the conjugate object and image planes, over which the imagery is free 
of both aberrations, cut the <|) at the so-called aplanatic points. In § 14-5 we 
encountered a lens, and also a two-mirror reflecting system, both of which 
were free from spherical aberration. Both systems are also free from coma, 
as we shall demonstrate after we have established the necessary condition 
for perfect point imagery, both on the <£ and off. It can (and will) be shown 
that there is, at most, for any one optical system, only one set of conjugate 
aplanatic points. 

We invoke Fermat's law to establish the necessary condition for the exist- 
ence of conjugate aplanatic points, and to prove the uniqueness of such 




FIG. 15-5 Coma pattern, showing diffraction. 
(Redrawn from Kingslake.) 
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conjugate aplanatic points for an optical system. Fermat's law relates to a 
wave front progressing through a lens or optical system, off-axis or on, from 
a point source to an image. The wave front, at any intermediate position 
in its travel from source to image, determines the locus of positions along 
which the various ray trajectories have required equal times to travel from 
the point source. Hence, at the final image, if this locus becomes a point, the 
time of travel for each ray in going from source to image must be the same. 
This consideration affords an explanation of Fermat's law, even before we 
state it — Fermat's law says that the total optical path length for any ray, 
from a common source to a common image, is the same as for any other ray. 
We may express Fermat's law mathematically as a variation : 



sJ Q ' N(s)ds = 



Here s is the measure of geometrical path length, and N(s), a function of s, 
describes the dependence of index of refraction, along the path, on s. The 
first four problems for this chapter illustrate applications of this law, to yield 
the laws of reflection and refraction. 

Fig. 15-6 illustrates an interesting second deduction of Abbe's sine relation, 
here using Fermat's law. Abbe's relation, already deduced in § 15-2, is the 
conditional relation which is to be satisfied if we are to have aplanatic points. 
Fermat's law for point images at P' and Q' requires that the integrals of 
N(s) ds for the two paths between <|) conjugates in Fig. 15-6, PAG'P' and 
PHF P', must be equal; and also that the integrals be equal for the two 
off-(|) paths, QA'G'Q' and QB'F'Q'. These equalities express the facts that 
the union of rays on the <fc at P is free from spherical aberration, and that 
the union at Q', off the <fc, is free from both spherical aberration and coma. 
Thus 



PAP' = PHP' 
QA'Q' = QB'Q' 



(a) 



FIG. 15-6 Geometry for deduction of Abbe's sine relationship. 
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For paraxial rays, when the angles at F' and G' are small, 
F'Q' = F'P' 



(b) 
G'R' = G'P') 

The points F f and G' lie in the second focal plane. Accordingly, at these points 
the focused parallel rays, from P and from Q or R, have equal paths, 

QB'F' = PHF' 



(c) 
RA'G' = PAG') 

Equating the left sides of (b) and (c) to their right sides, we get 

QB'F' + F'Q' = PHF' + F'P' 

RA'G' + G'R' = PAG' + P'G' 
or 

QB'Q' =PHP'^ 

RA'R' = PAP' J 

Now, on combining this result (d) with the Fermat equations (a), we get 

RA'R' = PAP' = PHP' = QB'Q' = QA'Q' 

and from RA'R' = QA'Q' we get 

RQ = R'Q' 

This is the result we seek; on writing the corresponding optical distances 
which the geometrical distances RQ and R'Q' represent, and invoking N for 
object space and N' for image space, we get the familiar form of Abbe's rela- 
tion, Eq. 15-2b: 

RQ = Ny sin d -\ . . vL _ _ N sind 

R'Q' = -N'y' sin 6' I gWmg V N' sin 6' 

This Abbe sine relation is satisfied by the refracting sphere when it is worked 

as shown in Fig. 14-10a, where one index is unity. Substitution of N and the 

v 
distances u and v indicated, in m = — -rp> gives us Abbe's sine relation for 

paraxial rays, 

vL = _ r N = J_ = sind 

y ~ -N(r + Nr) N 2 N sin0' 

Referring now to Fig. 14-10b, if we take h, the distance from Si to <fc, as 
a measure of sin 6', the inclination angle at the infinitely distant object point, 

it is apparent from 5 14-5 that - — - is the constant r, which characterizes the 

sin 6 

cardioid and the sphere, and Abbe's sine relation, Eq. 15-2c, is satisfied. 

Fig. 15-7 illustrates the proof that a set of aplanatic points is unique, if a 
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FIG. 15-7 Geometry for proof that a set of aplanatic points of a lens is a unique 
set. 



system has such a set. In this figure we presume that the conjugate points, 
(P and (P', which are close to the aplanatic set P and P', respectively, are also 
free from spherical aberration. We show below that the presumption that 
<P and (?' are free from spherical aberration is untenable, and therefore the 
conjugate perpendicular planes there can hardly be aplanatic planes. 

We start our demonstration, as before, by writing the presumed and neces- 
sary optical path equalities. A consequence from Fermat's law for presumed 
freedom from spherical aberration, at both sets of points, is that 

(?H(?' = (?B(?' and PHP' = PAP' 
And terms in the first equation above are 

(PH(P f = (?P + PHP' - P'(P' 

(PB(P' = (PR + RBG' + G'(P' 

In Fig. 15-7 (P'R' is perpendicular to G'P', but since we shall take (P'R' as 
being small, we may write RBG' = PAG', and G'(P' = G'P' - R'P'. Combin- 
ing these equalities gives 

(PB(P' = (PR + PAP' - P'R' 

(?P - (PR = (P'P' - P'R' 
Using the angles 6 and 6', shown in the figure, (PR = (?P cos 6 and (P'R' = 
(P'P' cos 6'. These trigonometric expressions give 



(P'P' 
(PP 



1 — cos 6 
1 - cos 6' 



sin' 



Now since this ratio must be the same for all rays handled by our system, 

the ratio of sines of the half angles, - and — > must be constant. But Abbe's 

relation for the points P and P' requires the ratio of sines of the full angles, 
6 and 6', to be constant. Thus our proof, based on a presumed freedom from 
spherical aberration for two sets of conjugate points, is incompatible with 
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Abbe's condition. Since Abbe's condition "takes precedence over whatever 
statements it contravenes," we can only conclude that just one set of aplanatic 
points is possible, and that the possible set is therefore unique. 

15-5. Magnifiers and Microscopes 

Although geometrical optics may predict perfect union of rays when a lens 
or system of surfaces is worked at aplanatic points, in general we expect a 
blurring at the union due to physical-optics diffraction. However, when the 
aperture is enlarged, and diffraction blurring is decreased, or when the object 
point is at a sufficient distance off-axis, the dominant blurring at the union 
becomes geometrical-optics aberration. For the normal eye this physical- 
optics limitation is equally important with the geometrical-optics aberration- 
limitation when the iris of the eye is about 2.5 mm in diameter (as seen in 
object space). 

In the case of the eye, these two limitations, as well as limitations due to 
the inherent coarseness of the retinal sensing structure, all together, make 
its resolving power not far different from that computed from Rayleigh's 

diffraction criterion alone — namely, 1.22 — = 0.27 mils or milliradians, for 

w 

X = 0.55 n. Since there are 206 seconds in a mil, this calculated limit is 
56 seconds of arc, or approximately 1 minute. Although those who have ex- 
ceptionally keen vision may approach this limit under the most favorable 
observing conditions, we shall take one mil (rather than 0.27 mil) as the nor- 
mal angular separation of points which can be comfortably resolved. 

A suitable lens system may be used to enlarge the linear image separation 
of close objects that are to be observed, or to enlarge the apparent angular 
separation of the images of distant objects. A device to achieve the first is 
called a magnifier; a device to achieve the latter is a telescope. The magnifier 
is essentially a lens with a short focal length; and the microscope is a mag- 
nifier suitably elaborated to give the system an even shorter focal length. 
The simple lens used as a magnifier forms a magnified image of the observed 
object at the distance from the eye of closest distinct vision, which we con- 
ventionally take as 250 mm. And when its focal length is much less than 
250 mm, the lens is worked at u=f, giving the magnification 

M= y (a) 

A simple microscope is comprised, essentially, of two lenses (or magnifiers) — 
an objective of focal length / bj, and an eyepiece of focal length / eye - These 
components, when separated by an amount d (usually 160 mm) will have, in 
aggregate, an equivalent objective focal length, /. We may calculate the 
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aggregate focal power from the powers of the components by $ = Sobj + $eye — 
^obj^eye- Or we may use the equivalent formula for aggregate focal length: 

j. _ Jobj J eye 

Job} \ J eye <* 

Thus, for example, a focal length of the objective of / bj = 4 mm, and a focal 
length of the eyepiece of / eye = 20 mm, with d = 160 mm, give the reduced 
effective focal length of the combination as / = 0.6 mm. This reduction, 
/obj to /, is greater than six-fold. 

Under favorable conditions of illumination the resolving power of the 
microscope is determined by the angle of obliquity of the marginal rays that 
the objective collects, o bj, and by the immersion index, N. The effective 
diameter of the objective is 2f oh] N sin o bj ; and this gives a Rayleigh resolving 

power of 1.22 ( ^z — rz—. — — ) radians. The quantity iVsin0 o bj, represented 
\2/objiV sin o bj/ 

below by the symbol A, is called the numerical aperture. N enters here be- 
cause the optical path difference of two rays, one to each opposite edge of the 
objective, is iV-fold greater in an immersion medium of index N than it would 
be in air, making the diffraction pattern of the objective aperture iV-fold 
narrower. 



diaphragm 



eyepiece 



FIG. 15-8 Optics of the microscope. 
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If two points resolved by the objective of the microscope are to be sep- 
arated in angle by 1 mil, so they may be resolved comfortably by the eye, 
then the proper working magnification for the microscope as a whole must 

be such that 1.22 — jra = 10 -3 or 1 mil. This magnification is realized when 

m = 750 A . Or, in round numbers, we may take it that the microscope mag- 
nification should be m = 1000 A . 

Objectives and recommended eyepiece magnifications for typical manu- 
factured microscopes, as given by Dr. A. C. S. van Heel, are reproduced in 
Table 15-1. Aw is the depth of focus (see § 15-8). Fig. 15-8 shows the optical 
system of a typical compound microscope. 

table 15-1 



Type of Objective 


A 


Wobj 


"leye 


Am 


dry 


0.2 


8 


25 


14 m 


dry 


0.3 


10 


30 


6 


dry 


0.4 


20 


20 


1 


oil 


0.65-0.85 


40 


16 to 21 


0.40 


oil 


1.3 


90 


15 


0.25 



15-6. Telescopes 

Whereas the microscope serves to cast an image of objects lying close to its 
objective at the distance of closest distinct vision for the eye, 250 mm, the 
telescope, in contrast, serves to magnify the angular separation of distant 
objects. A telescope may, in fact, magnify in angle with actual linear demag- 
nification. And the typical telescope optical system has its components ar- 
ranged so that its aggregate power as an optical system is zero; $ = 0. 
Conversely, a system with $ = is called a telescopic system. Fig. 15-9 shows 
two examples of telescopic systems: the astronomical and the Galilean tele- 
scope. These telescopes are comprised of a large diameter objective lens of 
focal length /obj, and an eyepiece lens of focal length / eye . These components 
are each usually compound lenses. Their separation, d = / bj + /eye, makes 
the aggregate power of the telescope vanish, $ = 0. The two telescope sys- 
tems of Fig. 15-9 are different in that the focal length of the eyepiece of the 
astronomical telescope is positive, while that of the Galilean telescope is 
negative. 

Fig. 15-9 shows three parallel rays, from the left, traced through the two 
lenses. They are incident on the objective parallel to the <fc; and because 
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Kcplcrian telescope 



Galilean telescope. 

FIG. 15-9 Keplerian and Galilean telescopes. 




-e 



3> = 0, they emerge parallel to it. The dashed line represents an inclined ray 
from an off-axis distant object which passes through the first principal focal 
point of the objective and propagates parallel to the <fc between the com- 
ponents, to emerge from the second lens in such a direction as to pass through 
the second principal focal point of the eye lens. From the geometry of these 

rays, the angular magnification of the image is obviously — f^ < for the 

/eye 

astronomical telescope and - j^- > for the Galilean telescope. The positive 

./eye 

angular magnification, in the second case, means an erect image; the negative 
angular magnification means an inverted image. 



FIG. 15-10 Use of a Galilean telescope to convert a lens to a telephoto lens. 
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FIG. 15-11 Various types of astronomical telescopes. 



The angular resolving power of the objective of a telescope is 1.22 — , apply- 

Wq 

ing Rayleigh's criterion. For X = 0.55 m this angular resolving power is 

'■ mils, or — — seconds of arc, when w bi is the objective diameter expressed 

5 
in centimeters, or about seconds when w Q bj is expressed in inches. The 

^obj 

angular resolving power of the 200" telescope of Mt. Palomar is 0.027 second 
of arc. Actually, in practice, owing to the ever present optical inhomogeneities 
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of the atmosphere through which the stars are seen, or for other reasons, the 
resolving power of an astronomical telescope is much less than this. 

10 o 

If two optically resolved stars with the angular separation of — — seconds 

Wobj 

are to be comfortably seen by the eye, this angle must be magnified to 1 mil, 

or to 206 seconds. A magnification if 15 w bj is thus necessary, making the 
proper eyepiece focal length / eye = , g ° ' — • 

Fig. 15-10 shows a Galilean telescopic system used in front of a camera 
lens. The Galilean telescope is focused on infinity, making, in effect, a "tele- 
photo lens." 

Fig. 15-11 shows some of the elaborations of simple telescopes, and the 
main telescope arrangements that use mirror objectives. These designs have 
various specialized functions. 

15-7. Aperture 

In the case of a compound lens or optical system with several components, 
or when a simple lens is used in combination with an adjustable iris diaphragm 
or fixed stop, the solid angle of rays from a source point which the lens can 
handle will be limited. We may determine which one of the various lens rims 
and stops sets this limit as follows: each is imaged into object space by all 
the lens components which precede it in the system ; then we determine that 
one, in object space, which subtends the smallest angle at the object point. 
The lens rim or stop which subtends the smallest angle is called the entrance 
pupil, and the angle which its radius subtends at the object point is defined 

FIG. 15-12 Illustration of dependence of entrance aperture on position of object. 

entrance pupil is I x entrance pupil is I' 2 ji »i zh 

f . entrance pupil is S\ ^) 6 -\ ,^ ^T x 
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as the angular aperture, O . Fig. 15-12 illustrates the location of entrance pupil, 
and angular aperture, for a particular case. In this case we have two equal 

f 
thin lenses of radius h separated by the distance, d = -> or by half the focal 

length of either. Also, we have an iris diaphragm midway between these lenses, 
and we take its stop radius as %h. The rim of the first lens, L 1} is, of course, 
already in object space. The images of other components in object space 
are shown dotted. The image of the second lens, L 2 , lies at L 2 '; and that of 
the stop, S, lies at S', as seen through L\. Both Li and S' subtend the same 
angle at Pi; and this angle is smaller than the angle subtended there by L% . 
At a point on the <j) to the left of Pi the smallest subtended angle is that 
subtended by h\\ thus it is the entrance pupil. At a point to the right of Pi, 
and until we reach P 2 , S' is the entrance pupil. At P 2 both S' and L 2 ' subtend 
equal angles. At a point to the right of P 2 , the smallest angle is subtended 
by L 2 ', and thus it is the entrance pupil. 

The light gathering power of the microscope is determined by its numerical 
aperture, A. We have previously defined A above as the product of the im- 
mersion index and the sine of the angular aperture : 

A = N sin O 

The exit pupil is the image of the lens rim or stop in image space that 
subtends the smallest angle at P', each lens rim or stop being imaged into 
image space by all lens components which follow it in the system. The exit 
pupil of an optical system (called the Ramsden disk in a telescope) is con- 
jugate to the entrance pupil. The angle which the radius of the exit pupil 
subtends at the final image P' is denned as the angle of projection, O '. 

The angle of projection of a camera lens is measured by a quantity called 
the /-number, which is the ratio of the effective focal length to the diameter 
of the exit pupil, 2y ex a. The /-number is the reciprocal of twice the sine of 
the angle of projection. For example, / for the 200" Hale telescope of Mt. 
Palomar, at the prime focus, is 666 inches; and for the 100" telescope at 
Mt. Wilson it is 500 inches; thus their /-numbers are 3.3 and 5. 

The angle of projection is O ' = sin -1 M£5L > where y e xit is the radius of the 

v 
exit pupil. From our equation of § 15-la for w, we have m = 1 — -■> giving 

v = /(l — m). The sine of the angle of projection is decreased when a lens 
is worked with u less than infinite. For u = °o , then m is zero. Here O ' is not 

tan -1 ^p*> but sin -1 ^p since the principal "plane" of a corrected lens is not 

a plane at all, but a spherical surface about the focal point P, as shown in 



[§ 15-8] 



Depth of Field • 343 



Fig. 15-4. When the object gets near the lens the decreased O ' becomes 
approximately sin" 



2/exit 



/(l - m) 

The reciprocal of the square of the /-number of a lens is a measure of its 
"speed"; and the iris diaphragm control on a camera is indexed in effective 
/-numbers for convenience in controlling exposure (and depth of field, as 
explained in § 15-8). In recent lenses 3>numbers are used instead of /-numbers 
for closer control of exposure. The ^-number is the /-number corrected for 
the transmission of the lens, X. Thus 
/-number 



ST-number = 



Vx 



Rudolf Kingslake gives X = 0.5 for certain complex anastigmats, making a 
^-number of 15.5 correspond to an /-number of 11.0. 

15-8. Depth of Field 

In cameras the depth of field, which is controlled by the /-number, de- 
pends also on the angular resolving power of the eye, which again we take 
as 1 mil. In most cameras the resolving powers of lenses, and of the photo- 
graphic materials they use, will usually support a 1 mil limit of angular 
resolving power when each photograph is viewed normally, from its center 
of perspective. The depth of field in a photograph is defined as the 
limits, reckoned longitudinally along the lens <£, within which we have 
images with the out-of-focus circle of least confusion, on the photographic 
surface, subtending an angle of 1 mil or less. The center of perspective is 
the first principal plane of the lens; the developed and printed photograph 
is later viewed under normal perspective when the eye is located exactly 
where the second principal point of the camera lens was when the photograph 



FIG. 15-13 Illustration of depth of field 
depth of field 
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was exposed. Then perspective is the same for the eye, as if the photographed 
field were viewed with the eye at the position where the first principal point 
of the lens was during the exposure. If a lens has an entrance pupil diameter 
Went, and is focused on a plane at P, then a point beyond, at P+, will have its 
rays focused within the image of a circle C at P, as illustrated in Fig. 15-13. 
This is the circle cut from the plane by the marginal rays from P + at P. 
At a certain near point, P_, the rays will be focused within the image of the 
same circle (at P) as illustrated. This point P_ lies where its marginal rays, 
projected back through P_, fall on C. The points P + and P_ define the limits 
of sharp field, when the angle the blur circle subtends is just 1 mil. If we 
take the entrance pupil and the first principal point of the camera lens 
as coincident, and write u for the distance from lens to the plane which is 
in sharp focus at P, we see, referring to Fig. 15-13, that 

W en t / \ Went / \ W 

or 



u+ = and U- = 



1000w ent ' 1000w en t 

These distances, u + and w_, give the difference (u + — uJ) that is called the 
depth of field. If the object photographed is at a distance u = 1000w e nt, 

which is called the hyperfocal distance, we have u + = oo and w_ = -r 5 - When 

a camera is focused at this distance all objects it photographs from -^ to in- 

finity will be in apparent sharp focus. A 50 mm camera lens stopped to 
Went = 9 mm (approximately 5.6 /-number) has its hyperfocal distance at 
9 meters so the depth of sharp focus extends from 4.5 meters to infinity. 
When viewed with a magnifying lens or projector of 50 mm focal length, 
then, no photographed object within the 4.5 meters to infinity range will ap- 
pear significantly blurred to the eye. 

The above two formulas can be solved for u + and w_ for any u, if w en t is 
given; but usually manufacturers of camera lenses provide a scale on the 
focusing drum which provides this solution. 

15-9. Field 

We now come to consider the angular width of field over which optical 
systems work effectively. The points in the image plane of an optical system 
will become unusable when they lie at too great a distance from the (j). Such 
images become unusable because of aberrations on the one hand; or, in the 
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fz 






case of a compound lens, or of a simple lens with a stop, because of deficient 
light; or both. The light deficiency limitation, which concerns us now, is il- 
lustrated in Fig. 15-14. Here we have, as an example, an optical system such 
as has been used for measuring the transmission of the atmosphere over a 
long air path. The function of this optical system is to collect radiations 
emitted by the source PQ and deliver them to a distant spectrometer slit at Q'. 
This system first makes these rays parallel by a collimating component lens (or 
it could be a mirror) ; and then, after penetrating a long modifying path, the 
modified radiations handled by the system are focused by a component telescope 
lens (or mirror) at P'Q' on the slit of a spectrometer. It is obvious from the 
dashed lines in Fig. 15-14 that the field of this optical system does not extend 
to the point Q r , and that the length of spectrometer slit that can be illuminated 
is narrowly delimited. In this example we take the radii of the rims, he = hr, 
for collimator and telescope. The field is determined by the exit window, 
here L c ' = L\. The exit window is the lens rim or stop which, imaged into 
image space, subtends the smallest angle at the center of the exit pupil, here 

L T = Li. The exit window radius is — h c , where he is the radius of the colli- 



er 



h 



mator component. The image of C in T lies at a/ = — /r behind the focal plane } 

or spectrometer slit. The angular field is defined quantitatively as the tangent 
whose angle, <p, is the ratio of the radius of the field defining rim image to its 
separation from the exit pupil. Here, 

h 



<p = tan 



x T 



h c 



iM l+ » 



h c 



In this instance, if x T = 1000 meters and f T = 1 meter, then <p ~ — -If h c is 



Xt 



50 cm, the total length of slit illuminated within the ascribed field is 1 mm; 
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FIG. 15-15 Pfund absorption cell, and the geometry involved in its vignetting 
characteristics. 



with the transmission of the rays collected by the system approximately £ 
when Q' is \ mm from P'. 

Fig. 15-15 shows another example of field— a Pfund absorption cell. The 
function of this optical system is the same as that described above, except 
here the radiation modifying gases or vapors are enclosed, and the optical 
path is folded; and furthermore, f c =f T = d. An equivalent lens schematic 
of the Pfund cell is also shown in Fig. 15-15. The rays enter the cell through 
window W x and emerge through W 2 . It is instructive to calculate the geomet- 
rical transmission of this cell. For this calculation we refer to the equivalent 
lens schematic. Here the rays from Q near P are not delimited by W's. The 
decrease in geometrical transmission as Q moves away from the $ in the 
focal plane is called vignetting — the word comes from vignette, which meant 
originally a miniature portrait which fades out beyond the image of the face. 
The insert in Fig. 15-15 shows how vignetting is calculated in this instance. 
The dashed circle shows the geometrical projection of the lens rim Li by 
collimated rays from Q, in respect to the rim of the other lens L 2 . The shaded 
area is lost, and the area of this lune is 2y Q h h as application of a little geometry 
will easily prove. The ratio of the area enclosed by the circle L h less the 
tytihi, when divided by rhi 2 , gives the transmission of the cell for rays from 
Q, i.e. 
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FIG. 15-16 Vignetting in a spectrometer. 



If PQ is a uniform line source of light, such as an evenly illuminated narrow 
slit of length 2y s , the average transmission will be 



£= 1 - 



J/iL 

-jrhi 



Similar formulas apply to a mirror spectrometer where the distance from 
collimator to prism or grating is/, as shown in Fig. 15-16. Vignetting in these 
cases is given by the above formula suitably amended; in particular, if the 
prism or grating acts as a circular stop of equal diameter, h c = h P) the above 
formula applies as is; while, if the prism or grating is large and we have 

equal lens diameters, h c = h T , the average transmission is 1 — 2 —j- • 

Fig. 15-17 shows John U. White's absorption cell in which vignetting is 
minimized. Light enters an entrance window e and is focused at P$ by Mi, 



FIG. 15-17 White's absorption cell. 




348 



Magnification, Aperture, and Field 



[CH. XV] 



which has its center at Ci. M 2 returns the represented chief ray to m 3 , whence 
it is reflected to P 2 . The center of M 2 lies between Mi and M 3 at C 2 . P 2 is 
imaged at P/ by M\\ and finally Mz focuses the rays onto the exit window, 
x. By changing the positions of C\ and C 2 , effected by tipping both Mi and M 2 , 
the number of passes, before the light is sent out through x, can be increased. 
Dr. White has achieved as many as 90 passes. The point of special interest 
here is that the mirror M 2 acts to suppress vignetting, since it repetitively 
focuses Mi on Mz, and vice versa. 

There is no gradual vignetting when the dominating stop of an optical 
system, which determines the field of view, coincides with the object or image 
plane; for then the field of view is sharply delimited. This is the case for the 
entrance and exit windows of the Pfund absorption cell, Wi and W 2 . 

In a telescope, in order to minimize vignetting, the exit pupil is usually 
arranged to fall on, and overlie, the iris of the eye. If the magnification is so 
great that the exit pupil, which is the image of the objective in the eyepiece, 
is smaller than the iris of the eye, then the telescope image will be unduly dim; 
but if, on the other hand, the magnification is too small, the iris of the eye 
will act as the aperture stop rather than the objective. In such a case it would 
have been more economical to use a smaller objective. But when a magnifica- 
tion is used which gives the exit pupil a diameter of 2 mm, called normal 
magnification, neither limitation is dominant. 

Stops are often used to control image illumination as in the ordinary 
camera. Stops may be used for other ends; for example, to control parallax, 
as described below. Stops may also be used to control aberration, as we shall 
see in the next chapter. 

15-10. Telecentric Systems 

When a small aperture stop acts as the entrance window of an almost 
telescopic system, such as is shown in Fig. 15-18, and when this stop lies at 
the intermediate focus of the telescopic system, then the entrance aperture 



FIG. 15-18 Use of a stop to control parallax in a telecentric optical system. 
scale , chief ray parallel to <£ 
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is projected at infinity. The chief ray, defined as the ray which passes through 
the center of the entrance pupil, accordingly lies parallel to the <fc of the 
system, as illustrated. Such a system, called a telecentric system, has useful 
properties. For example, Fig. 15-18 shows this system used for reading the 
position of a mercury meniscus located behind a transparent scale. The 
telecentric optical arrangement avoids errors arising from parallax — all chief 
rays, for all observable meniscus positions, are horizontal. 

15-11. Field Lens 

Fig. 15-19 shows two optical systems fitted with field lenses, to reduce 
vignetting. These lenses are located at intermediate real focal planes. These 
focal positions lie between the components of lens systems, and the field 
lenses are chosen with just the power to focus the exit window of the preced- 
ing part of the system onto the entrance window of the following part. The 
field lenses cause very little disturbance of the final image of the system be- 
cause of their location at focal positions. 

In the monochromator the field lens focuses a first prism or grating on the 
following one. Because prisms or gratings are more expensive than lenses or 
mirrors, they usually act as the aperture stop in spectroscopic equipments. 

In the telescope, the field lens, located at the intermediate focal plane, 
focuses the objective onto the eye ring. The periscope is an example of a 
specialized telescope, and it affords an example where vignetting would be 
extreme if field lenses were not used between the relay lenses. Specks of dirt 
on such field lenses are troublesome since the field lenses are all imaged in 
the final focal plane. Actually, however, the field lenses can themselves be 
compound lenses which are only virtually at the positions shown. Such field 



FIG. 15-19 Field lenses in a spectrometer and in a periscope. 
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lenses make it possible, for example, to have a large working field through a 
periscope tube 20 feet long and of only 4 inches inside diameter. The field is 
of 40° diameter with the field lenses while without them the periscope would 
have a field of only 1°. 



Chapter XVI 

Image Defects 



When the angular aperture of a lens is widened, spherical aberration and 
longitudinal chromatism enter. When the field is widened, the monochromatic 
aberrations — coma, astigmatism, curvature, and distortion — and lateral chro- 
matism enter. The first defects are defects of aperture; the latter are defects 
of field. We have discussed some of these aberrations and how the image 
defects they produce may be reduced or eliminated. We found that spherical 
aberration of a simple lens was controlled by "bending" it. And we found 
that certain systems were aplanatic, with both spherical aberration and coma 
absent. We demonstrated the control of longitudinal chromatism by dividing 
a lens into two components made from suitably different glasses; or by sepa- 
rating two components made from the same glass. Now, in this chapter, we 
extend these discussions of image defects. 

Very few optical systems give images that are free from all defects. Fortu- 
nately, certain defects, unimportant in one particular application, can often 
be tolerated, if the produced images have the specified quality in other 
respects. Thus, experimentalists can solve optical problems which would be 
frustrating otherwise. Designers control important defects by the "bending" 
of components (to minimize aperture defects), or by the position of stops 
(to minimize field defects), or by the choice of glasses, thicknesses, and spac- 
ings for components (to manage chromatism, etc.). Recently, designers have 
been beginning to use aspheric surfaces more extensively. 

Mirror components are of course free of chromatism, but the off-axis coma 
of mirrors may be severe. In a spectrograph, where the camera focuses spec- 
trum lines on a photographic plate, astigmatism is generally unimportant 
and the photographic plate may be tipped to compensate for longitudinal 
chromatism. Although a large fiat field is of first importance in an ordinary 

camera, in a monochromator, where the required field is very small, field 
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defects, compared to those of aperture, are of secondary importance. In a 
photoengraver's lens freedom from distortion is the most important lens 
specification. Here chromatism is tolerable because photoengraving can be 
done with more or less monochromatic light. And, within limits, lack of lens 
speed in a photoengraver's lens may be compensated by long exposure. And 
so it goes; lenses and optical systems are designed or selected according to 
the specialized functions they must perform. 

16-1. Third-order Theory 

Our Gauss theory for longitudinal and lateral image positions was based 
on the approximate analytic series representation of the transcendental 
circular functions : 

x 3 , x 6 
sin x = x - -j + - • • • 

. X 2 . X 4 

cos x = 1 - 2! + 4J * * ' 

The Gauss theory using sin x = x and cos x = 1 is called first-order theory. 
The values of x, representing angles of incidence, of refraction, or of obliquity, 
are constrained by the Gauss theory to have such modest magnitudes that 
all terms in x of order higher than the first, in the expansions, are negligible. 
The next analytic approximation to the transcendental circular functions 
retains the second order terms in cos x. Optical theory which retains the 
third order terms in sin x is called third-order theory. The equations for longi- 
tudinal and lateral image positions, taken to the third order of approximation, 
were first developed a century ago by Ludwig von Seidel. 

If we solve for the <fc cross-over point of a parallel marginal ray, according 
to the Gauss theory, where u = °o, and where the rays are refracted by a 
single convex glass surface of radius r, we get 

1 = N - 1 

v Nr 

If, however, we use the third-order theory, the cross-over point for a ray 
incident at a distance h off the (fc, lies a distance v beyond the glass surface. 
This distance is given by the above expression amended : 

1 _ N - 1 (AT - 1)¥ 
v Nr + 2N 3 r 3 

A formula for objects not lying at infinity, using third-order theory, is deduced 
in Joseph Morgan's Introduction to Geometrical and Physical Optics, §7.1, 
p. 86. Morgan, in his book, compounds that formula for air-to-glass refrae- 
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tion, at the first surface of a lens, with a similar formula for glass-to-air 
refraction, at the second surface, to get the expression for the spherical 
aberration of thin lenses (in terms of an image position parameter and a 
lens shape parameter) that we saw in § 14-6. 

Von Seidel's third-order theory includes the above amendment to the Gauss 
first-order theory, together with a series of four more such correction terms: 

u v r t=\ 

These corrections are reminiscent of Van der Waals' virial coefficient correc- 
tions to the gas law, 

n = l ' 

The five terms of von Seidel may be thought of as expressing the theoretical 
aberrations of the simple Gauss theory. They have a logical relation to 
the five categories into which we have classified the monochromatic image 
defects: The first Seidel expression corrects the theory of Gauss to take ac- 
count of spherical aberration. The second is concerned with coma, and so on. 
The character of the Seidel terms as they apply to a compound lens is such 
that the second amendment does not have meaning unless the first is zero — 
or more generally, all the amendments preceding any one of the five must 
be zero for it to have meaning. In an aplanatic system Seidel's first and second 
amendments are both zero. The third amendment then has meaning relative 
to astigmatism. In an anastigmat worked at aplanatic points we have a system 
without spherical aberration, coma or astigmatism; and then the fourth 
Seidel term relates to curvature of field; while the fifth Seidel amendment, 
significant if the preceding four are all zero, is concerned with distortion. 



16-2. Image Testing 

We do not presume to deal here with topics of optical engineering. The 
optical engineer is concerned with the practice of design and construction of 
optical systems intended for specified functions so that significant defects will 
be absent or tolerable. Successful engineering combines engineering art and 
intuition, acquired from education and experience, as well as the science itself. 
This requirement of art and intuition arises because designs are largely em- 
pirical — the radii, thicknesses, dispersions, and separations of component 
lenses are not explicitly determined from Seidel's theory — and anyway, chro- 
matism is the most confounding image defect- 
Once a lens is designed, and suggested compromises have been made, they 
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may be evaluated in prospect, before construction, by ray tracing; and once 
the lens is constructed, it may be further evaluated by experimental testing. 
Nowadays ray tracing is done with modern high-speed computing machines 
so that, for each object point in the object plane, several hundred rays may 
be calculated, and the points where they penetrate the image plane may be 
plotted in prospect, to predict the character of their union. These plots are 
called dot diagrams. The surface density of these points in the image plane 
is construed as the predicted distribution of image illumination. The dot 
diagram predictions are often found by subsequent experimental test to have 
been pessimistic — that is, they predict a poorer quality of the image of a 
point source than experiment manifests. But in spite of this lack of full con- 
cordance (which is understandable with the absence of a tight theoretical 
basis for ray tracing as set forth in § 13-1), these prospective evaluations, by 
computation, have enjoyed elaborate use. Ray tracing, to guide design, has 
been practiced since it was introduced in the time of Newton and Flamsteed. 
Although, in this book, we do not take up optical design, we treat, briefly, 
the different methods of experimental testing. First of all, there is the eye- 
piece testing method. By means of a suitable magnifier the array of rays 



FIG. 16-1 The Hartmann test illustrated by a lens with a raised intermediate 
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making up an image of a point may be relayed onto the retina of the eye. 
If the angular aperture of the magnifier is greater than that of the image- 
forming system, all the rays will be thus relayed; and, by visual examina- 
tion, the union of rays both inside and outside the best focus can be determined. 
This eyepiece method becomes a particularly sensitive test for astigmatism. 
Also, the image may be photographed, and the photographs, rather than the 
relayed images, may be examined (see Fig. 13-2). 

Fig. 16-1 illustrates the Hartmann test. This experimental method for test- 
ing an optical system has much in common with theoretical ray tracing. In 
the Hartmann test a screen obscures all the rays collected by the lens except 
a set of narrowly defined beams. These sampling beams are uniformly dis- 
tributed over the aperture, as illustrated. The trajectory of each of these 
beams may be traced by means of a series of photographs made at regular 
intervals along the <£ in front of, and behind, their best union, as shown. 

The knife-edge test is also a kind of a ray tracing in reverse. From our 
previous explanations of the knife-edge test in § 13-10, it is evident that by 
this test we may determine where rays from each part of the aperture pene- 
trate the focal plane. This determination follows from the position of the 
knife-edge and the observed location of its shadow, as seen in the Maxwellian 
view of the lens or mirror. 

In addition to these tests, and Gaviola's test of § 13-11, there are other 
optical tests, which we ignore here; but all have as their purpose to determine 
the nature of images, and to provide information from which defects due to 
design or construction defects can be diagnosed or corrected. 

16-3. Spherical Aberration, Coma, and Achromatism 

When points of white light are to be imaged, chromatism is as important 
as monochromatic spherical aberration in determining if a lens will be satis- 
factory, or not. In a compound lens worked with white light, both these 
aberrations enter, and both can be mathematically eliminated (in the cases 
where Gauss' theory applies). Our expression for the spherical aberration of 
a simple lens, of § 14-6, may be abbreviated as follows: 

h? h?S' 

jl (a<T* + bar + Ct 2 + d) = -rp- 

In case of a compound lens comprised of a pair of close thin lenses, the aggre- 
gate spherical aberration will be zero if the following expression vanishes : 



<)- 



Vl 3 /2 3 
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Our condition, from § 14-7, that two thin lenses in contact shall be free from 
longitudinal chromatism, was : — + — = 0. On combining this condition with 

the spherical aberration condition, A ( - ] = 0, we get the condition for a si- 
multaneous freedom from both spherical aberration and longitudinal chroma- 
tism, namely: 

£iV = S 2 W 

In a lens the off-axis image defect coma may be pictured as a manifestation 

of differences in lateral magnification for different rays from a single off-axis 

object point. Lateral chromatism is to longitudinal chromatism somewhat as 

coma is to spherical aberration. When a lens manifests lateral chromatism, 

its magnification is different for different colors. In a case where we have 

freedom from coma, as Fig. 15-4 shows, the second principal surface is a 

h 
sphere. This is required mathematically by Abbe's sine condition: - — — , = 

(constant /). Similarly, freedom from lateral chromatism requires that the 
second principal surfaces be coincident for all different colors. Fortunately, 
lateral chromatism is usually a small aberration in a well-corrected, cemented 
achromatic doublet. For this reason we do not treat it further here. 

The coma of a simple lens may be described along the lines of our treatment 
of spherical aberration, in § 14-6. In that section spherical aberration was 
described in terms of r, an image position factor; a, a lens shape factor; and 
four constants involving N. We defined these four constants, a to d, in § 14-6. 
We need two more such constants, e and g, for describing coma : 

= 3(iV + 1) 3(2AT + 1) 

e 4N(N - 1) g 4AT 

Fig. 16-2 illustrates the character of the coma pattern for a simple lens. The 
third-order theory of Seidel gives the angular length of the coma pattern for 
a simple thin lens, from its head to the central extremity of its tail. This 
figure shows where the rays from 12 points on a circular zone penetrate the 
focal plane. The angular length of the coma pattern, not derived here, is 



(p tan ip J ( 



ecr + gr) 

Here <p is the angle which the chief ray makes with the <£ of the lens axis. 
It is apparent, for a given set of conjugate points defined by t, that bending 
the lens to change a- may reduce or even eliminate coma, just as spherical 
aberration was minimized in § 14-6. Actually, in contrast with spherical 
aberration, the elimination of coma is physically realizable. Coma vanishes 
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FIG. 16-2 Nature of coma in a simple lens. 



when (ea + gr) = *S" = 0. And, for two thin lenses in contact, since we may 
cancel out h 2 tan <p, the aggregate coma vanishes when 

Si"tf + S 2 "fi 2 = 



16-4. Coma of a Parabolic Mirror 

We now take up the description of coma as it is manifested by a parabolic 
mirror worked in parallel light. Fig. 16-3 shows the parabolic mirror used 
to focus a distant point object (which we shall take in the limit to be at 
infinity). This figure also contains auxiliary illustrations pertinent to our 
considerations. The image of the point P, by the parabola, will exhibit coma 
if the chief ray is inclined at an angle <p to the (|). We describe this coma here 
for the limiting case where <p is small. The condition that <p is small allows 
our mathematics of modest rigor to come into play. With this mathematics 
of modest rigor we develop a qualitative description of the comatic image 
that becomes increasingly valid, quantitatively, as the field and the angular 
aperture decrease. Fig. 16-3, at a, shows the object point at P on the (^ at 
a distance u from a mirror facet M . This facet lies on a zone of the mirror 
of radius h, and its position is further defined on this zone by the hour angle, 
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FIG. 16-3 Geometry of rays for calculation of the coma of a parabolic mirror. 



or by the angle a at which M lies, when the zone is viewed from P, as shown 
at c. Thus M, as shown, is at 12 h , and a = or 2t. And M' , as shown, is 

at 6 h , and a = tt. M" at 3 h (or 9 h ) is denned by a = | for 3 |Y This defini- 
tion of the angular facet position on the mirror face is illustrated in Fig. 16-3 
at c. At b we see a horizontal section, corresponding to the vertical section 
at a. 

Fig. 16-4 shows three magnified views of the focal plane as seen from P 
looking toward V. In this figure at a we see the point P' ', where an on-axis 
object P is focused. Here coordinates (y',z') in the focal plane serve to define 
the point where a reflected ray penetrates this focal plane. Qv' shows where a 
paraxial ray, reflected by the mirror at V, from an off-axis point Q, penetrates 
the focal plane. A ray from the same point Q, reflected by a mirror facet 
located at the radial distance h from the <£, and at an azimuth angle a, pene- 
trates the focal plane at QhJ • We also define Qh a ' by the vectors R and A, 
in the focal plane, as shown. Fig. 16-4b shows the observed characteristic 
double comatic circle, of radius p, representative of reflections of rays from all 
the facets of one zone h. The positions of Qhd for facet hour angles on the 
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FIG. 16-4 Sections at the focal plane (to go with Fig. 16-3). 



zone h are indicated at b. We shall deduce below that the centers of such double 
circle loci are located 2p below Q v ', so that all the double comatic circles to- 
gether give the comet-shaped pattern illustrated in this figure at c. This 
pattern has a bright head at Q v ' and its shape is characterized by 60° angular 
boundaries. 

We deduce this coma pattern by calculating the double comatic circles in 
the focal plane; that is, we determine the locus of points where rays reflected 
from the mirror at various facets on the zone h penetrate the focal plane. 
When the source point in Fig. 16-3a moves from P to Q through the distance 
y, in the plane of that figure, the angle of incidence at M will increase from i 

to (i + <p), where <p = -• In contrast, the angle of incidence at M' will de- 
crease from i to (i — <p). On the other hand, if the source point is moved 
perpendicular to the plane of that figure by the distance z, this movement 
will not change the angles of incidence at either M or M' , located at 12 h or 
6 h . Such a perpendicular motion will simply rotate the azimuth of incidence 
at M about the facet normal — the dashed line MCN. Although this leaves 
the angles of incidence substantially unchanged at M and M' these angles 
are increased and decreased for facets at 3 h and 6 h . This rotation of azimuth 

at M is given by the angle A\f/ = — : — :, where u sin i is the perpendicular 

w sin % 

distance from P to the facet normal. At intermediate angles, changes of both 

incidence and azimuth occur. For example, the motion y in the plane of 
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Fig. 16-3a will produce the following changes at the facet (h, a), resolving y 
into its orthogonal components parallel and perpendicular to the plane of 
incidence: 



Ai 


= 


y 

u 


cos 


a = <p 


COS a 


ty 


= 




y 


. sin a 


sin a 






~ & c^ A 



u sin % sin % 

A change of incidence A* moves Q' in the focal plane in the opposite direction 
to a, by the vector amount 

cos 2i 
Here v is the distance from M to P'. The factor cos 2i enters because v is 
inclined to the focal plane. A change of azimuth Ai/> moves Q' in the focal plane 
in a perpendicular direction by the vector amount 

| A | = v sin i A\f/ 
Here v sin i is the lever arm, so to speak, on which Q' swings about the facet 
normal, MC. Taking projections of R and A parallel to the axes, z'- and y'- 
axes, we get the Cartesian coordinates of Qud in the focal plane. As shown in 
Fig. 16-4a, these coordinates are 

, V<p COS a ... 

— y= ^rr- cos a + v<p sin a sin a 

y cos 2t 

. Vcp cos a . 
z = — — ^i- sin a — v<p sin a cos a 
cos 2i 

Now, if we write cos 2 a = |(1 + cos 2a) and — ^ 1 + 2i 2 , we get 

COS Zil/ 

— y' = v<p + V(pi? + v<pi? cos 2a 

From Fig. 16-3 we see that the slant distance v is related to the focal distance 

r h 2 h 2 

Vo = - by the relation v cos 2i = v — — • Here — is the sagitta of the para- 

h h 2 

bola. But we make the approximation i = -> so that v — ^r = v (l — i 2 ). 

Using our expression for cos 2i, we get v = v (l + i 2 ). Setting v <p = PQv' , 
and p = v <p i 2 we get, finally, 

-y' ^ PQ/ + 2p + p cos 2a 
And, on writing sin a cos a = | sin 2a, we get 

2' = v<pi 2 sin 2a == p sin 2a 
These expressions for y' and z' are recognized as the parametric representation 
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of a double circle shown resolved at b in Fig. 16-4. In that figure at c we 
show all the unresolved double circles superimposed, one for each of the 
different mirror zones. Obviously the envelope lines in this figure, at c, 

Qv'S and Qv'T, make angles of sin -1 ( 9 ) = 30° with the y'-axis, and give the 

60° included angle, which is typical of the coma pattern. In the derivation 

FIG. 16-5 Elby's measurement of the coma of an elliptical mirror. 
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above, our approximations obscure discrimination between the resolved double 
circles at b. 

Fig. 16-5 shows Frank Elby's half-resolved measures of distributions of 
energy in the comatic pattern that is characteristic of an elliptical mirror. 
The pattern was measured with an oscillating knife, as shown. This coma 
pattern is very much like that of a parabolic mirror, when the ellipticity ap- 
proaches unity. The angle of projection in the case of the elliptical mirror 
was so great that all the light transmitted past the knife edge could not be 
managed with lenses. Actually, the light transmitted past the focal knife 
was received on a scattering surface and only the part of it scattered into the 
photocell was used as a sample for measurement. 

16-5. Astigmatism of a Single Surface 

Fig. 16-6 illustrates how astigmatism is produced on refraction at a facet 
on a spherical refracting surface. This figure at b shows the sections AB and 
CD. The fan of rays refracted along A and B exhibit a union at P m ', whereas 
those refracted along C and D exhibit a union at P,'. These two foci, sepa- 
rated in depth, are characteristic of astigmatism. P m ' is the meridional line 
focus, and P/ is the sagittal line focus. Sections of the incident and refracted 
wave fronts are shown in the figure at c and d. In order to clarify the meaning 
of the aberration of astigmatism, we shall consider the transformations which 
the refracting surface imposes on the incident spherical wave, following the 
manner of § 13-4 and the illustrations of Fig. 13-6. The wave front trans- 
formations can be described as the combination of a prism-like deviation, as 
if the facet ABCD represented a prism face, and, in addition, a lens-like 
transformation of the curvature of the incident spherical wave front giving 
line focusings, similar to that mentioned in § 13-4. The different line focus- 
ings, for the AB and CD sections, are accounted for in terms of two trans- 
formations of wave fronts. For these transformations we use appropriate 
projections of the sagittae and chords of the arcs AB and CD (projections 
along the directions of incidence and refraction). The object distance for 
both line images is specified by the common slant distance u; the two image 
distances are measured, in the direction of prism refraction, by the slant 
distances v s and v m . 

First, we consider the refraction in a plane perpendicular to the plane of 
incidence, represented by the arc CD. We determine the differences of optical 
path, both before and after refraction, between center and edge rays; and 
then, using the fact that wave surfaces are surfaces of equal phase, we invoke 
the implication of Fermat's principle; that all optical path distances from 
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FIG. 16-6 Ray and wave calculation of astigmatism produced by a singl, 



fracting surface 



e re- 



points on an incident wave to corresponding points on a refracted wave front 
are equal. Taking projections of the sagitta of the arc CD, and applying 
Fermat's principle, 



0> = o> cos <p u r " = a r C os (p' 
(cr/ + <r u ) - N(a r " - a v .) = 



( s w-*+ ss m-»m~<- B !P)-o 



2v s J 



This relationship of path differences gives the same slant distance as Eq 13-5 a 
namely ' 



1 i H = N cos (p' ~ cos <g 



w v. 



(a) 
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Next, considering refraction in the plane of incidence, represented by the 
arc AB, we again invoke the implications of Fermat's principle: 

(o> cos <p + «"«) — N(<r r cos <p r — a Vm ) = 



And, taking proper projections of (AB), we get 



((ABY 
\ 2r 



or 



N 



COStp + 



COS 2 <p' 



[(AB) cos <p]' 
2u 



)-,( 



(AB) 
2r 



! COSf ._m»d.% 

2v m 



') = 



1 . COS^ y 

u v m 



N 



COS <p 



COS' <p COS ^7 



(b) 



This expression may be checked separately by means of the following geo- 
metrical analysis, applied to Fig. 16-6a. We take A and B to be infinitesimally 
separated, and take a as the inclination of r. 

(AB) = rda 

u dd = r da cos <p v m dd' = r da cos <p' 

r cos 



<p = a + 



dtp = da + d6 = da ( 1 + J 

7„/ 7/1 7* cos <p'\ 
<p' = a- 6' dip' = da - dd' = da ( l - — ) 

Substituting these values for d(p and d<p' in Snell's law differentiated, 

cos <p d<p = N cos <p' d<p' 

and on dividing by r cos 2 <p, we get expression (b) above. 

Both of these equations, (a) and (b), apply equally to mirrors. Fig. 16-7 
shows reflection from a presumed flat mirror at 45°. Here the flat mirror is 



FIG. 16-7 Astigmatic test for the deviation of a mirror from true flatness. 

spherical mtrror 
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set at 45° in front of a spherical mirror of known true quality. If now the pre- 
sumed flat actually has a very slight concavity or convexity, the effect of its 
radius of curvature will be to produce astigmatism at the focus of the true 
testing sphere. This manifest astigmatism may be evaluated qualitatively with 
the eyepiece test; or it may be determined quantitatively by means of hori- 
zontal and vertical knife-edge cut-offs, in the manner indicated in the figure. 
A student exercise shows that even the slightest convexity or concavity intro- 
duces easily measurable separations of the horizontal and vertical knife-edge 
cut-offs. 

For a mirror, either at 45° as above, or at grazing incidence, we rewrite 
the expressions (a) and (b) with both terms in F positive. In the case of 

grazing incidence we write y for the grazing angle, so that y = -z — <p and 

cos tp = sin 7 = 7. Thus for u = °° , and N = +1, 

1_ = cos <p' + cos <p ^ 27 ,,. 

v s r r 

±_-2-~* (bo 

v m r cos <p yr 

It is evident that (v m — v s ) will become very large when 7 gets small. In fact, 
this effect is so marked that the convexity of a quiet mercury surface of only 
1 foot diameter, its surface conforming to the curvature of the earth with a 

sagitta of j^. for green light, introduces noticeable astigmatism in a parallel 

beam reflected at grazing incidence from it. 



16-6. Coddington's Equations for a Thin Lens 

Fig. 16-8 shows a symmetrical thin lens stopped centrally. The chief ray is 
inclined at angle <p, relative to the lens (^. A combination of expressions for 
the astigmatism at each lens surface, as follows, gives formulas for oblique 
penetration of the simple lens as a whole. We get one formula for the section 
of the wave front perpendicular to the plane of incidence of the chief rays, 
giving v s , and another for the section of the wave front parallel to the plane 
of incidence, giving v m . Taking the lens thickness as negligible, we write 

1 , N _ N cos <pi — cos <p\ , N . 1_ _ cos <p 2 ' — N cos <p 2 

u v s ' n an v/ v s ~ r 2 

for the two lens surfaces. On combining these expressions and eliminating v g ', 
we get the first of Coddington's equations: 

1 , 1 ( N cos <p' A /l , 1\ 

~ + _ = cos <p ( — — 1 ) ( - + - ) (a) 

u v s \ cos <p ) \n r 2 / v ' 



366 



Image Defects 



[CH. XVl] 




FIG. 16-8 Astigmatic foci for a lens, where the chief ray is incident at the angle 
<p with the (|). In Eqs. 16-6 a and b, N sin y' = sin <p. 



And elimination of v m ', similarly, gives the second Coddington equation: 

I . 1 = _J_ ( N cos <p' _ A(L , L\ 

u v m cos <p \ cos <p ) \n r 2 ) ^ ' 



16-7. Curvature of Field 

The curvature of field of a thin lens is closely related to astigmatism. We 

may predict the curvature of field by the variation of ( Vm ~T Vs ) with <p, 

whereas astigmatism is measured by the variation of the difference, (v m — v s ), 
with <p. The astigmatic images at focal distances v m and v s , for incident parallel 
light, are line images — one a tangential line at the slant distance v m , and the 
other a radial line at the slant distance v s . As Fig. 16-9 shows, between these 
line images the light is converged within a roughly circular blur circle, of 
diameter b. From Eqs. 16-6a and b, the blur circle diameter for incident par- 
allel light is approximately 

& = — (v m — Vs) tan do' ~ <p 2 /o tan do' 
where f is the focal length for <p = 0. From the same equations, the oblique 
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focal length, f p , can be similarly shown to be 

U = 2 ( Vm + v *) — ^° 
This expression predicts that the focal surface of least confusion for a thin 
lens is a sphere centered at the center of the lens — showing that curvature 
of field and astigmatism are closely connected. 

Whereas we previously have found that spherical aberration can be con- 
trolled by bending the lens at constant / , the equation above indicates that 
curvature of field is independent of bending. The curvature of field, however, 
can be reduced by a proper positioning of a stop so that oblique chief rays do 
not go through the center of the lens. Unfortunately, when curvature is thus 
reduced, astigmatism is increased. Fig. 16-10 shows how such a reduction 
of curvature may be effected. In inexpensive cameras such a reduction is 
sometimes used when curvature is more intolerable than a loss of resolving 
power at the edges of the field, due to increased astigmatism. Such use of a 
stop is called artificial field flattening. 

A compound lens with components of equal and opposite power, JFi = — 9^, 
having the aberrations of astigmatism and curvature of field in equal and 
opposite measure, will have the residual power <S> = $J 2 t (applying equation c 
of § 14-2). With a properly positioned stop such a system can be given re- 
duced astigmatism or curvature of field; and, if the condition 






(a) 



FIG. 16-9 Geometry for location of circle of least confusion and for prediction 
of its diameter. 



Jg^. W i>,+ v m ) 

^ ^ 2 




(v s - v„) 



circle of least 
confusion, diarn -h^y 



368 • Image Defects 
stop 




FIG. 16-10 Artificial field flattening by means of an aperture stop. 

is also fulfilled, the system can be freed of both aberrations simultaneously. 
The above condition is called Petzval's condition, and it has been referred 
to previously in § 14-8. 

16-8. Distortion 

Finally we come to the fifth monochromatic aberration, distortion. It must 
be apparent by now that the simultaneous satisfaction of all the conditions 
for removal of aberrations is difficult to accomplish. Distortion may be con- 
trolled by the stop position; and compound lenses that are arranged with 
components symmetrically on both sides of a stop have reduced distortion. 

Distortion is a manifestation of the increase, or decrease, of magnification 
as the obliquity of the chief ray increases. If the magnification increases with 
obliquity, we get so-called pin-cushion distortion; if it decreases, we get barrel 
distortion. Fig. 16-11 shows a simple lens with a preceding stop and the same 
lens with a following stop. The combination of these to form a symmetrical 
compound lens, with the stop between the components, is free from distor- 
tion. The first lens and stop combination manifests barrel distortion; the 
second combination manifests pin-cushion distortion; the combination with 
central stop compensates one type of distortion with the other. The com- 
pound system is distortion free, but m = 1.0. 

16-9. Optical Systems 

With this introduction to the five monochromatic defects of images, and 
some mention of longitudinal and lateral chromatism, we may now consider 
several particular optical systems that are notable for freedom from one or 
more of these defects. 

Fig. 16-12 illustrates a spherical mirror with a stop at its center of curva- 
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negative distortion 
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FIG. 16-11 Distortion, and its control by stops. 



ture — a system from which the Schmidt camera derives. The Schmidt system 
was not introduced until 1931. f To understand this system, consider a spher- 
ical mirror with a stop at its center of curvature pointed toward the stars of 
the heavens. It is apparent that chief rays from each star will strike the 
spherical mirror normally, for this position of the stop at the center of curva- 
ture of the mirror. And the images of all the stars will be free from coma as 
well as astigmatism. But although the field of this combination is free of 
the off-axis aberrations, it is strongly afflicted with curvature. When the aper- 
ture stop is opened, although the field aberrations remain absent, spherical 
aberration becomes offensive. But Bernard Schmidt coped with this offensive 
aberration by means of a corrector plate located at the stop. This plate did 
not introduce offensive field aberrations because it had substantially no overall 
focusing power, but it corrected out spherical aberration of the mirror over 
the whole field. Although, for oblique parallel rays — a ray displaced a dis- 



t A translation of Bernard Schmidt's original article by N. U. Mayall appears in Pubns. 
of Astron. Soc. Pacific, 58, 282 (1946). See also D. O. Hendrix and Wm. H. Christie, 
Scientific American, August 1939; Albert G. Ingalls (ed.), Amateur Telescope Making, 
Book III (1953, Scientific American). 
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diaphragm 




FIG. 16-12 Geometric illustration of the 
Schmidt camera to show why it avoids coma, 
astigmatism, and distortion. This system has 
no optical (^ — which is the reason it is free 
of astigmatism and coma. 



focal surface 



tance h from the chief ray strikes Schmidt's corrector lens at a greater dis- 
tance /liens from its center and so it gets an improper correction. But the 
distance h — hi ens , which is proportional to h (1 — cos <p), is small for chief 
rays of modest obliquity. 

We may think of a facet on the corrector plate as a small-angle prism that 
produces the deviation (N — 1) multiplied by a local prism angle. When the 
prism angle is small, as it is here, the deviation is independent of angle of 
incidence on the prism. Thus the corrector plate at the center of curvature 
of the spherical mirror is exceptionally free of fault for both a large aperture and 
a large field. This optical combination of Schmidt's has enjoyed extensive use in 
astronomy, culminating in the 48" Schmidt telescope of Palomar Mountain. 
That telescope has a focal length of 10 feet; and, as its name implies, the cor- 
rector plate is 48" in diameter. The primary spherical mirror of that telescope 
has a radius of curvature of 20 feet and its diameter is 72". The diagonal of 
the rectangular photographic plate used is 19 inches. This plate is bent over 
a mandril in the plate holder to the 10-foot radius of curvature of the focal 
plane. 

We have discussed Bouwers' somewhat similar correction of spherical aber- 
ration by a spherical mirror. In contrast to Schmidt's correction, Bouwers 
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Maksutov 



FIG. 16-13 D. D. Maksutov method of 
correcting spherical aberration. See J. Opt. 
Soc. Am., 34, 270 (1944). 
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FIG. 16-14 Schmidt's method of correcting spherical aberration, and Hayward's 
modification of it. 



uses a negative lens. A similar combination of a mirror and an JF ^ menis- 
cus lens, described by Maksutov, is shown in Fig. 16-13. Both Bouwers and 
Maksutov, however, followed the principle of Schmidt's camera which re- 
moves coma and astigmatism easily by locating the corrector with the stop 
where it "wants to be"— at the center of curvature of the spherical mirror. 
The correctors themselves introduce but little coma or astigmatism and very 
little chromatic aberration. Two modifications of the Schmidt are shown in 
Fig. 16-14. 

Fig. 16-15a shows the mirror optical system described by H. Ebert. This 
system has only recently found wide use in grating monochromators; the 
aberrations which the collimator reflection introduces at one side of a sphere 
are corrected in the telescope reflection at the other side of the same sphere. 
This type of correction was recognized and described by Professor M. Czerny 
and Dr. A. F. Turner, f as illustrated in the figure, at b. A central section 
of the collimated wave front in the Ebert or Czerny-Turner system is 
S-shaped, as shown. This, however, is just the type of incident wave front 
which the telescope reflection "likes" to correct, and it concentrates the light 
into a line image. The performance details of the Ebert optical system have 
recently been described by William G. FastieJ in the Journal of the Optical 
Society of America. Fastie's use of a single large sphere as originally proposed 
by Ebert, instead of two spheres as described by Czerny and Turner, sim- 
plifies the system for gratings and makes exact adjustments easier (especially, 
adjustments of the circular slits). 



t M. Czerny and A. F. Turner, Z. Physik, 61, 792 (1930). 

t Wm. G. Fastie, J. Opt. Soc. Am., 42, 641 (1952), and 43, 1174 (1953). 
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Czerny and Turner 3 

FIG. 16-15 Corrections by the telescope mirror of the aberrations that the col- 
limator mirror introduces in a spectrometer. 



There are many recent developments in the mirror-lens combinations and 
in systems using aspheric surfaces. The descriptions of these fall beyond 
the scope of our work. These systems have proved particularly useful for 
microscopes used in spectral regions where suitably transparent glasses are 
not available. 



Appendix J\ 

Applications of Interferometryt 

by W. Ewart WilliamsX 



The fundamental basis of the phenomenon of light interference is the principle 
of superposition due to Thomas Young. Suppose that due to a single wave 
train we have a displacement X in a given direction at a certain point and 
time and that another train acting by itself have a corresponding displace- 
ment Y, the principle states that the instantaneous resultant displacement of 
the two waves acting together is the algebraic sum of the separate displace- 
ments. 

R = X+ Y 

This additive principle, which is only approximately valid for vibrations 
in matter, must hold exactly for light vibrations since practically the whole 
of optics is based on its correctness. Although not understood at the time, 
it is tacitly included in Huygens' method of constructing the new position 
of a wave front as the envelope of secondary wavelets. In one sense the term 
"interference" is a misnomer, for, as Young himself realized, this principle 
of superposition implies the absolute independence of the individual com- 
ponents of the resultant displacement. This is in accordance with the experi- 
ments of Ebert, which showed that one light beam, however intense, had no 
effect on another beam crossing its path. 

The field of interference of light is so wide that it has become customary 
to divide it into two parts. The study of the interference effects due to partic- 
ular shapes of wave fronts is termed diffraction, and the term interference is 



t Introductory chapter from one of Methuen's Monographs on Physical Subjects, published 
by Methuen & Co. Ltd., London, and John Wiley & Sons, Inc., New York. Reprinted by 
permission of author and publishers. 

1 155 South Orange Grove, Pasadena, California. 
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limited to mean the effect of combining two or more separate beams that 
originally must have come from the same source. 

When two or more beams "interfere" to form the familiar fringe effect, 
either we have a redistribution of the light, the bright parts collecting the 
energy from the darker portions, or a complementary pattern is formed 
elsewhere, the bright parts of which correspond to the dark portions of the 
observed pattern. FresnePs biprism, the diffraction grating, and the Lummer 
plate are examples of cases giving an actual redistribution of the light in the 
field of view, while in Newton's rings and the Michelson and Fabry-Perot 
interferometers complementary patterns are formed. 

Laws Governing the Interference of Light 

Interference effects are only obtained if the interfering beams originate at 
a common source. 

This law is a practical consequence of the enormously high frequency 
(of the order of 10 15 per second) of visible light and the lack of homogeneity 
of known sources. Experiments indicate that the most nearly monochromatic 
light sources only radiate an unbroken train of waves for about 10 -8 second. 
After that interval another train will be started, bearing no definite phase 
relationship with the first. If it were possible to photograph with an exposure 
time of this order or less, in all probability fringes could be obtained from 
separate sources. Again with a sufficiently short time of exposure we should 
be able to obtain interference effects between beams of different wavelengths 
or frequencies, as these effects are obtained with the longer electromagnetic 
or wireless waves, which are inherently similar. Practically, in consequence 
of the comparatively long period required to register the effects, the inter- 
fering sources must be identical in all respects, and this is only possible when 
the beams originate from a common source. 

When the original beam has been plane polarized and is passed through a 
doubly refracting medium, we have the additional limitation (first given by 
Fresnel and Arago) that the vibrations must be analyzed on a common azi- 
muth before the interference effects are observable. This follows since the 
transverse vibrations of the two beams emerging from the doubly refracting 
medium are mutually perpendicular. 

Classification of Interference Phenomena 

We can divide the methods of obtaining interference effects into two broad 
classes : (A) methods which require a point source or, if the interference effects 
are only required in one direction, a line source (division of wavefront); 
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(B) methods in which the beam is divided by partial reflection into two or 
more beams (division of amplitude). 

In the first class, provided the point or line source is sufficiently fine, it is 
possible to have wave fronts with similar phases emerging in slightly different 
directions from the source. These can be further separated by mirrors, prisms, 
and lenses and eventually brought together again to produce interference 
bands. The greater the area over which the wave front must be of the same 
phase, or coherent, the smaller must be the angle the source subtends at the 
wave front. Examples of this class are the Fresnel biprism and mirrors, Lloyd's 
mirror, the Billet split lens, and the Rayleigh interferometer. When the slit 
is too wide, the fringes disappear. This disappearance of the fringes was 
actually used by Michelson in his method of measuring the angular diameter 
of stars and by Gerhardt in his adaptation of Michelson's method to obtain 
the diameters of ultra-microscopic particles. All diffraction gratings, including 
echelons, also belong to this class. 

In the second class, where the beam is divided by partial reflection at a 
half silvered mirror, there is a point-to-point correspondence between the 
wave fronts of the transmitted and reflected beams. Any peculiarities in the 
one are also present in the other. It therefore follows that, however complex 
the original wave front may be, the clearness of the interference effects is 
not impaired. This means that, with division of amplitude, extended light 
sources may be used, so that in general the effects are much brighter. Exam- 
ples of this class are the interference effects of thin films and the interferometer 
systems of Jamin, Mach, Michelson, Fabry-Perot, and Lummer-Gehrcke. 

An interferometer of this second class can in special instances be modified 
and used as an instrument of the former class. It thereby gains many addi- 
tional qualities and behaves in an entirely different way. A notable example 
of this is the modification by Twyman and Green of the Michelson inter- 
ferometer. 

Michelson, in his book Light Waves and Their Uses, restricted the term 
"interferometer" to denote any arrangement which separates a beam of light 
into two parts and allows them to reunite under conditions to produce inter- 
ference. Common usage has, however, extended this definition to include all 
methods that divide the beam into any number of parts that are subsequently 
brought together to cause interference. For this reason it is convenient to 
subdivide each of the above classes according to whether we have two or 
more interfering beams. All the arrangements in Class A, with the exception 
of diffraction (including echelon) gratings, belong to the double-beam type, 
while the Fabry-Perot and Lummer-Gehrcke interferometers of Class B are 
examples of the multiple-beam type. 
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I nterferome ter s * 

by J. Dvsont 



The essence of interferometry lies in the combination of two beams of light 
in such a way that reinforcement or cancellation of the illumination takes 
place at points depending on the phase differences of the two beams. This 
necessarily implies that there is a statistical correlation between the electro- 
magnetic vibrations in the two beams in the plane where the fringes are 
formed, and this in turn implies that the two beams have been derived from 
the same primary beam of light. Another condition is implied also, viz : that 
the light emitted by every elementary point of the source shall form an 
identical fringe pattern in the same place; otherwise the various patterns 
will overlap and reduce the contrast, perhaps to zero. When both these 
conditions are satisfied, the two beams are said to be "coherent." Thus the 
basic system of an interferometer is as shown in Fig. B-l, where the contents 
of the "black boxes" may be of many different forms. 

The manner in which the two beams are split off from the primary beam 
constitutes a possible basis for the classification of interferometers. The prin- 
cipal ways in which the splitting can be effected are (a) aperture splitting, 
(b) diffraction splitting, (c) amplitude splitting. 

A good example of the first method of splitting is given by the Rayleigh 
interferometer, shown in its essentials in Fig. B-2. Light passes through a 
slit, Si, which is so narrow that, whatever the convergence of the primary 
beam might have been, it is spread by diffraction into a wide fan of light. 
This falls on a screen pierced by two slits, *S 2 and *S 3 , which allow two narrow 

t Thanks are due to Dr. T. E. Allibone, F.R.S., Director of the Research Laboratory, 
Associated Electrical Industries Ltd., for permission to publish this appendix. 

% Research Laboratory, Associated Electrical Industries Ltd., Aldermaston Court, Alder- 
maston, Berkshire, England. 
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FIG. B-l Basic system of an interferometer. 



portions, well separated, of the wave front to pass. The light is rendered 
parallel by the lens, L h and focused again by another lens, L 2 . The image, 
as shown, consists of a band of width determined by the width of *S 2 and S% 
and by the magnification of the system. The two beams combine at this 
image and form interference bands parallel to the slits. A tube closed at the 
ends by transparent windows is inserted in the parallel portion of each beam, 
and the contents (liquid or gaseous) of the tubes determine the positions of 
the fringes by the path difference introduced between the two beams. 

It can easily be seen that each point across the width of Si will give rise 
to its own set of interference fringes, and that, if Si is too wide, these sets 
of fringes will overlap and reduce the contrast. It can be shown that the 
condition for this loss of contrast not to be serious is that the angular width 
of the central maximum of the diffraction pattern due to Si should be large 
compared with the angle subtended by Si at the distance separating S 2 or 
£3 from it. 

This condition is common to aperture-splitting systems, and shows that, 
in general, the illumination in such systems cannot be very high because of 
the necessarily small width of Si. It can be generalized into a theorem of 
great value in interferometry, as follows: 1 Consider Fig. B-3, where the 



FIG. B-2 Rayleigh interferometer. 
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illumination of two points, Pi and P 2 , is produced by light received from a 
source, S, of uniform brightness. If the light passing through these points be 
combined by some means to form interference fringes, the intensity of the 
two interfering beams having been made equal (say by introducing an ab- 
sorbing filter into one of them), the maximum and minimum illumination in 
these fringes will be (g max and (g min . The contrast may be defined as V = 

(Smax — @min)/(@max + @Wn)- 

The theorem then states that the value of V is given by the ratio of the 
amplitudes at Pi and P 2 in the diffraction pattern produced by an aperture 
of the same shape and position as the boundary of S when the central maxi- 
mum of the pattern is situated at either Pi or P 2 . 

The value of this theorem lies in the fact that such diffraction patterns 
have been calculated for apertures of most shapes likely to be met with in 
practice. It remains true even if Pi and P 2 are not at equal distances from 
the source (provided the diffraction pattern is calculated to take account of 
the "out of focus" effect). 

The quantity V can also be defined as the "coherence" between the light 
at Pi and at P 2 . 

Diffraction splitting is not often used, and is best exemplified in the case 
of the phase contrast microscope. The full treatment of this case lies outside 
the field of this appendix, but the state of affairs can be described roughly 
as follows. A small transparent refracting object is placed on the stage of 
the microscope (Fig. B-4) and illuminated by parallel light. If the optical 
thickness of the object is small, the light vectors are rotated through a small 
angle after passage through it. The resultant vector field can be regarded as 
consisting of a uniform field together with a small "difference vector" approx- 
imately in quadrature, and occurring only behind the object. The uniform 
field or "background" will be converged by the objective to its rear principal 
focus, where a very small disk of refracting material is placed. This disk is of 



FIG. B-3 Illustration of Dyson's visibility theorem. 
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FIG. B-4 Diffraction splitting of a primary beam, as illustrated by the phase con- 
trast microscope. 

thickness sufficient to introduce a phase delay of 90° in the light passing 
through it. The background wave passes entirely through this disk, but the 
other wave front, characterized by the difference vectors, being restricted in 
lateral extent by the dimensions of the object, will spread by diffraction 
outside the disk and will largely avoid this phase delay. 

The two waves are combined again in the image plane, and the illumination 
outside the image of the object will be that due to the background wave. 
Inside the image of the object, however, the "difference' ' vector is added, 
but, as an additional phase delay of 90° has been introduced between it and 
the background, the vectors are now in phase and the brightness is enhanced 
within the image. The object is then seen bright against a darker ground. 

This arrangement gives "negative phase contrast." If the small circular 
disk is replaced by a plate covering the whole aperture but with a small area 
in the center etched away to a suitable depth, "positive phase contrast" is 
given, by which the object is seen dark against a brighter ground. 
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The foregoing analysis is approximate only, of course, as it does not explain, 
where the extra energy for the brightening of the image comes from (in fact, 
it comes from a darkening of the rest of the field due to that portion of the 
diffracted beam which passes through the phase disk), nor is the well-known 
"halo effect" explained. For a more complete discussion, reference should be 
made to standard texts. 2 

Amplitude splitting covers a very wide field and can be achieved in a 
number of ways. The beam may fall on a partially reflecting surface, part 
of the light being reflected and part transmitted. This mechanism is responsi- 
ble for the formation of Newton's rings and for the colors of soap bubbles, 
but a more modern use is in Michelson's interferometer. The arrangement is 
shown in Fig. B-5. Light is incident at 45° on a glass plate which is half sil- 
vered on one face. Part is transmitted and falls on a mirror, M h being reflected 
back along its path and partially reflected at the half-silvered surface, coming 
out at 90° to its original path. Part of the primary beam is also reflected at 
the half-silvered layer, is reflected back by another mirror, M 2 , and is partially 
transmitted, emerging along the same path as the first beam. 

A second glass plate of the same thickness as the half-silvered plate is 
placed in the path of this beam; this ensures that the same thickness of glass 
is traversed by both beams. If this were not so, a path difference varying 
with wavelength would be introduced because of the dispersion of the glass, 
in addition to a path difference varying with angle in the field of view. 

The optical conditions are thus the same as would arise if the light were 
reflected by Mi and a mirror in the position of the virtual image of M 2 pro- 
duced by reflection in the half-silvered layer. As the two beams are in fact 
well separated, however, an object such as a plane-parallel plate or a tube 



FIG. B-5 Amplitude splitting of a primary 
beam, as illustrated by Michelson's inter- 
ferometer. 
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FIG. B-6 Twyman-Green modification of 
Michelson's interferometer. 



filled with gas may be placed in either beam in order to measure its optical 
thickness by the displacement of the fringes produced thereby. 

It is easily seen that, unless the separation between Mi and the virtual 
image of M 2 is very small, the fringes appear to be at infinity. To enable 
them to be seen at finite distances, a modification was introduced by Twyman 
and Green (Fig. B-6). The light now comes from a pinhole, P, at the prin- 
cipal focus of a lens, L h and another lens, L 2 , is provided to focus the emerging 
light into the pupil of the eye. This form is used largely for testing of optical 
parts (here exemplified by a prism). The function of the use of collimated 
light is twofold. First, the fringes at infinity can now be seen at a finite dis- 
tance (such as on one of the surfaces of the prism) because of the greatly 
increased depth of focus. Secondly, the light is made to traverse the optical 
part under test in a definite manner, thus making the result of the test ex- 
plicit. It is not true that, as is sometimes stated in textbooks, the lens Li 
must be perfectly corrected. The fringe pattern obtained shows, after the 
manner of a contour map, the difference in shape of the two wave fronts 
which have traversed the two paths, so a small deviation of the primary wave 



FIG. B-7 Scatter splitting of a primary beam. 
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front from flatness will not affect the pattern, as this deviation will be present 
equally in both waves. 

A second method of amplitude splitting is by scattering. The resulting 
phenomena were mentioned by Newton in his Optics, but have not been put 
to practical use till recently. The principle is illustrated in Fig. B-7. Consider 
a plane parallel back-silvered mirror with a thin layer of dust on the front. 
Light is scattered by the dust, and can find its way to the eye by two alterna- 
tive routes, as shown in Fig. B-7a or B-7b, scattering taking place before 
reflection in the first case and after reflection in the second. The two paths 
are shown on the same diagram in Fig. B-7c. The path difference between 
the two emergent rays depends on the angle of scattering and is zero when 
this angle is zero. As the emergent rays are parallel, the resulting interference 
fringes are seen at infinity. 

These fringes may easily be demonstrated by grinding one face of a piece 
of plate glass very lightly so that some of the original surface is left between 
the pits and silvering the other side. Light from a small bright source is 
reflected onto the ground side by a plate of unsilvered glass, and the fringes 
are seen through this plate, the mirror being adjusted so that the line of sight 
to the reflected image of the light source is normal to its surface. 

The phenomenon has been used by Burch 3 to make a remarkably simple 
interferometer, which can be used for testing optical systems. A suitable 
surface is prepared as described above, and two replicas are taken from it by 
casting a film of collodion or other plastic onto the surface, or by pressing 
while hot against a sheet of thermoplastic material. The set-up in Fig. B-8 
shows this device used to test a concave mirror, M. Light from a pinhole, P, 
is focused to a small image, I, on the surface of M by a lens, L, and one replica, 
Ri, is placed at the center of curvature of M. A partially reflecting surface is 
placed at 45° with the axis a short distance inside the center of curvature, 
and the other replica, R 2 , is placed at the virtual image of Ri. R 2 is inverted 

FIG. B-8 Scatter splitting of a primary beam, as employed in Burch's interferometer. 
partially reflecting .surface KX 
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and turned front for back, as shown. Under these conditions, each point of Ri 
is imaged into the corresponding point of R 2 . 

Some of the incident light is scattered by Rx into a wide cone filling the 
aperture of the mirror. This light is focused back onto R 2 , and some of it 
passes straight through without further scattering. Some of the light forming 
the image / is scattered by R 2 , and, because of the point-to-point correspond- 
ence of the two replicas, the two beams emerge in coincidence. 

An observer looking through R 2 will therefore see two superimposed fields 
of view. One, formed by light scattered by R 2 but not by Ri, will give a large 
diffuse illuminated patch; the other, by light scattered by #1 but not by R 2 , 
gives a sharp image of the mirror surface. These fields will be coherent where 
they overlap and will be crossed by interference fringes. 

The first field (the "reference" field) is formed by light which has only 
struck the mirror at a small area, J, and the aberrations can be taken to be 
sensibly zero over this area. The position of this small area can be chosen so 
that this is true. The other field, however (the "test" field), is formed by 
light filling the aperture of M, and its wave front is therefore deformed by 
the errors of the mirror surface. Consequently, the interference fringes, con- 
stituting a contour map of the difference between the two wave surfaces, 
indicate directly the imperfections of the mirror. 

The small reference area, in the field of view, is excessively bright because 
of light not scattered by either Ri or R 2 . Because of its concentration and 
brightness, it may be necessary to use a patch-stop at an appropriate place 
in the system after R 2 in order to avoid dazzle from this source. 

This type of interferometer presents notable advantages in operation over 
the Twyman-Green type for testing purposes. In the latter case, the reference 
beam is widely separated from the test beam and tends to be affected differ- 
ently by vibration and thermal drift. Furthermore, it has to have a linear 
aperture comparable with the system under test, which involves the use of 
large, very precise optical parts. In addition, if the system under test includes 
refracting elements, highly monochromatic light must be used because of the 
dispersion of these parts. All these disadvantages are avoided by the fact 
that, in the scatter-fringe interferometer, both test and reference beams trav- 
erse the same optics. This type of instrument may therefore be called a 
"common-path interferometer." 

Another method of splitting, amplitude splitting by polarization, is rapidly 
coming into prominence. This may be illustrated by another common-path 
interferometer due to Dyson, 4 in many respects similar to that of Burch. 
Splitting is accomplished by means of a lens incorporating an element of 
birefringent material. In Fig. B-9 this lens is shown as a symmetrical triplet 
with a central negative component of Iceland spar and two positive compo- 
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nents of glass. The crystal is cut with its optic axis in the plane of the lens. 
The optical behavior of the lens can be described in first approximation by 
assuming that it has two refractive indices equal to the ordinary and extraor- 
dinary indices for the crystal, and otherwise ignoring the effects of anisot- 
ropy, which, in fact, ultimately cancel out. The triplet is so designed that 
its overall power for the ordinary ray is zero, and positive for the extraordinary 
ray. Light polarized at 45° to the optic axis of the crystal is incident from the 
left, and is focused by a lens, L h to an image, I\, on the mirror under test. 
This light is split into two beams polarized at right angles to each other in 
the crystal. The ordinary beam goes through without deflection to form 7i; 
the extraordinary beam is converged to a focus, 7 2 , and thereafter expands 
to fill the mirror aperture. A birefringent quarter-wave plate is placed after 
the triplet with its principal directions at 45° to the planes of polarization. 
As the light traverses it twice, it acts as a half-wave plate and rotates the 
planes of polarization through 90°. Thus the ordinary ray becomes the 
extraordinary ray on its return. 

The initially ordinary ray is returned from I\ to a point symmetrically 
opposite the point from which it left the triplet. Now being the extraordinary 
ray, it is converged to a focus, I 3 . The initially extraordinary ray passes 
through the triplet undeflected and comes to a focus which, if the radius of 
the mirror is very large, coincides with Z 3 . If the mirror radius is in fact not 
very large, the same effect can be achieved by using a collimator lens, L 2 , 
to image the mirror surface to infinity. 

The two beams diverging from 7 3 are deflected out of the system to a posi- 
tion accessible for viewing by an oblique, partially reflecting surface, and 
pass through an analyzer. It is convenient to use an interference filter placed 
at Brewster's angle 5 for the partially reflecting surface, as this will act as both 
polarizer and analyzer in addition, and give the maximum economy of light. 

The interpretation of the fringe patterns is exactly the same as for Burch's 
interferometer. It has the advantages, however, of fewer adjustments, greater 



FIG. B-9 Amplitude splitting by polarization, as employed in Dyson's interferometer. 
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FIG. B-10 Interferograms taken with Dyson's interferometer. 

light efficiency, and no dazzle due to light from I h as this image is only visible 
as a result of incomplete polarization and can be made quite inconspicuous. 
The fringe contrast is also better because the parasitic light is smaller. 

Fig. B-10 gives two examples of interferograms taken with this instrument. 
Fig. B-lOa is of a wide-angle photographic lens taken at 30° off axis, with 
the set-up shown below the picture. The lens errors are doubled by this means. 
The fringe distortions show the simultaneous presence of astigmatism and 
spherical aberration, but the perfect symmetry of the pattern indicates that 
coma is absent. 

Fig. B-lOb is of a 4 mm microscope objective, 0.15 mm from the center 
of the field. The asymmetry of the fringes is typical of the presence of coma. 

A second type of interferometer avoids the use of the birefringent lens, 
splitting taking place at a polarizing interference filter. The arrangement is 
shown in Fig. B-ll. Light polarized at 45° to the plane of incidence falls on a 
polarizing interference filter, half being reflected and half transmitted. The 
transmitted half is reflected by three plane mirrors and falls once more on 
the polarizing filter, passing through it to the system under test. A converging 
lens of symmetrical construction is placed within the circuit of the mirrors, 
its focal length being one half of the length of this circuit. As a result, the 
light is converged to a focus, 7i. This is placed at the focal point of the system 
under test, with the result that the light is returned on its original path. A 
quarter-wave plate beyond the interference filter rotates the plane of polariza- 
tion through 90° by the double passage of the light, so reflection now takes 
place at the interference filter, and the light comes to a focus, JT 2 . A second 



Interferometers • 387 



^ plate 





interference filters 



plane of incidence of 
this filter rotated 4*5° 



FIG. B-ll Splitting of a primary beam by means of a polarizing interference filter. 

interference filter (which, as before, also acts as polarizer and analyzer) 
throws the light out of the system to a point convenient for viewing. The 
plane of incidence on the second interference filter should, of course, make 
an angle of 45° with the first, as Fig. B-ll indicates. 

The reflected part of the primary beam comes to a focus in the aperture 
of the system under test and is returned to a symmetrically opposite point 
on the interference filter, through which it now passes and is converged by 
the lens to a focus coinciding with 7 2 . The two beams then pass out of the 
interferometer in coincidence. The interpretation of the fringe patterns is 
then identical with that previously described. 

This system has a number of advantages over that previously described. 
As the beam splitting does not depend on the difference between the ordinary 
and extraordinary refractive indices of a crystalline material, the lens can 
be designed with surfaces of smaller curvature, and so may have a larger 
angular aperture. Also, as the light diverging from focus h is returned exactly 
along its own path (save for aberrations) by the system under test, the latter 
can be tested under exactly the design conditions. The instrument previously 
described gives the sum of the aberrations for two focal positions, one on 
each side of the design position. 

Polarization splitting has also been applied to the interference microscope. 
The phase contrast microscope described above is not ideally suited for the 
measurement of path differences in the specimen, a function of particular 
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FIG. B-12 Lebedev's shearing type of inter- 
ference microscope. 



interest to biologists, and several workers 1,6 - 7 ' 8 - 9 have developed microscopes 
in which interference is obtained between the field of view containing the 
specimen and another field (the "reference field") from which the specimen 
is absent. The optical thickness of the specimen can then be measured by the 
resulting displacements of the interference fringes. 

An instrument developed early by Lebedev 6 is shown in principle in Fig. 
B-12. The object is placed between two thick birefringent crystal plates 
cut at 45° with the optic axis. The light from the condenser is polarized at 45° 
with the plane containing the optic axis, and is split into two beams on enter- 
ing the lower plate. The ordinary beam passes through undeviated, whereas 
the extraordinary beam traverses the plate obliquely, emerging parallel 
with the ordinary beam but displaced laterally. The object is taken to be 
so small that it lies entirely in the extraordinary beam. 

A half-wave plate is placed between the crystal plates so oriented as to 
rotate the planes of polarization through 90°. Consequently, in the upper 
crystal plate, the previously extraordinary beam becomes the ordinary one, 
and passes through without deviation. The previously ordinary beam, how- 
ever, now suffers a lateral displacement, and the two beams emerge parallel 
and coincident. One beam now carries an image of the light source with the 
object superimposed, the other an image of the light source only. The paths 
are symmetrical, and so conditions for interference are satisfied. The resulting 
pattern of interference fringes is examined by means of a low-power micro- 
scope. As two images of the object, laterally displaced from each other, are 
seen in the field of view, this is known as a "shearing" type of interference 
microscope. 

Another type of polarizing interference microscope was devised by Smith 9 
(Fig. B-13). In the lower principal focal plane of the microscope condenser 
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is placed a birefringent lens consisting of two components of quartz, one of 
positive and one of negative power, cut with the optic axis in the plane of the 
lens and with the optic axes of the two components at right angles. The 
combination behaves as a double focus lens of equal positive and negative 
powers. A similar lens is placed in the upper principal focal plane of the 
objective, but rotated through 90° with respect to the lower one. A light ray- 
polarized at 45° with the optic axis of the lower lens is split into two rays 
polarized mutually at right angles, one converging towards the axis and the 
other diverging from it. After passing through the condenser, these are par- 
allel, but cross the axis at different heights. Accordingly, two images of the 
light source are formed, separated from each other in an axial direction. The 
object (assumed small) is placed in one of these foci. After passage through 
the objective and upper birefringent lens, the two beams are recombined 
and emerge in coincidence. The observer then sees two images of the object, 
one considerably out of focus, and, if the object be small enough, only one 
image is noticeable. The paths once more are symmetrical, and, if an analyzer 
is used, interference contrast is observed. 

Another type of polarizing interferometer has been devised for engineering 
purposes by Dyson. 10 A frequently arising problem is that of checking the 
alignment of the bearings of a turbo alternator or of a marine propeller shaft 
to close limits, or of measuring the straightness of path of an object sliding 
along machined ways, such as the saddle of a lathe. A closely analogous prob- 
lem is that of checking the flatness of a large surface plate. 

The interferometer is based on the system shown in Fig. B-14a. Two iden- 
tical concave mirrors are placed facing each other with a separation equal 
to their common radius of curvature. This system has the property (easily 
verified by elementary means) that an object anywhere on the line joining 
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FIG. B-14 Dyson's straight-line interferometer. 



the centers of curvature is imaged after successive reflection at the two mir- 
rors into an image the same size as the object, coinciding with it in axial 
position but inverted. This means that the line of centers can be used as a 
reference "straight." To do this, the object consists of a small graticule, 
which, in the case of the problem of checking a surface plate, is mounted on 
a stand which is slid along the surface. So long as the motion is rectilinear 
and parallel with the line of centers, the image of the graticule will coincide 
with the graticule itself, but a small motion up or down will cause a mutual 
displacement of graticule and image. By measuring this displacement, the 
deviation from straightness of the path followed by the graticule can be 
measured. 

However, the system as shown is not free from aberrations, so the image 
will not be sharp. This will reduce the accuracy with which the measurement 
can be made. To obviate this difficulty, the system shown in Fig. B-14b was 
devised. The mirrors are each pierced by a small central hole, and the graticule 
is replaced by a Wollaston prism modified by splitting one of the wedges into 
two and cementing one of these on each side of the other wedge in order to 
make the prism symmetrical. The prism is mounted in conjunction with a 
stylus in such a way that, as the stylus is run over the surface to be examined, 
the prism partakes of its vertical movements. 
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A beam of light polarized at 45° with the principal directions of the prism 
enters through the hole in one mirror and is split into two by the prism. 
These two beams each make an angle, a, with the axis, and, after reflection 
at both mirrors, re-enter the prism and are deflected again to emerge parallel 
with the axis, passing out of the mirror system via the hole in the other 
mirror. The two beams do not entirely coincide, but, because of the finite 
thickness of the prism, are separated by a few tenths of a millimeter. An ob- 
server looking into the prism will therefore see a system of interference fringes 
at infinity, and these are conveniently observed by means of a telescope fitted 
with cross-hairs in the focal plane of the eyepiece. 

If the prism should move vertically by distance d, a path difference is 
introduced between the upper and lower light paths equal to 4d sin a. The 
fringes will therefore move by a distance equal to 4d sin a/\ times the width 
of one fringe, where X is the wavelength of the light being used. Assuming 
that a movement of 0.1 fringe width can be distinguished, the reading accu- 
racy of the instrument is equal to X/(40 sin a). A model of this system made 
with sin a = 0.062 therefore had a reading accuracy of 0.2 ix, or 8 micro- 
inches. By the use of more sophisticated methods for detecting fringe move- 
ments, this accuracy could be considerably improved if the mechanical stabil- 
ity of the instrument justified it. It is usually more convenient to introduce 
a compensating path difference into the two beams, and so to return the color- 
less central fringe of the system to the cross-hairs for every measurement 
rather than to count the fringe displacement. A suitable compensator for 
this purpose is a tilting Savart plate placed before the telescope objective, 
the tilt being measured by a micrometer screw. 

In the foregoing survey, many large and important classes of instruments 
have been omitted altogether for lack of space. Modern interferometry is 
such a lively and rapidly expanding topic that it is not possible in an appendix 
of reasonable length even to cover completely the principles of all the classes 
of instruments already existing, let alone to attempt a description of every 
individual. Consequently, a rather arbitrary selection has been made, with a 
bias to those types of instruments using polarization beam-splitting in view 
of its inherent interest and rapidly increasing importance. 

The peculiar advantages of interferometric methods are already well known 
among scientists, and they are currently becoming recognized by technologists 
also, especially in engineering. It is in this field that the most rapid advance 
may be expected in the near future. 

Students wishing to investigate the subject further may be referred to the 
writing of, among others, M. Frangon, G. Nomarski, W. Krug, E. Lau„ 
A. C. S. van Heel, and W. J. Bates. 
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The Kosters Double-image Prism 
by J. B. Saunders^ 



The Kosters 1 double-image prism is an interferometer element that is rela- 
tively free from vibration effects, easy to adjust, and of a compactness that 
facilitates temperature control. The compound prism is made from a pair of 
nearly identical prisms. A 30°-60°-90° prism that is slightly more than twice 
as long as the desired prism is optically finished and cut into two equal parts. 
A semi-reflecting film of aluminum or silver is applied to the face opposite 
the 60° angle of one prism. This face is then cemented to the corresponding 
face of the other prism, the combination forming an equilateral prism (Fig. 
C-la) with the semi-reflecting film bisecting one of the angles. 

The adjustments of the prisms in relation to each other are critical and 
must be performed with interferometric precision. Fortunately, the surfaces 
of the prisms form several interferometers 2 that readily lend themselves to 
these adjustments. When the prism is correctly adjusted, it produces straight 
fringes that may be seen with white light; the central dark fringe appears 
in the center of the aperture, normal to the dividing plane; and the space 
between successive fringes has a value chosen for ease of reading fractions 
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FIG. C-l Kosters double-image prism. A 
small angle is formed by the two 30° edges 
shown exaggerated in b. 
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FIG. C-2 Several modifications of the Kosters prism. 



of orders. This condition is determined by the relative position and orientation 
of the two component prisms. 

If the surfaces of the film of cement are parallel, the spacing of the fringes 
is due to a built-in glass wedge. This wedge is introduced by rotating one 
prism relative to the other, as shown exaggerated in Fig. C-lb, about an axis 
normal to the dividing plane of the prism. The ends and base of the com- 
pound prism are reground to form common planes. A wedge may also be 
formed in the cement by adjustments of the prisms. By using a glass whose 
index of refraction differs from that of the cement, the glass and cement 
wedges may be combined to form an optical wedge that yields fringes for 
any one color equal in width to those for any other chosen color. By making 



The Rosters Double-image Prism 



395 



the fringes for the C and F spectral lines equal in width, and coincident at 
one point in the aperture, the fringes will all appear black and white, with 
white light illumination, for one adjustment of the interferometer. This 
approximately fixed fringe width, for all colors, has advantages when micro- 
metric measurements are used to evaluate fractions of orders. 

The Kosters prism finds many applications, and several modifications of it 
have advantages for special purposes. Fig. C-2 shows a few modifications 
that have important applications. Fig. C-2a represents the form designated 
as the inverting interferometer. 3 It may be used for testing telescope objectives 
with starlight, positive lenses by autocollimation, and concave mirrors having 
any radius that is larger than that of the prism base. Fig. C-2b shows a form 
that may be used for testing negative lenses, convex mirrors, ball bearings, 
and cylindrical surfaces. The form shown in Fig. C-2c is for comparing angles, 
and the form shown in Fig. C-2d is for measuring the turbidity of air, 01 
testing the quality of seeing conditions for telescopic observations. The last- 
mentioned form also constitutes a simple and relatively compact stellar 
interferometer for measuring the diameter of stars. 

Fig. C-3 illustrates an application of the Kosters prism in metrology. This 
instrument is designed to measure the parallelism of gage block surfaces 
without wringing them to optical flats. The light from each lamp is collimated 



FIG. C-3 Interferometer for testing the parallelism of gage blocks without wringing 
to an optical flat. 
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FIG. C-4 Arrangement of the inverting interferometer when testing lenses for (a) 
asymmetry, (c) shape of wave fronts and spherical aberration, (e) coma, and (g) 
astigmatism in combination with known coma and spherical aberration. The fringe 
patterns b, d, f, and h correspond, respectively, to adjustments a, c, e, and g. 
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before it enters a prism. Each beam is divided by a semi-reflecting plane (illus- 
trated in Fig. C-la) into two equal components. After total internal reflection 
each pair of components emerges normally from the base of a prism. The 
gage block intercepts and reflects parts of each component beam back through 
the prism. One half of each reflected component returns into the source and 
the other half is received by the eye, appearing as fringes of interference on 
the image of the gage block. The parts of the component beams not inter- 
cepted by the gage block are transmitted through a second prism to the 
other eye position. This light forms the background fringes. The background 
fringes that are formed by light from the right-hand side are seen at the left- 
hand eye position, and vice versa. Also, the light from the right-hand source 
that is reflected from the gage block is seen at the right-hand eye position, 
and vice versa. 

Fig. C-3b represents the image observed at the left eye position before the 
gage block has been adjusted. When it is adjusted to reflect normally the 
light from the left source, fringes will appear on the rectangular image of the 
gage block, as illustrated in Fig. C-3c. The eye is then moved to the right 
eye position, where it sees a pair of fringe patterns similar to that shown in 
Fig. C-3d or C-3e, depending upon the direction of the wedge formed by the 
surfaces of the gage block. If Fig. C-3d represents the initial fringe pattern, 
Fig. C-3e is obtained by turning the gage block upside down, thus reversing 
the direction of the wedge. If the prisms are accurately aligned, the angle 
between the two sets of fringes in either d or e represents the angle between 
the end faces of the gage block. The angle between the fringes on the gage 
block in positions d and e represents twice the angle between the gage block 
faces, regardless of the background fringes. 

An important application of a modified Kosters prism is the testing of 
lenses and mirrors. Fig. C-4 shows a sketch of the arrangements for testing 
lenses with one conjugate at infinity. Light from a source at S, after division 
into two component beams, diverges from two virtual but coincident images 
at So, where both the center of curvature of the prism base and the image 
point at which the lens is to be tested are located. The mirror returns one 
half of the light into the source, and one half of each component beam forms 
an image of S at S'. An observer's eye located at S' sees a set of interference 
fringes. 

The flexibility of this instrument permits adjustments that are most 
favorable for the results sought. If the lens surfaces are not figures of revolu- 
tion, or if the glass is not homogeneous, the arrangement of Fig. C-4a yields 
the corresponding asymmetrical aberrations only — excluding the effects of all 
symmetrical aberration types, such as zonal effects, and spherical aberration. 
A symmetrical lens will yield straight fringes, as indicated in Fig. C-4b. 
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Aberrations resulting from aspheric surfaces with zonal symmetry cannot 
be separated from true spherical aberration. The best and most useful test 
for a lens having zonal aberration is to measure the deviation of the resultant 
wave front from a best-fitting sphere. This is performed with the arrangement 
of Fig. C-4c, in which the prism has been rotated about an axis normal to 
the plane of the figure and through S . Data from the corresponding fringe 
pattern (Fig. C-4d), together with the results of asymmetry discussed above, 
yield the absolute shape of the wave front relative to a sphere whose center 
coincides with the chosen image point, S . 

If the lens is symmetrical and free from zonal effects, and if secondary or 
higher-order aberrations can be ignored, the test for primary aberration 
types is simplified by testing for one type at a time. The equation for optical 
path difference, based on Conrady's equations and using Kingslake's 4 ter- 
minology, is 

P = 2(y- g)\a ig [x* + y* - 2g(y - g)] + a 2 (j)[x> + y* - 2g(y - 2g)] 

where P is the order of interference, x and y are coordinates of a reference 
point in the plane of the lens, g is the distance from the center of the lens 
to the dividing plane of the prism, / is the focal length of the lens, h is the 
image height or distance from the optic axis to the ideal image point, and 
81 and 8h are displacements of the chosen image point from the corresponding 
ideal image point and are controlled by the adjustments of the interferometer. 
The quantities a h a 2 , and a 3 are aberration constants of the lens, ai being a 
measure of the spherical aberration, a 2 of coma, and a 3 of astigmatism. 

If we apply equation 1 to the conditions of Fig. C-4c, in which h is zero, 
we get 

P = 2(y- g)\a ig [x* + y* - 2g{y -<?)]+ </| + 8 jj 

The aberration constants, a 2 and a 3 , have been eliminated and spherical 
aberration, a h isolated. An analysis of the fringe pattern, Fig. C-4d, using 
either Gates' 5 or Kingslake's 4 procedure, yields pure primary spherical aber- 
ration. 

If we leave the prism of Fig. C-4a as it is and rotate the lens about an axis 
through its center and normal to the plane of the figure, we have the condi- 
tions shown in Fig. C-4e. The value of g is zero, and equation 1 becomes 

P = 2a 2 (^y(x> + y*)+2y d j 
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The effects of astigmatism and spherical aberration are absent, and the cor- 
responding fringe pattern in Fig. C-4f yields pure coma. 

The effects of astigmatism cannot, like those of coma and spherical aber- 
ration, be isolated. However, the arrangement of Fig. C-4g yields a mixture 
of all three aberration types. Since coma and spherical aberration are known 
from the tests described above, astigmatism remains the only unknown 
constant and is readily evaluated from the corresponding fringe pattern, 
Fig. C-4h. 
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Appendix \J 

Interferometry with Savart's Plate 

by A. C. S. van Heetf 



In interferometers the path difference in most cases is strongly affected by- 
external influences. In a Michelson or Mach-Zehnder interferometer, for 
instance, even a very slight change in the relative position of the mirrors, 
produced, for example, by vibration or change of temperature, can alter the 
fringe pattern so much that exact measurement is made impossible. With 
other types these influences are sometimes smaller. If, however, an inter- 
ference pattern is produced by the two pencils in an anisotropic crystal, 
external influences affect both pencils (which pass through the crystal in 
practically the same way) to the same amount, and the change in the pattern 
is often negligible. The effect of temperature, for instance, is usually inap- 
preciable. There is consequently a trend to revert to the use of crystal-optic 
parts in instruments intended to determine small optical path differences or 
changes of path difference. Especially where the path differences are small, 
or at least smaller than ten or twenty times the wavelength, the use of 
chromatic polarization effects in crystals appears to be useful. 

It is often advantageous to be able to measure in the neighborhood of path 
difference zero. White light can then be used. In this case, furthermore, the 
phenomenon is often a "linear" one, i.e. the dark (and light) fringes are 
equidistant. With a quartz wedge (cut with the optical axis parallel to the 
line of intersection of the two surfaces and placed between crossed Nicols) 
tapering out to thickness zero, the dark line of order zero is at the utmost 
tip. Such a wedge is not a practical instrument. Another device is therefore 
resorted to: compensation. Two crystal plates are combined. The light passes 
through one after the other, and they are made and mounted in such a way 
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that one of the mutually perpendicular vibrations gains as much in optical 
path over the other in the first plate as it loses in the second plate. This is 
usually attained for a given angle of incidence, for which there is then complete 
compensation. 

Of the many possible constructions we will describe only one, which has 
proved to be extremely useful and handy for many purposes. That is the 
polariscope named after Felix Savart (1791-1841). The name "polariscope" 
arose from the fact that it enables one to ascertain the presence of linearly 
polarized light in a pencil consisting mainly of natural (non-polarized) light. 
It also is useful for the study of elliptically polarized light, giving the propor- 
tions of the axes of the ellipse of vibration and their orientation. It is often 
mentioned in optical literature, and, because of its adaptability and usefulness 
for precision work, it has been revived by Lyot 1 and Francon. 2 It therefore 
seems worth while to describe briefly the working and some uses of this 
beautiful contrivance. 

The construction of the Savart plate is as follows : From a uni-axial crystal, 
in practice either quartz or calcite, two plane-parallel plates of equal thickness 
are cut in such a way that the normal of the plates makes the same angle with 
the optical axis of the crystal (see Fig. D-l). The value of this angle is not 
critical but can best be chosen in the neighborhood of 45°. For calcite the 
natural cleavage surface, making an angle of 45.4° with the axis, has a suitable 
orientation. The two plates, shaped into squares, are mounted after one is 



FIG. D-l Orientation of Savart plates. 
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FIG. D-2 Savart plates. 




turned 90° with respect to the other (see Fig. D-2, where the direction of 

the optical axes is indicated by ) . 

It is important to note that after transposition the position of the optical 
axis in the plates is symmetrical with respect to the vertical plane ABD, 
but not symmetrical with respect to the vertical plane PQRS. Let us assume 
now that a vertical plane-polarized pencil of light is incident from above on 
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FIG. D-3 Rays through upper Savart plate. 
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the first surface of the upper plate, with the direction of the vibrations in 
the plane containing AB. The incident vibration will be split in the crystal 
along the direction PB and BQ. One "light ray," MN (see Fig. D-3, where a 
negative crystal, say calcite, is represented), will be split into the two rays 
FGH and FIK. Their direction follows from Huygens' construction, as indi- 
cated in the figure. After leaving the upper plate the emergent rays are par- 
allel to the incident ray EF. The ray FGH is the ordinary ray and vibrates 
parallel to BQ; the ray FIK is the extraordinary ray and vibrates in the 
plane PBCi. 

Proceeding now to the lower plate, we imagine the rays GH and IK, 
emerging from the upper plate, to be transferred to another position to enable 
us to make the figure clearer. This is allowed if we preserve their directions. 
In Fig. D-4 the ray through K vibrates perpendicular to the plane CJ)R 
and will be transmitted as an ordinary ray, KLL', by the second plate. The 
ray through H, vibrating parallel to the plane CJ)R, is transmitted as an 
extraordinary ray, HMM'. 

Reverting to Fig. D-3, we see that the time for oi to reach F' is the same 
as that for e x to reach F" . As FI : FG is smaller than FF" : FF", we un- 
derstand that the light at / gains over that at G. Correspondingly, the oie 2 
ray at M in Fig. D-4 gains over the ei0 2 ray at L. The two plates being of 
equal thickness, the total light path through both plates is the same for both 
rays: there is complete compensation. The pencil is completely extinguished 
when we put below the second plate an analyzer in the crossed position. 
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FIG. D-4 Rays through lower Savart plate. plate 
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The boundary of the pencil for the oie 2 ray is more to the left than for the 
ei0 2 ray, and the distance ML is equal to GI V2. Assuming that the plates are 
cut at 45° to the axis, the distance ML = g can be calculated from the refrac- 
tive indices, N and N e , and the thickness, t, of each of the plates. One finds 

jy 2 _ jy 2 / _ 
that g = t N \ N \ V2. For calcite g = 0.154 $. For quartz g = -0.0084 /. 

So far we have assumed that the wave incident on the upper plate is vertical. 
We shall now look into the more general case of a parallel pencil of light com- 
ing from another direction. Let us first take the case that the normal to the 
incident wave front is lying in the plane ABD of Fig. D-2. The wave front 
thus, for different inclinations of the normal, revolves or swings about an 
axis parallel to PQ. The spheres and ellipsoids of Figs. D-3 and D-4 are then 
touched at other points than in the original case. In the upper plate another 
path difference between the two rays will result. But the same change in the 
path difference will result in the lower plate, and with the same sign, as the 
Huygens constructions in both the upper and the lower plate are symmetrical. 
This will hold for not too large inclinations. For large deviations from the 
perpendicular, higher-order effects will enter into play, which, however, we 
shall neglect. 

Quite another effect will be reached by changing the directions of the inci- 
dent pencil in the plane PQR of Fig. D-2. The plane waves will again touch 
the spheres and ellipsoids in the two plates at different points. In this case 
the symmetry is lacking, for if, for instance, the normal is inclined to the 
right, the tangent point in the upper plate will creep up in the direction of 
the optical axis. It is clear that there will be no complete compensation of the 
path difference between upper and lower plate. 

There will be an inclination for which the residual path difference, produced 
by this lack of compensation, amounts to one wavelength. For that wave- 
length there will be the same intensity as for the vertical incident pencil, i.e. 
zero when the analyzer is crossed and maximum when the analyzer is parallel 
to the vibration incident on the upper plate. There will be maxima and minima 
with increasing inclination of the incident pencil. 

As an inclination in the plane ABD of Fig. D-2 has no effect, the inter- 
ference pattern will show light and dark fringes parallel to AB when light 
from all directions is incident on the upper plate. In white light there will be 
colored fringes with either a black center (Nicols crossed) or a white center 
(Nicols parallel). 

The phenomenon being symmetrical to the plane ABD, the angular dis- 
tance of the minima for a given wavelength must be an uneven function of 
the incidence angle i in the plane PQR. The first approximation is a linear 
function. 
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From this simple reasoning we find that a Savart plate between two polar- 
izers in convergent light will show equidistant fringes of which the direction 
is AB in Fig. D-2. This is exactly what one observes. 

A complete investigation of the phenomenon is not easily given, as it entails 
a three-dimensional analysis. 3 It can be shown that for wavelength X the 
angular distance between minima equals \/g. For X = 0.560 micron the first 
minimum between crossed Nicols corresponds to the sensitive color when 
white light is used. This gives an angle of 0.0035A for calcite and of 0.065/ Z 
for quartz. The angular distance of the fringes is, for instance, 0.0035 radian = 
0.20 degree for a calcite Savart plate of which the components have a thickness 
of 1 mm and 0.0065 radian = 0.37 degree for a quartz Savart of which the 
components have a thickness of 10 mm. 

When a parallel beam of white light is incident on the upper plate with an 
inclination i (in the plane PQR of Fig. D-2), the pencil emergent from the 
lower plate is parallel and in the same direction. If a lens is placed below the 
second plate, the light is concentrated in its focus. By putting the eye at the 
focus one sees the whole field in one interference color. The parallel incident 
pencil is usually produced by a collimator. In the frontal focal plane of the 
collimating lens a slit of suitable width is put. The slit must be parallel to 
the plane ABD in Fig. D-2. In order to produce the best contrast in the 
image, its angular width (as seen from the collimating lens) has to be about 
-£$ of the fringe distance. 4 

The Savart plate, in conjunction with an analyzer, is a sensitive instrument 
for detecting the presence of a direction of preference in the vibrations of a 
pencil of otherwise natural light. The direction in which the analyzer trans- 
mits vibrations is chosen as that of either AB or PQ in Fig. D-2. In the first 
case, the presence of a portion of linearly polarized light in the incident pencil 
of which the vibrations are in the direction PQ, the colored interference 
fringes with black center line will be observed when looking through the 
analyzer. This interference pattern will be flooded by the presence of natural 
light. The contrast is diminished by the latter, but will be best when the 
combination Savart plate plus analyzer is turned about the line of vision 
until PQ coincides with the direction of vibrations of the incident pencil. 
Again, the preferential direction of the incident vibrations being that oi AB 
in Fig. D-2, the interference pattern will have a white central line. 

This combination, called a Savart polariscope, enables one not only to 
detect the presence of polarized light in a pencil of natural light, but also to 
determine the direction of the vibrations. 

A further refinement is described by Lyot, 1 who introduces two plane 
parallel glass plates before the polariscope in order to make the interference 
pattern visible in all orientations of the plate. Turning the plate about the 
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FIG. D-5 Arrangement for using Savart plates. 



line of vision then results in a maximum and minimum visibility. In this way 
a better precision is obtained. Furthermore, the analyzer is a birefringent 
prism of the Rochon or Wollaston type by which both interference patterns 
(crossed Nicols and parallel Nicols) are shown simultaneously. The detectable 
amount of polarized light is about rsVo- 

The Savart plate is eminently useful for measuring phase differences in a 
wave front. Assume that a transparent object has a step B (Fig. D-5), unob- 
servable unless some special device is used to detect it (dark field illumination, 
phase contrast observation); it can be made visible and even accurately 
measurable by means of a set-up described by Frangon. 4 A plane wave, W, 
is transformed into a wave, W, with a step. At S a Savart plate is put, pre- 
ceded by a polarizer. The orientation of the directions of vibration in the 
Savart plate is 45° with reference to the direction of the polarizer. If W and S 
are not exactly parallel, two waves will emerge from S, displaced with respect 
to one another, having a path difference d and vibrating perpendicularly to 
one another. The displacement g has been discussed above. The value of d 
depends on the incident angle between W and the plane of S. The plate S 
ought to be turned together with P until the displacement is in a direction 
perpendicular to the boundary line of the step. In the region where the steps 
in the two wave fronts overlap, the phase difference is not d, but has a value, 
q, equal to the sum (or the difference) of d and s, where s is the path difference 
produced by the step in the object. The light then passes through an analyzer, 
A, and a lens, L. We assume A and P to be crossed. The lens forms at infinity 
an image of B, which can be observed by putting the eye behind it. 

The illumination is provided by a slit, F, and collimating lens, C. By either 
a lateral shift of F or a rotation of S about an axis perpendicular to the plane 
of the drawing, the incident angle on S can be changed, with a corresponding 
change of the path difference, d. 

The eye placed at E sees a field in one color (corresponding to the value 
of d), transversed by a strip in another color (corresponding to the value of 
d + s or d — s) ; see Fig. D-6. In monochromatic light the strip has, in 
general, another intensity than the main field. 
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FIG. D-6 Appearance of interference in Savart interferometer. 




Here now we have a contrivance for ascertaining the presence of phase 
differences in a wave front and for measuring them, even if the differences 
are large (in that case the measurement must be made in monochromatic 
light); there are methods of finding out how many whole wavelengths are 
comprised in the path differences. 5 

It is interesting to note that no diffraction phenomena occur as in the 
method of observation called phase contrast. Further advantages are that 
the interferometric arrangement can be mounted in the eyepiece (thus allow- 
ing the use of the usual object glasses in microscopy and in telescopes), and 
that measurements are rendered possible even when the phase differences are 
gradual. For the observation of such gradients we refer to Fig. D-7. The two 
wave fronts have suffered a mutual translation and show a range of colors 
(or of intensities in monochromatic light) in the region AB. 

A special feature of Francon's set-up is that interposition of plane parallel 
plates of glass of rather bad quality in the light path has no serious effect on 
the interference pattern, provided they are put in such places that they are 
quite far out of focus. The irregularities produced by the faults in the glass 
plates are then spread out so widely over the field of view that they give a 
general contrast-diminishing flare. This fact is made use of for observations 
in a vacuum enclosed by plate glass windows. A possible set-up is sketched 
in Fig. D-8. This is intended to measure the thickness of coatings in vacuo. 
A screen, N, is placed near the surface on which the coating is being deposited, 
while the illuminating pencil just can pass a clean and an adjacent coated 
part of the surface. 

Lastly, we point to the possibility of measuring at the same time the path 
difference and the light loss (produced by absorption or reflection) at a step. 
This can be illustrated by Fig. D-9. In the region AB the amplitudes of the 
two waves are equal, say a. In the strip BC the amplitude of the first wave 
is a, of the second wave a(l — p), the factor 1 — p being produced by the 



FIG. D-7 Wave fronts in Savart interferometer. 
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FIG. D-8 Application of Savart interferometer to measurement of thermally evap- 
orated films. 



light loss at the step. In the region CD the amplitudes again are equal, having 
the value a(l — p). It is impossible in the cases where p ^ to equalize at 
the same time AB and BC and also BC and CD. In Fig. D-9b p = 0, the sec- 
ond wave bisects the step in B and C, and the strip BC is equalized with both 
sides of the field. In Fig. D-6c for p ^ the strip is equalized with the half 
AB of the field, while in Fig. D-6d the strip is equalized with the half CD 
of the field. 

It proved possible to measure the step with a precision of at least X/300 
and the transmission with a precision of 2%. For further refinements and 
for a discussion of sources of error the reader is referred to reference 5. 



FIG. D-9 Wave fronts obtained with the arrangement of Fig. D-8. 
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Appendix K 

Apodization 

by Pierre Jacquinotf 



It has been explained in § 10-2 that the light diffracted far from the center 
of the diffraction pattern which constitutes the physical image of a point 
may be, in some cases, very troublesome, although its relative intensity is 
very small. 

Only the central part of the diffraction curve needs to be considered when 
two points or two objects of equal strength have to be resolved, but a very 
faint object close to a strong one may be masked by the light corresponding 
to the subsidiary maxima of the curve. That is the reason why it may be 
useful in some cases to suppress, at least partially, this light, or, in other 
words, to cut down the "feet" of the curve. This operation may be called 
"apodization." 

Apodization by a Suitably Shaped Aperture 

If we need only to resolve two points (or two stars) with very different 
relative strengths, and if, in addition, we know the direction of the line 
joining them, we can use the diagonal square aperture; the example of Sirius 
and its dwarf companion has been given in § 10-2. The same is true for two 
spectral lines, provided the slit is reduced to a pinhole and the two spectral 
lines become two spectral "spots" or "points." In the case of the diagonal 
square aperture the relative illumination falls off very rapidly, as is shown 
in Table 10-1. 

But many other aperture shapes are also able to give a very rapid falling 
off along a given direction on the observing screen, even more rapid than the 
diagonal square. For example, with an aperture shaped as in Fig. E-la, the 
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FIG. E-l (a) Shape of a simple apodizing aperture. The two curves limiting the 
aperture are y = y cos (irx/2x ). (b) Diffraction pattern (heavily over-exposed) cor- 
responding to a point source imaged through this aperture. 



diffraction pattern is that of Fig. E-lb; it can be seen that the illumination 
falls off very rapidly along the axis. The two curves limiting the aperture 
shown in Fig. E-la are simply the curves 

y = yo cos (irx/2x ) 

Of course, the complete calculation of the pattern shown in Fig. E-lb 
would be very difficult, but it is not too hard to compute the illumination 
along the £ axis. The Kirchhoff integral is, with the notation of § 10-1, 

E p - 4^ 9 — e V c, x __Jj e x dxdy (1) 

The integration must be extended to the area of the aperture limited by the 
two curves. 

Here the integral is no longer separable, but if we are interested only in the 
field along the £ axis, we take sin (8 = 0, and we have to compute the integral : 



X = ~ A / e x x sm a ( / dy ) dx 

4xo2/o J-x, \J-u / 



and, since 

■+y 



I. 



dy = 2y cos (vx/2x ) 



X 



-I f + xo . 3,ir-T sin a 

= 7T~ I cos (irx/2xo)e x dx 

ZXo J -xo 



setting, as in § 10-1, £ = > our integral over x becomes 
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X 



2x J. 



+ X0 



cos (7Tx/2x )e^ a;/a;o dx 



(2) 



The integration, giving the following result, can be easily carried out: 

Y _ c OSg 

rel 1 - 4£ 2 /x 2 

In this expression X ve \ means the value of X at any point defined by 77 = 
and £, divided by the value of X at the center of the diffraction pattern 

The relative illumination, X re rX,ei = (J' P /@<-, is then equal to 

cos 2 £ 
(1 - 4£ 2 /7r 2 ) 2 

and its maximal values, occurring approximately at £ = mr, are given in 
Table E-l and compared with corresponding values for the diagonal square 
aperture. 

table E-l 



y cos 


(7ra;/2xo) 


Square 


Diagonally 


p/x p 


@ P /@c 


p/x p 


dp/de 





1.00 





1.00 


1.5 





1.41 





1.9 


0.005 


2.12 


0.002 


2.5 





2.82 





2.9 


0.00085 


3.53 


0.00026 


3.5 





4.24 





3.9 


0.00025 


4.95 


0.000069 


4.5 





5.64 





5 


0.00010 


6.36 


0.000025 


5.5 





7.06 





6 


0.000049 


7.77 


0.000011 



Instead of an aperture limited by the two curves y = ±y a cos (7rx/2x ), 
different types of curves y = ±f{x) could be used, giving more or less apodiza- 
tion along the £ axis. These methods of apodizing are very simple and efficient 
but are valid only for points and only along a given direction. In the case 
of stars this direction has to be known in advance or found by trial and error. 
In the case of spectral "lines" the lines have to be reduced to points, and 
this is not very convenient. 
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Apodization by an Aperture with Non-uniform Absorption 
More general results are obtained if, instead of changing the shape of the 
aperture, the amplitudes of the wave trainlets emerging from the points of 
the aperture are made different. This can be done easily by introducing an 
absorption distributed non-uniformly over the aperture. If, for instance, the 
absorption is stronger near the edges of the aperture, one can guess that the 
light diffracted far from the center is weaker because this light is related to 
the edges. 

With such "apodizing screens" apodization may be obtained for any kind 
of source: point, line, or extended source. The most general apodizing screen 
must obviously have rotational symmetry, but the complete theory of a 
screen with rotational symmetry is rather difficult and involves more difficult 
mathematics. 

The One-dimensional Apodizing Screen 

The theory is much simpler in the case of the "one-dimensional" apodizing 
screen: in this type of screen the absorption is a function only of x; that is, 
it is the same along a line parallel to the y axis, but variable along a line par- 
allel to the x axis. This one-dimensional screen may be used in spectrographs 
because the source is a slit parallel to the y axis; and, although it is much 
more difficult to make than the shaped screen, it is much better because it 
is no longer necessary to reduce the slit to a point, and the spectrum has the 
conventional appearance of a spectrum with true spectrum lines. 

Let us now see how such a screen behaves. The general equation is almost 
the same as equation 1 at the beginning of this appendix, and must be ex- 
tended to the rectangular aperture, but we have now to take account of the 
variable absorption. This is done by introducing a factor, t(x,y), describing 
the amplitude of the wavelet emerging from every point (x,y) of the aperture ; 
in the one-dimensional case under examination this factor is a function of x 
only and is written t(x). In this simple case the integral of the Kirchhoff 
differential is still separable into three parts as in § 10-1. 

E p = XYZ 
Y and Z have exactly the same form as in § 10-1, but now X takes account 
of t(x), 

X = ^- / t(x)e x dx 

ZXo J —xo 

or, introducing the variable, £ = (2irx sin ex) A, 



2xJ- 



+ X0 



X = ^- t(x)e^/« dx (3) 
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The student acquainted with Fourier transforms will recognize here that 
-?(£) is proportional to the Fourier transform of a function equal to t(x) for 
— x<, < x < +x and equal to zero for x > x and x < — x . But it is, of 
course, not necessary to know the Fourier transformation in order to solve 
our present problem. 

It is obvious that equation 3 is a generalization of equation 2; we have 
not specified the form of the function t(x) which was taken, as an example, 
equal to yo cos (irx/2x ) in equation 2. The choice of the "best" function 
t(x), that is, the choice of the distribution of absorption over the aperture 
giving a falling off of the illumination as rapid as desired and at the same 
time not spoiling unduly other qualities such as luminosity and resolving 
power, is not a simple matter. 

The simplest method would be to try a number of functions such as 
cos {irx/2xo) or cos 2 (ttx/2x ) or (1 ± x/x ) or (1 ± x/x ) 2 or e~ k{ - x ' x ^ (or 
some linear combination of these functions), computing the diffraction pattern 
for each of these cases and choosing the most satisfactory. But it is obvious 
that, although good screens may be found by this method, the "best" screen 
cannot be discovered except by very improbable good luck, for the number 
of functions to be tried is infinite! 

So the problem has to be attacked in another way. One could believe that, 
according to equation 3, it would be possible to obtain a priori the desired 
distribution of the diffracted light by choosing a function X(£) and then 
finding the corresponding distribution of the transmission over the apodizing 
screen by merely solving equation 3. 

This equation can, in fact, be written in the inverse form: 

/+• 

But, in order to be acceptable, the function t(x), the solution of this equation, 
should be equal to zero outside the aperture, i.e. for \x\ ^ x Q , and this happens 
only for a very limited class of functions X(£), which cannot be known in 
advance. Physically, this is not surprising and means only that diffraction 
does exist and that, with a limited aperture, the diffracted light has to fulfill 
certain conditions although its distribution may be changed. So the form of 
the distribution function X(£) cannot be given a priori, but certain reasonable 
conditions can be asked for : for instance, that the ratio r of the energy falling 
outside a given domain of £ to the total transmitted energy be as low as 
possible (without, of course, asking it to be zero, which is impossible). 

The mode of computation is then the following: The function t(x) is 
written in the general form of a trigonometric (or some other type) expansion 
with a limited number of terms and undetermined coefficients such as 
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t(x) = a + di cos (irx/2xo) + a 2 cos (2tx/2xq) 

and the ratio r is calculated as a function of the coefficients a , a h a 2 . The 
trigonometric form of the terms is advantageous because the diffraction 
pattern corresponding to each one (and hence the value of r) can be easily- 
computed, as has been shown previously. 

Minimization of r gives the values of the coefficients which define the best 
t(x) among all the possible functions of the type considered and involving 
n coefficients. This minimum value of r sometimes turns out to be lower 
than is really useful, and in this case the mean transparency of the apodizing 
screen is generally too small for any practical use. One should then take 
R > Rmin, and try to take advantage of this to improve the total transparency 
of the screen. Indeed, each value of r > R m i n corresponds to an infinity of 
screens, all satisfying a given relation between the coefficients a • • • a n , instead 
of the unique screen which corresponds to the minimum value of r. These 
screens therefore form a particular group in the general family of functions 
t(x), among which a new choice becomes possible which will take account 
of some other desirable quality of the screen, for example, its mean trans- 
parency. One can in this way find functions t(x) which provide good apodiza- 
tion as well as good transparency. 

The Apodizing Screen with Rotational Symmetry 
This method can also be used for apodizing a circular aperture provided 
appropriate new developments of the function t, involving basic functions 
of u — V x 2 + y 2 instead of x, be introduced in the calculations. These appear 
easier if the basic functions are taken to be certain Bessel functions which 
have pronounced analogies with the cosine functions which were found to be 
so efficient in the one-dimensional case. 

In all cases, apodization does not take place without a slight broadening 
of the "body" of the diffraction pattern, which reduces somewhat the resolving 
power for points or lines of equal strength. But, as a rule, the relative loss 
can be made less than 25 or 30%. 

Extensive application of the method described above has been made and 
has permitted the computation of a number of apodizing screens with two, 
three, or four terms. Let us cite, for ordinary use, a circular screen with an 
apodization coefficient K : 

„ r (uniform screen) . __ 
r (apodizing screen) 

The apodizing region goes from the second ring of the diffraction pattern on 
to infinity, and the total transmission of the screen is still as great as 0.4. 
It is also possible to improve the diffraction pattern given by other types 
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FIG. E-2 (a) Diffraction pattern (point 
source) of a rectangular aperture (the two 
sides of which are in the ratio 5 to 1) . (b) Dif- 
fraction pattern of the same aperture, with 
a coated one-dimensional screen. The zones 
of equal absorption on the screen are verti- 
cal. The diffraction fringes along the hori- 
zontal axis have disappeared. 



of apertures, such as, for instance, circular apertures with a central stop, 
which occur in many telescopes and reflection microscopes. The calculations 
are much more involved, but the results are still fairly good, although perhaps 
less striking than in the pure circular case. 

These apodizing screens with non-uniform absorption are made by evap- 
orating chromium on glass. The glass plate is placed behind a suitable mask 
and moved during the evaporation according to the type of screen; for one- 
dimensional screens the plate is moved uniformly back and forth, and for 
screens with rotational symmetry the plate is rotated. 

Results 

Fig. E-2 shows an example of the effect of a one-dimensional apodizing 
screen. Fig. E-2a shows the conventional diffraction pattern, strongly over- 
exposed, given by a point source and a rectangular aperture. In this case the 
lengths of the two sides of the rectangular aperture are in the ratio 5 to 1 so 
that the scales on the two arms of the diffraction "cross" are in the same ratio 
but rotated by 90°. Fig. E-2b shows the diffraction pattern given under the 
same conditions but with the aperture covered by an apodizing screen having 
its lines of equal absorption parallel to Oy. The light diffracted along the 




FIG. E-3 Point source and weak satellite 
(1000 times weaker) separated by 5 times 
the limit of resolution, photographed through 
a circular aperture with (left) and without 
(right) apodizing screen. 
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FIG. E-4 Intensity in the diffraction pat- 
tern of a circular aperture without (dotted 
lines) and with (solid lines) an apodizing 
screen. The scale for the ordinates is linear 
for the central part of the pattern p/z p < 2 
and logarithmic for the outer part. 




axis is so strongly reduced that the arm of the cross parallel to the £ axis 
has completely disappeared; however, the central part of the diffraction 
pattern is substantially widened. If the source had been a slit parallel to Oy, 
the image would have been a line very well "apodized." Some examples of 
the effect of an apodizing screen with rotational symmetry are given in 
Figs. E-3 to E-5. In Fig. E-3 are shown two photographs of a point with a 
satellite (like Sirius and its companion) 1000 times weaker, the distance 
between them being about 5 times the conventional limit of resolution. Fig. 
E-3b is made without an apodizing screen and Fig. E-3a with an apodizing 
screen; in both cases the exposure time was chosen in order to get a normal 
exposure for the weak satellite. The gain in separation is very striking. The 
calculated variation of the relative intensity in the diffraction pattern of the 
screen used for this picture is given in Fig. E-4. The abscissae are given in the 
same units as in Table 10-1 ; the scale for the ordinates is linear for the central 
part of the pattern (p/x p < 2) and logarithmic (in order to represent the 
very faint intensities) for the outer part. The dotted lines correspond to the 
uniform circular aperture and the solid lines to the same aperture with the 
apodizing screen ; in the logarithmic part of the curve, only the maxima have 

io 3 times overexposed 



FIG. E-5 "Extended" object (diameter 
equal to 25 times the limit of resolution) and 
weak satellites photographed with different 
exposures times through a circular aperture 
with (a) and without (b) apodizing screen. 




lo 4 times overexposed 
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been represented since the minima are zero and their logarithms — oo. It 
can be seen on these curves that the fifth maximum, for instance, is at least 
10 4 times weaker with the screen. 

Fig. E-5 shows photographs of an "extended" object (diameter equal to 
25 times the conventional limit of resolution) strongly overexposed (respec- 
tively 10 3 and 10 4 times) with (E-5a) and without (E-5b) an apodizing screen. 
In the first case the strong halation due to diffraction is absent so that one is 
able to see several disks, the fainter of which are due to spurious reflections. 
This example shows that even in the case of an extended object the apodization 
can make visible weak features which would escape ordinary observation. 
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Application of Fourier Transformations 
in Optics: Interferometric Spectroscopy 

by George A. Vanasse^ and John Strong^ 



In 1911 Rubens and Wood 1 isolated the long wavelength radiation emitted 
by a Welsbach gas light mantle. These wavelengths, in the spectral 
region around \ = 175ju, were isolated by the selective-refraction method 
of focal isolation— a method that depends on the peculiar optical prop- 
erties of quartz. Fig. F-l shows the wavelength dependence of the index 

t Laboratory of Astrophysics and Physical Meteorology, The Johns Hopkins University. 



FIG. F-l Refractive index of quartz (ordinary ray) as a function of wavelength. 
An opaque region is indicated by the shaded area. 
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quartz lenses 




long waves short wavC5 

FIG. F-2 Focal isolation apparatus (after Rubens and Wood). 



to 
detector 



of refraction of crystalline quartz; the shaded area represents the spectral 
region where the quartz is opaque in substantial thickness. As the dispersion 
theory of Chap. IV requires, at very long wavelengths, where the reaction 
of material to electric light fields approaches its reaction to static fields 
because of their low frequency, the optical index approaches Vk. For quartz 
k = 4.44, and Fig. F-l shows that iV 2 approaches this value rather closely 
around 300m, where Rubens measured it. 

The focal isolation method, 2 illustrated in Fig. F-2, depends on the fact 
that the index is approximately 1.5 for the short wavelengths that are to be 
disposed of (X < 5ju), while the index is greater than 2.0 for the very long 
wavelengths that are to be saved (beyond the opaque region of wavelengths > 
80ju). Thus, as Fig. F-2 shows, the short wavelengths from such a source 
passing through the entrance aperture e either are obstructed, or are not 
converged so they can go through the middle aperture m, while the long wave- 
lengths do go through m. This combination of two lenses and the apertures 
e, m, and x, with central obscurations, thus isolates the longest heat waves 
in the emission of the source from the energy-rich shorter wavelengths that 
lie near the blackbody maximum. 

In order to measure the average wavelength of this isolated radiation, 
Rubens and Wood used a two-quartz-plate interferometer, as indicated in 
Fig. F-2. When the separation of the plates was varied, the transmitted light 
varied in the manner shown in Fig. F-3a. It is apparent that the character 
of this curve depends on the nature of the radiations that are in interference, 
as do the Michelson visibility curves of Chap. VIII. There we saw that the 
structure of H a was determined from Michelson's "interferometric visibility" 
by use of Lord Rayleigh's mathematical methods. Rubens and Wood, by 
means of a similar mathematical method, were able to determine the mean 
wavelengths of the radiation that would produce the interferogram of Fig. 
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FIG. F-3 (a) Two-beam interferogram obtained by Rubens and Wood, (b) Result 
of Fourier analysis of curve a where abscissae are in Na-D wavelengths. 



F-3a. Fig. F-3b shows their result. Furthermore, by dividing this spectral 
curve into narrow strips and calculating the interferogram that would result 
from the superposition of the interference patterns of all these narrow strips, 
they checked this analysis — arriving at a curve very similar to that of Fig. 
F-3a. From this they concluded: "it is apparent that we have experimental 
evidence of the presence of heat waves certainly 150m and probably 200m 
in length." Using a similar technique, Rubens and Von Baeyer 3 found that 
the high-pressure Hg source was richer in long wavelengths than the Wels- 
bach mantle, and they determined that the Hg source emitted two bands of 
wavelengths having mean values of 218m and 343m- 

The mathematical methods of transforming such an interferogram as 
Fig. F-3a into a spectrum, Fig. F-3b, have very general application in optics; 
this appendix is devoted to the description of these methods. As first exam- 
ples of these methods, we shall apply them to problems that have been previ- 
ously solved in the text. Following a description of the general methods, we 
shall then describe a spectroscopic procedure that involves transforming an 
interferogram into a spectrum. 

The general mathematical methods referred to above involve the reciprocal 
Fourier transform relations: 



9(v) = ~^= I f(u)e-*' du 



/(«) = 



V2tt 



g(v)e+i uv dv 



(1) 

(2) 
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Here g{v) and f(u), called Fourier pairs, are the Fourier transforms of each 
other. The functions, g(v) and/(w), may be complex functions, or real. How- 
ever, in order for the above relations to be valid, the function g(v), or f(u), 
must satisfy certain conditions. The following set of conditions is sufficient 
to allow the integral expansions of Eqs. 1 and 2 : 

(a) g(v) must be a single-valued function of v in the interval — oo < v < oo, 
although a finite number of finite discontinuities are allowed; 

(b) at a point of discontinuity v , the function will be given the mean value 

g(v Q ) = lim ±[g(v + e) + g(v - e)] 

(c) the integral / \g(v)\ dv must exist. 

In order to illustrate the uses of Fourier pairs in optics, we shall use the 
above relations in several familiar and simple applications. 

Case I 

First, we shall show that these relationships apply to the following func- 
tions, related as in Chap. X: one represents the distribution of field trans- 
mitted by a rectangular aperture when a plane wave falls on it; the other 
function represents the field of diffracted light falling on a distant screen. 
Here, in the y direction, we let 

27ry sin 8 , 

v = — ^ = t\ u = y/yo 

f(u) = V2^y S(y) E = 8(y)eJ-C-«/c> 

= &(y) at the aperture, 
at t = 0, 

making uv = 2iry sin 8/\. As in Chap. X, y is half the width of the diffraction 
aperture, and &(y) is the amplitude distribution of the light field transmitted 
by the diffraction aperture. &(y) = for \y\ > y . g(v) represents the light 
on the diffraction screen at the point defined by the angle 8. 

g(v) has the dimensions — - — X meter . Actually, as in § 9-5, this is 

but half the problem. A similar treatment along the X-axis would give a 
second function g'(v), and the product of these is involved in the whole prob- 
lem. The product of two half solutions, as shown in § 9-5, yields the dimen- 
sions of an illumination proportional to S 2 multiplied by an area; i.e. it has 
the dimensions of a flux. This indicates what we mean by "g(v) represents 
the light on the diffraction screen." 
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In order to determine g{v), we apply Kirchhoff's differential and integrate 
over the aperture width, following Chap. X; the result is 

&(y)e J[ * > dy 



g(v) 



(3) 



Since the mathematical conditions imposed on the Fourier pairs are satisfied 
here, we may immediately write, from Eq. 2, 



or 



M - VSitfto) -j=f ^/(^ 

1 /"" J2jry_sin$\ 



dv 



(4) 



We now apply this interrelation, between the amplitude distribution in the 
diffraction pattern g(v) and the amplitude distribution of the light field at 
an aperture, to the case of a single narrow aperture (single slit) where the 
function &(y) is equal to So for -y < y < y 0) and equal to zero for \y\ > y , 
as shown in Fig. F-4a. 
As in Chap. X, 



/2/o . ( 2vy sin B \ / • x 

e-^~^-Uy = 2y 8 ( S -^l or ^A 
-2/0 \ T) V / 



Reciprocally, the Fourier transform of g(v), whose square is represented by 
the curve of Fig. F-4b, should give a step function representing the amplitude 
distribution: f(u) = V2Try & for -y < y < y and f(u) = for \y\ > y . 
We now show that this is true by integrating g(v) as follows: 
2y & 



m = 



2y & Z" 00 sin?? 
V27J_ M v 



ehv/vo dr\ 



FIG. F-4 (a) Amplitude distribution of light field at a narrow slit, (b) Fraunhofer 
diffraction pattern of the single slit. 
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FIG. F-5 (a) Amplitude distribution at an aperture, (b) Fraunhofer diffraction pat- 
tern due to the aperture a. 



y 2 /y<? > 1 



for 
for 



y/yo = ±1 
y 2 /y 2 < 1 



This gives f 

f(u) = for 
= Vx/2 & y 

= V2x S y 

which is the step function that was expected. Since this function has a dis- 
continuity at y/y = ± 1, f(u) = \ / 'ir/2&oyo at these points (as is to be expected 
from condition b imposed on the Fourier pairs) . 

As a second example of application of Fourier pairs we take a wave of 
constant phase but now with the amplitude varying from — y to +y over 
91 cycles according to a cosine function. We shall assume that the amplitude 
is zero beyond these limits. Furthermore, as before, we take the illumination 
constant along the x direction. Fig. F-5a shows this wave front of variable 
amplitude and F-5b shows the principal maxima in its grating pattern. 
Here again we let u = y/yo, and v = rj, with f(u) representing the amplitude 
in the modified wave front as function of y. 

f(y/yo) = 2 cos 2 irVly/yo = 1 + cos 2>irVly/yo. 
The relative illumination along the -q direction on the observing screen is 
obtained by evaluating 

g{v) = ? = h, 

which becomes, on integration, 



cos (27r3fa//?/o)e _yw/2/0 dy + 



2?/o J- t 



e -hv/yo dy 



t Since 



-(' 



1 for |t| < 1 

sin w cos a>t— = -( X A for \t\ — 1 

for \t\ > 1 
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_ 1 |~ sin (29Ht — rj) sin (29lx + t?) ~| . sin t? 
~ 2 L (291tt - rj) + (2917T + rj) J + rj 

= f 431V 2 "1 
" |_49<l 2 7r 2 - rj 2 J 



sin ?7 



This real quantity yields the illumination @ p at a point p of the screen, rela- 
tive to that in the center of the diffraction pattern (g c . This illumination, 
represented as ¥¥*, is (in part) illustrated in Fig. F-5b; 



yy*_[ 491V T sin 2 y 
L491V 2 - y?\ v 2 



This function has three principal peaks. This fact is apparent from considera- 
tion of the first integrated expression for F. The values where 77 is equal to 

zero, or ±29l?r f with 77 = Ty ° J, correspond to the maxima on the ob- 

91A 
serving screen at sin j8 = 0, and ± — , or in the k = and k = ±1 orders of 

the grating spectrum, as described by 

k\ = a sin /3 
where a is equal to yo/31. If we had taken simply the amplitude function 

f(y/yo) = cos 2ir'3ly/yo ) then the term in T would be absent. This means 

v 

that we would have no zeroth order. In a fascinating article on the diffraction 
theory of microscopic vision A. B. Porter 4 has shown that a coarse grating, 
when illuminated with monochromatic radiation and observed in a microscope, 
will appear as a cosine modulated pattern if all of its orders but the k = 
and ±1 are blocked out. Also, if only the k = ±2 orders are not blocked out, 
it will appear as a similar pattern but with twice the actual number of 
lines per inch. Porter points out that a "simple grating," i.e. a grating produc- 
ing a cosine function for the amplitude distribution of radiation transmitted 
at its surface, will show light in only two orders k = ±1, with a micro- 
scope under monochromatic illumination, as determined mathematically 
above. Any complex grating which produces an even function for the ampli- 
tude distribution of radiation can be considered as made up of many such 
"simple gratings" with different spacings of lines. Upon scanning the spectrum 
produced by such a complex grating, each set of orders (+ and — ) of the 
monochromatic diffracted light corresponds to the monochromatic spectrum 
that would be produced by the corresponding "simple grating." In principle 
the Fourier transform of any function can be obtained with a screen that gives 
an amplitude distribution function at the aperture which is identical with the 
function whose Fourier transform is desired. The Fourier transform of this 
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function is then obtained by illuminating the aperture with plane mono- 
chromatic radiation and scanning the resultant diffraction pattern. 5 

Case II 

We have shown that Eqs. 1 and 2 represent the interrelationship of the 
functions that describe the spatial distribution (perpendicular to the direction 
of propagation) of the amplitude over the unobstructed wave front and the 
amplitude distribution in the diffraction pattern that it produces. 

Now we discuss the degradation of monochromaticity that is introduced 
by chopping (cf. Fig. 5-6) an infinitely long wave train into pulses. (See 
Chap. V.) We shall show that the same Fourier transform equations describe 
the relation between the amplitude spectrum of such degraded monochroma- 
ticity and the spatial distribution (now parallel to the direction of propaga- 
tion) of the amplitude in the pulse. 

The spatial profile of amplitude in the pulse, consisting of infinitely many 
waves of different frequencies o>, traveling together superimposed in the 
z direction, can be expressed, at the instant t = 0, as 



'(!)" 



S(ci>)e" c do*. 



Here S(o>) will be the spectral distribution of amplitudes to be calculated 
for a given pulse. For this calculation, using our transform relationships, we 
take the following for our variables and functions: 

u = - and v = co, with uv = — 
c c 

g(v) = V^Stco) 
The second of our reciprocal relationships gives 

We may use this equation to determine the desired spectrum for a pulse 
chopped from a wave train of infinite length, of frequency oj . We take the field 
after chopping to be zero, at t = 0, for \z\ > I; and we represent it by the 

equation S = S cos — for — I < z < I. S is the amplitude of the chopped 

plane wave, traveling in the z direction. If the pulse length is taken to be 2Z 3 
its spatial profile is given by 



f)-8.ooe«-W 



Interferometric Spectroscopy • 427 



wav« train of 
length %\ 

AA/WWWW 



2\ 




FIG. F-6 (a) Profile of wave train of length 21. (b) Spectral distribution of the wave 
train. 



over 



the interval of length 21, and / (-) is zero elsewhere. It was pointed out 

in Chap. V that such a pulse as this, shown at the left in Fig. F-6a, when 
analyzed by a spectrometer, contains frequencies other than co — i.e. it con- 
tains side bands, such as appear at the right in Fig. F-6b. We could have a 
spectrum characterized by only one frequency, represented by the vertical 
line (b) at co , only if the pulse length were infinite. The Fourier transform of 
the pulse at (a), as described by Eq. 5, has the following spectral amplitude 
distribution : 



e/ \ 1 / i(uo — »)- g / /(wo — «)- 7 

6(w)= 2^j_.^ dz = 2^)_ l e * d * 



or 



S(«) = 



So 
2ttC 



SoZ 

7TC 



/(wo — w) 



— e 



-j(.wo — w) - 



i(«o — Co) - 



sin (co — co) - 
c 



(coo — co) - 



and the illumination spectrum, as revealed by a spectrometer of sufficient 
resolving power, would be 



^ 27TC 



sm (coo — co) - 
____ _c 

t l 

(coo — co) - 

c 



As Fig. F-6b shows, the first minimum on either side of co occurs when 
(coo - «) - = t or Aco = y- If we call this Aco the band width of the pulse, 
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then the band width becomes Av = ^f in wave numbers, where 21 is a meas- 
ure of the longitudinal coherence of the pulse. 

It is not surprising that this spectral illumination has the same functional 
form as the distribution of illumination in a diffraction pattern, for the longi- 
tudinal coherence (S = for \z\ > I) is functionally similar in this case to 
the lateral coherence (8 = for \y\ > y ) of our former problem, and the 
same Fourier transform relations apply. And further, if the successive ampli- 
tudes of our pulse were enveloped by a function like an error function, say, 
we would expect to get a spectral function similar to the diffraction pattern 
function such as would be produced by an aperture apodized after the same 
error function. 

Case III 

We shall now treat 6 the case of interference between two coherent beams, 
one with the spectral amplitude distribution S(«) and the other with the dis- 
tribution pS(co). We shall relate the superposition of these two beams with 
the path difference 5 by which they are separated in depth. We describe the 

spatial profile of the first wave train by /i (^ \ and that of the second coher- 
ent wave train, in the same coordinate system, by / 2 1-\ and write the two 
profiles as follows: 

f, (!\ = p S («)e^ dco and / 2 (^ = £ pS(co)/°^) da, 

By the principle of superposition the resultant profile is 

From Eq. 5 the Fourier transform of F Q J gives the spectrum capable of 
producing such a profile; namely, 

If we take p and 8 as constants with respect to <a, we have 

Mc) = pe J-„ S(w)e ' C ** = P HO 
and 
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5 ft (co) = S(o>)|_l + pe ' C J 



For a special case as in the Michelson interferometer when p = 1, with 
equal beams, we have the resultant illumination, for monochromatic irradia- 
tion, 



<g(w) = CkoS 2 (co)|~1 + cos^1 



(6) 



This expression describes the illumination as a function of the path differ- 
ence in two-beam interferometry, such as would be realized with a thin, 
dielectric plate if the plate thickness were variable. And this expression is the 
equivalent of Eq. 8-3d as applied in § 11-1. And below, to anticipate, we shall 
apply an extension of this treatment to the calculation of the superposition 
illumination for two coherent beams each characterized by the presence of 
many different frequencies. 

We can determine the spectrum of the equal, interfering beams from the 
illumination observed in interference, as a function of 5. From Eq. 6, the total 
illumination, as a function of 5, is 



@r = C/co / S 2 (w) da) + C/co / S s (« 
Jo Jo 



) cos — dec = E (8) 
' c 



The variation of total illumination, as 5 is varied, is illustrated in Fig. F-7, 
where we assume that the interferometer transmission is ideal for all wave- 
lengths. 

The value of <g(S), at 5 = 0, is 



FIG. F-7 Variation of total illumination as a function of the path difference 5 be- 
tween two interfering beams of non-monochromatic radiation. 
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<g(0) = 2c*o / S 2 0) do, 
Jo 

and for a sufficiently large 5, with a non-monochromatic spectrum, 

@(«) = |@(0) = Cko/ S 2 (co)dco 
Thus 

@(«) - I @(0) = /(«) = cc /"" S 2 (o>) cos — da (7) 

This function f(8), taken alone, appears to represent unrealistic negative 
illuminations. Nevertheless, it is a convenient function for us here because 
it is easily determined from a record of illumination versus 5 (which we call 
here an interferogram) , and because it will yield the complex spectrum that 
produced it when we apply Fourier transformation. 

Since S 2 (co) in Eq. 7 is an even function as well as /(5), we shall rewrite 
Eqs. 1 and 2 as follows: 

g(v) = J- I f(u) cos uv du (la) 

f(u) = J- / g(v) cos uv dv (lb) 

We use the second even function /(w) to describe the character of the measured 

illumination. Here u = 8. From Eq. la, where v = — > 

c 

gip) = ^c 2 koS 2 (co) = <yJlf~K*) cosfdd 
or 

<£(«) = I CK S 2 (a>) =— \ f(8) cos — d8 (8) 

z 7rc Jo c 

The energy distribution (g(co) can be determined from Eq. 8 when f(8) is 
known for a two-beam interferogram. 

The determination of a complex spectrum (g(a>) by interferometry (using 
f(8), and its transformation) has advantages over determination by conven- 
tional spectroscopy (using prisms or gratings). In the remainder of this 
appendix we point out these advantages, particularly as they apply to the 
far infrared spectrum (X = 25m to 1000m), where the resolving power is energy 
limited, as explained in § 12-10. 

An ordinary scanning spectrometer, grating, or prism for the far infrared 
embraces a band of wavelengths AX at wavelength X (which band depends 
on the slit widths). The determination of the strength of each component 
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requires a time t. If the scanning range of the instrument covers 91 slit widths 
AX, then the scanning time for the complete spectrum takes 3lr seconds. By 
contrast, in interferometry, 7 all components fall on the detector at greater 
or less strength for the total time 3dr. In this case we have, essentially, 31 times 
as many measurements of each component. As pointed out in Appendix I, 

the noise (information-wise) should be lower by the factor —t=- However, as 

component intensities are modulated at different frequencies, for identifica- 
tion, the average signal from each component is halved by this modulation, and 
the gain in signal-to-noise by interferometric modulation over conventional 

spectroscopy is ^V 91. 

We shall now show how interferometric modulation is practiced. 

Fig. F-8 shows a two-beam interferometer. 8 It is a lamellar grating (see 



FIG. F-8 Two-beam interferometer designed by Strong and McCubbin. 
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Fig. F-8b) used at approximately normal incidence, i. If the groove depth 

is d, the phase difference is At - cos i between rays, for the grating's central 

A 

order, k = 0. The illumination in the various orders, after the results of 
Problem 10-4, is 



(g = cos 2 



or 



cos 2 -— for k = 0. 

A 



order is 



/kr 2ird \ 
V2 + X ) 

In terms of the optical path difference 5, the illumination in the k 

«-!(l + co.2f) (6') 

We see that Eq. 6' is equivalent to Eq. 6. Thus everything that we said of 
Eq. 6 applies here. The interferogram /(5) is obtained when 5, in Eq. 6', is 
varied uniformly by means of a micrometer screw. This screw drives the 
piston to which the odd grating facets are attached (see Fig. F-9). Thus the 
energy entering this device and passing through the exit slit is modulated. 
This modulated energy is focused on a Golay radiation detector; and its 
output, as 5 varies linearly with time, is written out by a pen recorder. Fig. 
F-10a, 9 for example, is the interferogram obtained when a globar is the black- 
body source, and the average wavelength, isolated by two reflections from 
CsBr, is about 120/x. Fig. F-lOb shows its calculated Fourier transform. This 
transform is the complex spectrum of these source radiations after they have 
penetrated water vapor in the optical path. 



FIG. F-9 Ebert mounting of the interferometric modulator shown in Fig. F-8. 
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The resulting spectrum shows the absorption lines due to residual water 
vapor absorption. Even though the entire optical system was flushed with 
dry nitrogen while the interferogram was being recorded, there was enough 
residual vapor to show the water absorption lines. 

The spectral resolving power can be calculated by using the Ecu Av = —^ 

derived in Case II. Here, for the modulator, 



FIG. F-10 (a) Interferogram obtained with the experimental set-up of Fig. F-9. 
(b) Spectral distribution of the radiation obtained by taking the Fourier transform 
of the interferogram. 
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Av = W 



(9) 



when the groove depth is varied from — > D cm.f 

The slit widths in the Ebert mounting of the modulator shown in Fig. F-9 
were \ in. The only condition imposed on them is that they be so narrow that 
the first of der spectrum of the shortest wavelength that is to be studied shall 
not pass through the exit slit onto the detector, for Eq. 6' is valid only for 
the zeroth grating order. 
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Appendix (j 

Some Modern Concepts of Light 
by L. Witten^ 



The Ether 
The main text of this book, in dealing with classical concepts, largely ignores 
two cardinal discoveries of theoretical physics made during the twentieth 
century. These are the theory of relativity and the quantum theory of parti- 
cles and fields. The text refers only briefly to the old and historically im- 
portant classical concept of the ether, with which many scientists were occu- 
pied at the turn of the century and until 1905. In this year Einstein intro- 
duced the special theory of relativity and showed the essential meaningless- 
ness of the ether. Since the time of Fresnel, in order to explain polarization 
and interference, light has been generally conceived as a transverse wave 
motion; the medium which partook of the wave motion was called the ether 
and was believed to exist everywhere because it was considered inconceivable 
to have a wave motion without an underlying material medium which sup- 
ported the wave and through which it propagated. It was said with some 
seriousness that the light waves were undulations and that the ether must 
exist in order to be the subject of the verb "to undulate." 

All other wave motions known at that time were motions of parts of a 
material medium. Water waves traveling along the surface of a body of water 
provide us with an example of a traverse wave propagating through a medium. 
Tne water particles along the surface move up and down but remain essen- 
tially stationary as far as the wave propagation along the surface is concerned. 
Tne up and down motion of the water particles induces a similar up and down 
motion of the adjacent particles, and by the repetition of this process the 
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wave disturbance propagates along the surface of the water. There is thus 
a horizontal propagation of an immaterial phenomenon taking place by virtue 
of a succession of vertical motions of material objects. The material objects 
permitting the light disturbance to propagate were conceived in an analogous 
way and were called the ether. 

This invented material, the ether, must be endowed with rather remarkable 
properties to serve its purpose. The ether must pervade all space and permeate 
all matter because electromagnetic influences travel everywhere. The ether 
must be very thin and tenuous because the planets move through space with 
no apparent diminution in speed. If these waves are to be construed as trans- 
verse and not longitudinal elastic waves, the ether must possess a very high 
rigidity. These properties should be separately detectable and demonstrable 
by appropriate experimental means. The finest physical measurements and 
the most ingenious schemes have been used in an attempt to demonstrate 
the existence of the ether and to further reveal its character. All of them have 
failed. 

Perhaps the most famous experiment along these lines was conducted by 
Michelson and Morley to detect the motion of the earth through the ether — 
the ether being considered at absolute rest as the earth rotates and travels 
around the sun. With a very delicate and clever optical experiment using 
Michelson's interferometer, Michelson and Morley attempted to measure 
the earth's rotation and its velocity around the sun with respect to the ether. 
The measurement failed to reveal any relative velocity — it appeared to 
be zero at all times of the day and of the year. As the ether thus resisted 
attempts to be experimentally detected, its properties became more and more 
mysterious; and the explanations of the failure to detect it became more 
and more cumbersome. Finally, and with great intellectual boldness, Einstein 
formulated his special theory of relativity, wherein he advanced the view 
that there is no necessity for an ether as a carrier of light. Einstein's views 
required the velocity of light to be identical in all directions for all uniformly 
moving frames of reference. At the surface of the earth (a planet moving 
through space) the velocity of light was experimentally found to be equally 
great in all directions in conformity with Einstein's doctrine. As a conse- 
quence of this doctrine, it is predicted that the observation of the ether by 
optical experiments is impossible. According to the modern view, in which 
concepts which in principle are not subject to experimental verification are 
scientifically meaningless, it becomes unnecessary and useless to discuss the 
ether and its properties. 

Einstein's special theory of relativity, of course, has a lot more to say 
about physics and about the theory of knowledge, but we shall not pursue 
these matters here, except to say that the predictions of the theory are all 
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in conformity with experimental observations. Also, Maxwell's equations 
continue to remain valid in the special theory; thus classical optics has been 
very little changed by the theory. 

Light as Waves; Light as Particles 

The wave-nature of light affords explanations of the main topics of physical 
optics: namely, reflection and refraction; velocity and dispersion; polarization 
and crystals; and, finally, interference and diffraction. "Light produces many 
effects in its interaction with matter. It ejects photoelectrons; it induces the 
property of electrical conduction in photoconductors; it produces fluorescence 
and phosphorescence in crystals ..." (See § 4-10). The effects mentioned in 
the quotation, and not elaborated in the text, were discovered in the late 
nineteenth and the early twentieth century, and serve, in part, as the experi- 
mental basis of the quantum theory of light and of matter. These phenomena 
give convincing evidence of the particle nature of light, a concept which had 
seemed to perish in 1850 when Foucault showed that the velocity is greater 
in air than in water. The twentieth century thus not only raised the very old 
question of the nature of light again, but, as we shall see, answered it in an 
unexpected manner. 

The photoelectric effect, briefly treated below, clearly requires for its 
interpretation that we consider light rays to behave like particles. In 1887 
Heinrich Hertz succeeded in producing electromagnetic waves by means of 
an oscillatory current and thus proved convincingly the correctness of Max- 
well's theory of light as electromagnetic waves. In these very experiments, 
which confirmed the existence of Maxwell's waves by producing them electro- 
magnetically, Hertz noticed a curious effect that was to lead to the resurrec- 
tion of the particle concept of light. The curious effect he noticed was that 
when ultraviolet light fell upon an air gap the air in the gap appeared to be- 
come a better conductor of electricity. This observation was the beginning 
of a long series of investigations of the photoelectric effect. The effect is quite 
simply summarized: if light of sufficiently short wavelength falls on matter 
(gas, liquid, or solid), the light knocks electrons out of the matter. 

A typical set-up for studying this photoelectric effect is shown in Fig. G-l. 
When light of short wavelength, say ultraviolet light, falls upon a cathode, K, 
through the quartz window, W, emission of electrons from K is induced, 
and these electrons are gathered by the plate, P, thus completing the circuit. 

Careful investigations have established the relation between the properties 
of light and the number and velocity of the electrons emitted. If the intensity 
of the light falling on a cathode is increased, the current flowing through the 
circuit is increased. The increase in current is due to the emission of a greater 
number of electrons from the surface, the electrons having the same velocity 
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FIG. G-l Typical set-up for studying the photoelectric effect. 



distribution as before. Increasing the light intensity does not increase the 
electron velocity at all. In order to increase the electron velocity, the fre- 
quency of the incident light must be increased. The range of photoelectron 
velocities emitted from the cathode extends from zero up to a maximum 
velocity, y max . As the frequency increases, the maximum electron velocity 
increases. As the frequency decreases, the maximum electron velocity de- 
creases, until finally, at some frequency vo, zero velocity is reached. Below 
v Q , a frequency which is characteristic for each particular surface, no photo- 
electric emission of electrons is observed. 

To be quantitative, the maximum kinetic energy of the ejected electrons 
is proportional to the expression (p — v ), where v is the incident light fre- 
quency. Thus 



mix 



— h(v — vo) 



(1) 



In this expression m represents the mass of the electron and h is the propor- 
tionality constant, called Planck's constant. Accurate experiments show that 
this expression is extremely reliable. Further, the proportionality constant is 
the same as the constant introduced in Max Planck's equation for black 
body radiation. 

These facts are all quite incomprehensible from the point of view of classical 
wave theory. Why should there be such a close connection between the fre- 
quency of the wave and the kinetic energy of the electrons? When the photo- 
electron ejection experiment is performed with very small particles, we should 
expect, according to classical wave theory, that an electron would not be 
emitted instantaneously, but only after the particle had absorbed energy 
from the incident wave train equal in amount to the electron ejection energy— 
the energy necessary to remove the electron from the metal plus the kinetic 
energy it acquires. This time can be appreciable if the particles are sufficiently 
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minute. However, observation shows that this expectation is not realized; 
for the most minute particles electrons are occasionally emitted practically 
the instant of exposure to light. 

In 1905 Einstein asserted that all of this peculiar photoelectric behavior 
of electrons could be explained by considering light itself as a shower of parti- 
cles, each particle having an energy hv. Today we call these particles photons. 
A photon which strikes a metal surface can transfer its energy completely to 
one of the electrons in the surface. If the incident photon frequency is v , the 
photon has the energy hv , which is just sufficient to remove the electron from 
the metal with zero velocity, as predicted by Eq. 1. And if the frequency is 
increased to v, the energy which can appear as kinetic energy of the electron is 

h(v — Vo). 

Suppose now that the intensity of incident light is increased. This only 
means that there are more photons in the beam than previously, but the 
energy of each photon in the beam is still hv. Consequently, a large number 
of photons can eject a larger number of electrons than previously, but the 
maximum energy or velocity given to such electrons cannot be increased 
unless hv is increased. 

In 1905 the classical wave theory of light was on so strong a basis, both 
experimental and theoretical, that physicists were reluctant to accept Ein- 
stein's interpretation. Soon, however, a number of experimental facts ac- 
cumulated which were immediately understandable on the basis of Einstein's 
picture, and not at all otherwise. These facts were concerned with the con- 
version of light into other forms of energy, and with the converse production 
of light. The new experimental facts culminated in the so-called Compton 
effect. In 1923 A. H. Compton observed the results of collisions between a 
photon and an electron. He could interpret his observations very neatly by 
assuming the photon to be a particle with a definite energy and momentum. 
With such a particle, and assuming that his collisions were, as regards inter- 
change of energy and momentum, the same as elastic collisions between 
any two particles, he could readily explain the results of his experiments. 

Thus, in the early twenties, the old argument as to the wave or corpuscular 
nature of light was again in the center of the scientific arena. Each side could 
bring forth a large and convincing body of supporting interpreted experi- 
mental data. But, very remarkably, by the late twenties the physicists had 
made such gigantic strides forward that they were able to resolve the conflict 
in a curious and delightful way, as we shall see. 

Electrons as Both Particles and Waves 

It is appropriate, when considering the particle nature of light, to consider 
also the wave nature of the particles of electricity, called electrons. The 
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electron, discovered by J. J. Thomson in the late nineties, appeared to have 
all of the ordinary properties of a particle; it had a mass and an electric 
charge; it was localized in space; and it obeyed Newton's laws of mechanics 
for particles. Until the early twenties, electrons were never considered in any 
way other than as particles. But suddenly the picture changed. First, a the- 
oretical physicist, Louis de Broglie, suggested that the wave and corpuscle 
concepts should apply simultaneously to electrons as they were already found 
to apply simultaneously to light. He supported this suggestion by considera- 
tions derived from the special theory of relativity and from the century-old 
work of Hamilton in mechanics. De Broglie's suggestion was, of course, later 
confirmed experimentally. According to it, every particle (such as an electron, 
atom, or molecule) has an associated wavelength, X, which is expressed by 

h h 

X = — = - (2) 

mv p v ' 

Here, again, h is Planck's constant, m is the mass of the particle, and v is 
the velocity associated with its momentum, p. This X is called the de Broglie 
wavelength of the particle. 

If an electron of charge e is accelerated through a difference of potential V, 
its kinetic energy is 

|mv 2 = eV (3) 

and its de Broglie wavelength is 

X = ~= (4) 

V2rnVe 

For a potential difference of 100 volts the de Broglie wavelength is X = 1.22 A. 
This wavelength is of the order of magnitude of the wavelength of x-rays. 
These wavelengths of x-rays are measured by using crystals as diffraction 
gratings; the distances between atomic planes in crystals are of the same order 
of magnitude. Electrons of the same de Broglie wavelength as x-rays, on 
striking a crystal lattice, are diffracted in much the same pattern as the 
x-rays. 

Further investigations have established similar wave-like properties for all 
types of particles, electrons, protons, ions, atoms, and molecules, thus con- 
firming de Broglie's suggestion. 1 

The wave-particle situation for both electrons and light can be dramatically 
discussed by way of an experiment illustrated by Fig. G-2. Coherent light 
from a source £ passed and diffracted by two slits finally forms the familiar 
diffraction-interference pattern on a photosensitive plate, P. Here photo- 
electrons are ejected and the number of ejected electrons from any point off P 
is proportional to the strength of the light falling on that point, more electrons 



Some Modern Concepts of Light 



441 



being ejected in the regions of intensity peaks than in those of intensity min- 
ima, and the maximum velocity of the ejected electrons is determined by v . 
Here we have, in a single experiment, light behaving both as a wave under- 
going diffraction and interference and as particles, ejecting photoelectrons. 
Of particular importance in this experiment is that the interference pattern 
persists even if the light intensity is reduced to the level where only one 
photon at a time falls upon the screen — provided the photoelectrons are 
counted over a long enough period of time. 

The analogue of this experiment could have been performed with electrons. 
In this instance the diffraction slits would be replaced by a crystal and the 
photosensitive plate replaced by a particle detector such as a Wilson cloud 
chamber. Again, in such an experiment, electrons behave both as waves and 
as particles. 

The Uncertainty Principle 

"The concept of light rays," to quote Paul Drude again, "is . . . intro- 
duced for convenience. It is altogether impossible to isolate a single ray and 
prove its physical existence. For [owing to diffraction] the more one tries 
to attain this end by narrowing with restricting apertures, the less does light 
proceed in straight lines, and the more does the concept of light rays lose its? 
physical significance." (See § 13-1.) 

Today an exactly parallel statement can be made about electrons. We can 
paraphrase the quotation and say, "The concept of electron rays is intro- 
duced for convenience. It is altogether impossible to isolate a single (infinitesi- 
mally narrow) ray and prove its physical existence. For (owing to diffraction) 
the more one tries to attain this end by narrowing with restricting apertures, 
the less do electrons proceed in straight lines, and the more does the concept 
of electron rays lose its physical significance." 

The interpretations of the wave-particle duality of nature followed the 
theory of quantum mechanics introduced during the middle 1920s, and by 



FIG. G-2 Experimental arrangement to 
demonstrate the wave-particle nature of 
light. 
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the end of that decade the interpretations had completely resolved the wave- 
particle paradoxes. Although the exposition of quantum mechanics is alto- 
gether beyond our present scope, we shall give some of its results below. 

The concepts of waves and of particles arise from our experiences with 
large-scale phenomena. When we carry over these concepts to small-scale 
phenomena — on the scale of atomic dimensions — we must realize that we 
are extrapolating experiences to a different realm, and they may be expected, 
at most, to serve only as guides. Our classical concepts of particle velocity 
and energy, developed by observing the mechanical behavior of large, macro- 
scopic bodies, do not have universal applicability in experiments on the mo- 
tion of microscopic particles such as electrons; and it is often more convenient 
to apply undulatory concepts to such particles. 

To understand these limitations and restrictions on the dynamics of atomic 
and sub-atomic particles, we must first recognize that the precise position 
and velocity of electrons are not simultaneously known. Whereas in ordinary 
mechanics both the position and the velocity of microscopic bodies are as- 
sumed to be precisely observable, for atomic and sub-atomic particles this 
assumption, as we shall see, cannot be made. 

Consider the behavior of a system of, say, electrons. To predict future 
behavior we must know the initial position and momentum of each electron. 
For a particular electron let the uncertainty in the measurement of the x com- 
ponent of position be Ax, and let the uncertainty in the measurement of the 
corresponding component of momentum be Ap. In 1927 Werner Heisenberg 
first pointed out a relationship between Ax and Ap. This relationship is based 
on the principle that it is impossible to measure precisely and simultaneously 
both the position and the momentum of a particle. This principle is called 
Heisenberg's uncertainty principle. The uncertainty, Ax, involved in the 
measurement of the coordinate of the particle and the uncertainty, Ap x , 
involved in the simultaneous measurement of its momentum are governed 
by the relationship 

Ax-Aw > — (5) 

~~ m 

Here, again, h is Planck's constant. The value of h has been experimentally 
determined and is very small by ordinary standards, h = 6.6 X 10 -27 erg sec. 
The uncertainty relationship holds in principle for ordinary large objects, also, 

but when the mass is large, as it is in macroscopic experiments, — > for all 

practical purposes, is vanishingly small. 
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Illustrations of the Uncertainty Principle 

The uncertainty principle originates in the interaction between the atom 
or electron being observed and the mechanism used to observe it. Ordinarily 
a macroscopic object is observed by means of a light ray, and the object is 
so massive that we overlook the possibility that the light ray itself will 
appreciably affect the position or momentum of the object. However, in 
observing an electron, the action of the light ray on the electron can be demon- 
strated to produce changes of both position and momentum. 

Suppose that the position of the electron being observed is to be determined 
by an imaginary microscope of very high resolving power given by (see 
Fig. G-3) 



Ax ~ 



sin a 



(6) 



where Ax is the distance between two points which can just be resolved by 
the microscope. Here X is the wavelength of the light used to see the electron; 
and sin a is the numerical aperture of the microscope objective, assumed to 
be filled by a cone of light coming from the illuminated electron. Ax becomes 
the uncertainty in the measurement of the x component of the position of the 
electron. Applying the principles of microscopy, to make Ax as small as 
possible, we must use light of very small wavelength. The minimum amount 
of light that could be used for such a determination would, of course, be a 
single photon having a momentum given by the de Broglie relationship of 



V = 



(7) 



When the electron scatters the photon into the microscope, the electron itself 
will receive some momentum from the photon by particle-particle collision. 
Since the scattered photon can enter the microscope anywhere within the 



FIG. G-3 The uncertainty principle: a mi- 
croscope is used to measure the precise posi- 
tion of an electron. 
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angle a, the x component of the momentum of the electron will be unknown. 
The amount by which this angle of scattering is unknown yields 



Ap x ~ p sin a = - sin a 

A 



(8) 



Combining Eqs. 7 and 8, the product of the position and momentum uncer- 
tainties in this microscope observation of the electron is that given by Heisen- 
berg's uncertainty principle: 



Ax • Ap x 



sin a 



sin a = h 



(9) 



Objections might be raised to this conclusion. For example, the indeter- 
minateness of the momentum, which is due to the uncertainty of the direction 
of the scattered photon, might be determined by measuring the recoil which 
the microscope receives from the photon. But the microscope itself cannot 
be observed within closer limits than those imposed by the uncertainty 
principle. Such a cascading of uncertainties foils the attempt to circumvent 
the implication of the analysis. 

In the foregoing discussion we invoked the simultaneous use of the wave 
and corpuscular concepts of light. The resolving power of our microscope 
was given by an expression based on the wave nature of light; the momentum 
uncertainty was estimated on the basis of the photon or corpuscular nature 
of light. 

Fig. G-4 illustrates another application of the uncertainty principle. Con- 
sider a parallel beam of electrons made to pass through a slit of width d. 
After passing through the slit the y component of the coordinate will be 
known with an accuracy approximately Ay = d. And, in passing through the 



FIG. G-4 The uncertainty principle: a slit is used to measure the y component of 
momentum of the electrons. 
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slit, the electrons are diffracted like waves with de Broglie wavelength, 
X = h/p v , and yield a diffraction pattern of angular width, a: 

sin a ~ \/d ( 10 ) 

where X is the de Broglie wavelength of the electrons. The y component of 
the momentum of the electron after passing through the slit, from this dif- 
fraction pattern, is uncertain by the amount 

Ap = p sin a = — sin a (H) 

A 

where p is the momentum of the electron in the direction of the beam and 
Ap is perpendicular thereto. Multiplying the two uncertainties again yields 
the product h: 

Ax-Ap = d • - sin a = d • - ■ -. = h (12) 

The Uncertainty Relations for Waves 

Our concepts of waves originally derived from macroscopic experience, 
just as our concepts of particles did. The concepts of wave amplitude, energy 
density, wavelength, etc., originated mainly from observations of water 
waves and from studies of the vibrations of elastic bodies. Just as our mechan- 
ical concepts for particles are limited by the uncertainty principle when ap- 
plied to microscopic particles, so our wave concepts are limited in application 
by the uncertainty principle. We shall not go very deeply into this subject 
but merely illustrate the uncertainty principle by one particular case. 

What is meant by an exact knowledge of the amplitude of a wave, such 
as an electric or a magnetic field strength? These quantities are conceived as 
defined at every mathematical point in space and for every mathematical 
instant of time. However, every actual physical measurement we can make 
involves a small but finite region of space of volume Sv = (Sl) z , and also a 
certain definite span of time, St = Sl/c. Although it may be a legitimate 
abstraction to allow the finite region of space and finite extension of time to 
shrink to a point in space and to an instant of time, it is usual not to make 
this abstraction in the considerations of measurements of field strengths. 
It is of course obvious that to measure a wave of wavelength X, our space 
limitation, SI, must be smaller than X (spatial volume Sv < X 3 ) ; and to observe 
a wave with period v~ l our time limitation St must be smaller than St = 
Sl/c < v~\ 

The measurements of electric and magnetic field strengths are thus averages 
over a small region of space, Sv = (Sl) z , and a small interval of time, St — Sl/c, 
determined by the detailed method of measurement. Since electric and mag- 
netic fields have, at least sometimes, another characterization as particles 
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(photons), it is reasonable to expect that the uncertainty relations for the 
fields must be consistent with those for the particles. Thus the uncertainty 
principle, if applicable, would preclude a simultaneous knowledge within the 
space-time domain 8v, 8t of the exact knowledge of all components of the 
electric field strength, E, and of all components of the magnetic field strength, 
H. If these were exactly known, the energy and momentum of the small 
volume would be 

E = 8v^(E 2 +H 2 ); G = 8v ~E X H (13) 

Since 8v could be made as small as possible, the energy and momentum could 
both be arbitrarily small (which would not be consistent with the particle 
theory). Now, from the quantum theory, the energy and momentum content 
of a small volume is permitted to have only discrete and finite values, hv 
and hv/c respectively. Accordingly there must be uncertainty relations in- 
volving E and H which prohibit the exact knowledge of both E and G within 
the volume 8v at the same instant 8t. 

The uncertainty relation for particles, as was made obvious in the examples 
above, arises physically from the disturbance of the system by measurement; 
measuring a position disturbs the momentum of the system, and measuring 
a momentum disturbs the position. The uncertainty relation for waves has a 
similar origin and takes on a similar form for the electric and magnetic fields 
which constitute the wave motion. For such related fields the uncertainty 
relation is 

AE ^ z&-m (I4) 

with cyclic permutation for the other components. AE X is the uncertainty in 
the measurement of the x component of E, AH y is the uncertainty in the 
y component of H; relation 14 is an example of Heisenberg's uncertainty prin- 
ciple applied to fields. These uncertainty relations refer to a knowledge of 
E and H in the same volume element at the same interval of time; in prin- 
ciple, in different volume elements E and H may be simultaneously known 
to any degree of accuracy. The relations refer also to measurements in the 
same volume element which are simultaneous; a physical measurement of E 
disturbs the measurement of H made at the same time, but not if the meas- 
urement of H is made at some time later. Heisenberg, in a book 2 which 
discusses clearly the general problem of the physical picture of the quantum 
theory, gives a description of an actual measurement of the electromagnetic 
field and how the uncertainty principle applies to the measurement. 
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Complementarity 

The uncertainty principle was first derived by Heisenberg from the mathe- 
matical formulation of the quantum theory. In order to understand more 
clearly the physical implications of this principle, Niels Bohr introduced the 
complementarity principle. 3 This principle states that the processes of atomic 
physics can be equally well understood in terms of waves or in terms of 
particles. Either the wave conception or the particle conception can be used 
for any atomic phenomenon. A necessary result of this is that atomic phe- 
nomena cannot be described with the completeness demanded by classical 
dynamics, but rather with the limitations set by the uncertainty principle. 

The statement that the position of an electron is known to within an accu- 
racy Ax means in the wave picture that a wave packet exists in the proper 
position with an approximate extension Ax. A "wave packet" is a wavelike 
disturbance which is appreciably different from zero only within a bounded 
region. This region is in motion and also changes its size and shape. The 
velocity of the wave packet is the same as the velocity of the electron but 
cannot be exactly defined because of the changing size and shape of the 
packet. This indefiniteness is considered as an essential feature of the elec- 
tron's behavior; it is not evidence of the inapplicability of the wave picture. 
If Av represents the velocity uncertainty of the electron, its momentum un- 
certainty is Ap = mAv. We shall make an approximate derivation, from the 
laws of optics and by use of the de Broglie wavelength, X = h/p, of the 
uncertainty relation Ax-Ap > ft. 

Suppose the wave packet is made up of a superposition of plane sinusoidal 
waves, all having wavelengths near Xi. Then there are about n = Ax/Xi 
wave maxima within the packet. Outside the packet, the plane waves must 
cancel by interference; this is possible only if the packet contains waves of 
wavelength (Xi — AX) sufficiently short so that there are at least n + 1 
maxima in the packet. 

Ax 
XT^AX ^ n+1 (15) 



Consequently 

A:rAX . 
X x 2 " 

The group velocity of a wave packet can be calculated to be 
ft 



(16) 



raXi 



(17) 
This is the velocity which de Broglie uses in defining the wavelength for the 
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electron. The spreading of the packet can be represented by the range of 
velocities, 

Av = -4i AX (18) 

Since Ap = mAv, it follows from 16 and 18 that 

Az-Ap > ^7 • m • -^- 9 • AX = h (19) 

AX mXi 2 

This is the uncertainty principle. 

The Probability Concept 

By using the concept of wave packet it is evident that the particle picture 
has become indistinguishable from the wave picture. This duality must also 
extend to waves as well as particles. The illumination of light at a point, 
according to the wave theory, is proportional to E 2 , the square of the ampli- 
tude of the electric field vector at the point. From the photon picture, the 
illumination of the light is determined by the rate, n, at which photons cross 
a unit area oriented perpendicular to their direction of motion. Consequently 
n ~ E 2 . But this relationship can only hold for intense beams; if n is a small 
number, E 2 can be thought of as being proportional to the probability that 
a photon will cross a unit area perpendicular to the direction of motion in 
unit time. 

For example, if light passes through a slit, it forms a diffraction pattern 
on a photographic plate with regions of great illumination alternating with 
regions of weak illumination. From the statistical point of view, the probabil- 
ity of a photon striking the plate is very great where the intensity is great 
and very small where the intensity is small. If the beam is very weak, so 
that only a few photons come through the slit per second, it is impossible to 
say where they will strike the plate. They will make a pattern which is appar- 
ently random. All one can say is that the probability of striking a certain 
portion of the plate is large when the wave theory predicts a great intensity 
and small when the wave theory predicts a small intensity. If, however, a 
sufficient time is allowed to elapse to permit a large number of photons to 
strike the plate, the resultant pattern will be the ordinary diffraction pattern 
expected from wave theory. 

This type of description can also be applied to the diffraction of electrons 
by a crystal lattice or by a slit. The wave in this case is the de Broglie wave, 
and the probability of the electron striking a particular point of a photographic 
plate is proportional to the square of the amplitude of the de Broglie wave 
at that point. 

The phenomena of transmission and reflection at a plane surface can also 
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be explained from the particle point of view with a statistical interpretation. 
According to this, the particle associated with the incident wave has a certain 
probability of being reflected and a certain probability of being transmitted. 
The probabilities are proportional to the squares of the amplitudes of the 
corresponding waves. 

From this discussion it is apparent that from the corpuscular point of view 
there is an indeterminacy or lack of causality in the description of phenomena. 
From the wave point of view, the wave functions necessary to describe the 
phenomena are continuous functions of space and time and obey definite 
differential equations. For light waves, the appropriate equations are Max- 
well's equations; for waves associated with material particles one must use 
a wave equation first formulated by Schrodinger and since developed into 
that branch of quantum theory called wave mechanics. 
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Appendix £± 

The Speed of Light 

by C. Harvey Palmer, Jr. t 



Introduction 

The constant c, which represents the speed of light in vacuum, has played 
a truly spectacular role in the development of modern science. In electro- 
magnetic theory it represents both the speed of propagation of plane electro- 
magnetic waves of any wavelength through empty space and the speed of 
radio waves along a lossless transmission line or coaxial cable (in vacuum). 
In quantum mechanics c appears in combination with other constants in 
such places as the fine structure constant and the Rydberg constant. The 
special theory of relativity is based on the assumption of the constancy of 
the speed of light regardless of the motion of either the source or the observer, 
and it yields equations in which c is the reference standard — the fastest 
possible speed for material particles, as well as the conversion factor by 
which to calculate the energy of a particle at rest in the familiar relation 
E = mc 2 . 

The value of c is now so precisely known 1 [c = (2.997928 ± 0.000004) X 
10 10 cm/sec] that it has been treated as an auxiliary constant, i.e. as one 
whose value is exactly known, in the evaluation of most other fundamental 
atomic constants. The accuracy with which it is known also permits making 
distance measurements, based on the travel time of light flashes, by such 
devices as Bergstrand's geodimeter, 2 which compete favorably in reliability 
with the best precision surveying techniques. 

t Laboratory of Astrophysics and Physical Meteorology, The Johns Hopkins University. 
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A Short History of c 



The extraordinary importance of c in present-day physics has come about 
as a result of the most exacting research by a number of brilliant minds dur- 
ing the last three centuries. Probably the earliest attempt to measure the 
speed of light was made by Galileo, early in the 17th century, as described 
in Chapter V. Several decades later Roemer studied the eclipses of the satel- 
lites of Jupiter and attributed the variations in the predicted times of the 
eclipses to the finite time required for light to traverse the varying distance 
between the earth and Jupiter. Roemer's explanation, presented to the French 
Academy in 1666, was not generally accepted until Bradley in 1727 discov- 
ered the aberration of light and obtained a speed in good agreement with 
Roemer's value. 

The first successful terrestrial measurement of c was made by Fizeau in 
1849. Fizeau used a rotating toothed wheel to interrupt a light beam directed 
toward a mirror 5.36 miles away, and he obtained a speed equivalent to 
3.14 X 10 10 cm/sec. The next year Foucault and Fizeau, independently, 
following a suggestion made by Wheatstone years earlier, measured c with a 
rotating mirror. This method gave improved accuracy. The same year, Fou- 
cault determined that light traveled more slowly through water than through 
air, a result which was in agreement with the wave theory of light and not 
in agreement with Newton's corpuscular theory. In 1859 Fizeau performed 
an experiment which showed that the speed of light in a medium (water) 
was affected by the motion of the medium. His result was in fair agreement 
with a prediction made by Fresnel in 1818 and based on the elastic-solid 
theory of the ether. (The factor by which the speed of light is changed in 
the moving medium is known as the Fresnel dragging coefficient.) In 1872 
Airy, using a telescope filled with water, measured the angle of aberration of 
light, discovered by Bradley a century and a half earlier. Although the water 
slowed down the light traveling in the telescope, Airy found that the angle 
of aberration remained unchanged (because of the Fresnel dragging coeffi- 
cient) . 

In 1865 James Clerk Maxwell published his classic paper entitled "A 
Dynamical Theory of the Electromagnetic Field," in which he pointed out 
the agreement between the calculated speed of propagation of an electro- 
magnetic disturbance through a non-conducting field and the measured speed 
of light. The values of Table H-l are taken from his book of 1873, A Treatise 
on Electricity and Magnetism, which contains a more finished treatment than 
the 1865 paper. From the agreement between the observed and calculated 
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speeds Maxwell concluded that light was an electromagnetic disturbance, 
and that the speed of light in vacuum should be exactly equal to the ratio 
of the electrostatic unit of charge to the electromagnetic unit of charge. 

TABLE H-l 

Velocity of Light Ratio of Electric Units 

(Meters per second) (Meters per second) 

Fizeau: 3.14 X 10 s Weber: 3.1074 X 10 8 

Aberration etc., and Maxwell: 2.88 

sun's parallax: 3.08 Thomson: 2.82 
Foucault: 2.9836 



To test the validity of Maxwell's theory, more accurate determinations of 
both quantities were made. Before 1900 measurements of the ratio of electric 
units had been made by a number of experimenters, including Weber and 
Kohlrausch (1857), Maxwell (1868), Rowland (1879), J. J. Thomson (1883), 
and Rosa (1889), to mention only a few. The determinations of this ratio 
reached their peak of perfection in the thorough and painstaking efforts of 
Rosa and Dorsey at the National Bureau of Standards. Their final results, 
published in 1906, are the earliest ones listed in a recent (1956) evaluation 
of the most probable value of c by Bearden and Thomsen. 1 

Meanwhile Cornu, in 1876, had measured c by Fizeau's toothed-wheel 
method, using a path length of 14.3 miles and an improved electrical method 
of measuring the speed of rotation of the wheel. A modification of Fizeau's 
method was also used in 1882 by Young and Forbes, who added an auxiliary 
distant mirror. Newcomb in 1885 used a rotating mirror method to determine 
c with high accuracy. His value was c = 2.99860 X 10 10 cm/sec. 

While at the U.S. Naval Academy in 1879, A. A. Michelson began his 
experiments on the speed of light, which represent, perhaps, the pinnacle 
of what might be termed the mechanical methods of determining c, i.e. 
those using a rotating disk or mirror to interrupt the light. Michelson made 
other determinations of c at Cleveland (1882) and at Mount Wilson (1927), 
where he used a path 22 miles long which had been measured by the U.S. 
Coast and Geodetic Survey to within £ inch! This was followed by an ex- 
periment in collaboration with Pease and Pearson in which the light traveled 
back and forth ten times within an evacuated pipe 3 feet in diameter and a 
mile long. This experiment, completed after Michelson's death in 1931, gave 
the value c = (2.9977 db .0001) X 10 10 cm/sec. 

In 1887 Michelson and Morley published the results of their famous experi- 
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mentf to observe the ether drift. Their apparatus was a special Michelson 
interferometer with such long path lengths that the expected ether drift 
should have been readily measured. No ether drift (or at least very little) 
was detected. This astonishing result eventually led to the theory of rela- 
tivity in 1905. Since then, other observers have used even more sensitive 
apparatus, but the once expected ether drift has never been found. 

A new approach to the direct optical method of measuring c was made by 
Karolus and Mittelstaedt in 1928. They used a Kerr cell to interrupt the 
light electrically — at rates of the order of 20 million times per second- 
instead of mechanically with a rotating disk or mirror. This type of chopper 
was used later by Huttel and by Anderson. More recently Bergstrand 2 
(1951) has made further refinements on the Kerr cell method by modulating 
both the Kerr cell itself and also the photomultiplier detector. Houstoun 
(1950) has invented an even faster chopper using a crystal grating. A direct 
determination of c from microwaves instead of visible light has been made 
by Aslakson (1951) with a radar system known as Shoran. 

A very different kind of experiment for determining c, based on molecular 
spectroscopy, was carried out by D. H. Rank and associates in 1954 and by 
E. K. Plyler and associates in 1955. 

It seems likely that the ultimate method of measuring c will be one using 
microwaves. As long ago as 1923 Mercier made a precision measurement of c 
by using electromagnetic oscillations (~100 Mc) to set up standing waves on 
a transmission line. He measured the wavelength and, with considerable 
ingenuity, the frequency and could thus compute the phase velocity. Essen 
and Gordon-Smith (1948) set up standing waves in a microwave cavity and 
determined c by a method analogous to that of Mercier. Hansen and Bol 
performed a similar experiment about 1950. Another type of experiment, 
based on a microwave interferometer, was carried out by Froome (1952, 
1954) and at a much lower frequency by Florman (1955). 

Principal Methods of Measuring c 

The many methods of measuring the speed of light may conveniently be 
divided into four basic types: (I) group velocity experiments, (2) permittivity 
experiments, (3) phase velocity experiments, and (4) spectroscopic experi- 
ments. 

Group Velocity Experiments 

Group velocity experiments include those for which the travel time of the 
signal over a measured course is determined. All direct optical determinations 
fSee Ditchburn, op. cit. in the Bibliography, for details of the experiment. 
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and Aslakson's microwave experiment are of this type. A basic characteristic 
of this kind of experiment is the modulation or chopping of the light or micro- 
wave beam to "mark" it. This "marking" is necessary since in the case of 
electromagnetic waves, unlike water waves, one cannot observe the progress 
of a particular wave crest. On the other hand, one can determine the speed 
of a flash of light. The process of modulating or chopping the beam, however, 
introduces new frequencies (sidebands) so that the beam could no longer be 
purely monochromatic even if the source itself were purely monochromatic. 
In any medium having dispersion the speed of propagation of waves depends 
on wavelength, and the (non-monochromatic) signal travels at the group 
velocity rather than at the phase or wave velocity which is characteristic of 
monochromatic waves. If a stone is thrown into a quiet pond, the different 
velocities are readily observable. The individual wavelets, which travel at the 
phase velocity, can be seen rising up back of the main group, proceeding 
through it, and dying out ahead of the group. The group velocity is less than 
the phase velocity, a relation true for any medium in which the dispersion is 
normal. If the dispersion is anomalous, the group velocity exceeds the phase 
velocity and also the free space speed (with light), but the signal now travels 
at a still different speed, the signal velocityf (less than c for light) . Michelson 
measured the speed of propagation of light in CS 2 (which has high dispersion) 
and found that the ratio of the free space speed to that in the medium is 
1.758 whereas the ratio of the phase velocities, the index of refraction, is 
1.64. The higher ratio corresponds to the group velocity. 

Chopping a light beam may be done mechanically either by a rotating 
toothed wheel such as Fizeau used in 1849 or with a rotating mirror as in 
Foucault's or Michelson's experiments. Much higher chopping speeds and 
thus shorter flashes are produced with a Kerr electro-optic cell or with 
Houstoun's vibrating crystal grating. With microwaves the chopping is 
readily achieved by simply turning the microwave source on and off, i.e. 
by square wave modulation of some voltage. 

Once the beam has been chopped, it is directed over a measured path and 
returned to the detector — the eye, a photomultiplier, or a radio antenna. 
In the case of electromagnetic waves, which travel at fantastic speed, one 
must use great finesse to measure the travel time accurately. 

In Fizeau's experiment a beam of light entered through a hole in the side 
of a telescope and was reflected by a plane piece of glass toward the objective. 
This light was brought to a focus at the principal focus of the telescope ob- 
jective, and thus emerged from the telescope as a parallel beam. It was at 
this principal focus that the toothed wheel chopped the light. The light flash 

fSee, for example, Stratton. Signal velocity equals group velocity except in an absorption 
band. 
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then traveled to the distant mirror (a lens with a mirror at its focus) and 
back to the telescope, passing through the toothed wheel and the diagonal 
glass and to the observing eyepiece. With the wheel at rest Fizeau observed 
either a steady light or darkness, depending upon whether or not a tooth 
blocked the light at the focal point of the telescope. When the wheel was ro- 
tated slowly, the light passing between the teeth had time to travel to the 
distant mirror and back through the same notch and be seen. But if the wheel 
rotated fast enough, the light transmitted through a notch returned just as 
a tooth had been turned into the focal point, and an eclipse was observed. 
At still faster speed another notch was in the position occupied by the notch 
through which the light had been transmitted, and the returning light could 
then pass through to the eyepiece again. Fizeau was able to compute c from 
the distance traveled by the light, the speed of rotation of the toothed wheel 
needed for an eclipse (or second reappearance of the light), and the number 
of teeth on the wheel. 

The use of a rotating mirror has important advantages over the toothed- 
wheel method. At relatively slow speeds, as in Foucault's experiment, one 
can measure the displacement of an image caused by rotation of the mirror 
faces while the light is en route. At higher rotational speeds, if the distant 
mirror is far enough away, one can use a fixed eyepiece and crosshair. The 
eyepiece is placed so that with the mirror at rest in the proper position one 
can see the image of the slit source centered on the crosshair. If now the speed 
of rotation of the mirror is correctly adjusted, a new mirror face will occupy 
the position required to reflect the image to the crosshair. Calculation of the 
speed of propagation is made in much the same way as in Fizeau's method. 
The rotating mirror gives brighter images, and it is easier to judge the posi- 
tion of a slit image with respect to a crosshair than to judge the middle of 
an eclipse or the maximum brightness as is done in Fizeau's method. 

The Kerr cell method used by Anderson 3 to measure c is rather different 
in principle from that of Fizeau or Foucault. Basically, Anderson's apparatus 
was a sort of Michelson interferometer. Anderson measured the r.f. pulse 
length and the r.f. chopping frequency. However, since it was really the speed 
of the light flashes that was measured, his was still a group velocity experi- 
ment and not a phase velocity one. 

The apparatus is shown schematically in Fig. H-l. Light from a mercury 
arc was chopped by the Kerr cell into pulses of length L, from crest to crest, 
equal to the ratio of the speed of light to the r.f. frequency of interruption 
of the shutter, /. These light pulses, represented for simplicity by heavy 
arrows (bright) and dots (dark), were divided by the half silvered mirror 
M 1/2 into two beams. One beam traveled the path Mm, M%, Mm, D while the 
other beam traveled the path Mm, Mi, Mm, D. Actually the return beams 
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FIG. H-l Anderson's method of measuring c. 



were also divided by the beam splitter, and the light which was returned to 
the source was wasted. If the mirrors Mi and M 2 were equidistant from Mi/ 2 , 
the two bright crests of the light flashes reached the photomultiplier detector 
simultaneously, and a moment later the two dark troughs arrived together. 
Thus the photomultiplier output current fluctuated strongly at the r.f. 
chopping frequency. This signal was amplified and detected by a sensitive 
short wave receiver, which, for this position of the mirrors, gave a large out- 
put signal. On the other hand, if the mirrors Mi and M 2 were not equidistant, 
but placed so that the round trip path to and from each of them differed by 
L/2 (or any odd multiple of L/2), the photocell was illuminated alternately 
by light coming from mirror Mi and from M 2 . Thus the photocell saw a steady 
light intensity, and no r.f. signal resulted. 

The position of the movable mirror to give a null can be made extremely 
critical if the conditions of the experiment are optimum. Anderson fixed Mi 
and adjusted M 2 to give the minimum r.f. signal. Then M x was removed 
and the light allowed to travel an additional distance to Mi and back. The 
new position, Mi, was chosen so that the increased path (Mi to Mi'), which 
was measured with a precision Invar tape, was an integral number of lengths 
L as nearly as possible. Since the chopping frequency was 19.2 Mc, the light 
path increase of 2 X 172 meters was very nearly 11 L each way. A small 
measured shift of M% restored the null again. The speed of light was given by 
c = s//9l, in which s is the length (~344/m) by which the path has been 
increased with M x removed (including the small displacement of M 2 to restore 
the null), / the chopping frequency, and 91 the number of lengths L in the 
distance s (91 = 22). The integer 91 was evaluated from a rough value for c. 
Measurement of the chopping frequency was made by electrical comparisons 
with a known frequency, that of radio station WWV at the National Bureau 



The Speed of Light • 457 



magnetic lines of force 




FIG. H-2 Lorenz apparatus for measuring resistance. 



of Standards. Anderson's final value for the speed of light was c = (2.99776 db 
.00006) X 10 10 cm/sec. 

Permittivity Method 

According to Maxwell's equations, electromagnetic waves are propagated 
through empty space at a speed c = 1/V k mo, in which mo is the permeability 
of space and k the permittivity of space. It is important to notice that it is 
the product of these two constants which determines c and not either one 
alone. One of the two constants is assigned a value (arbitrary) depending 
upon the system of electrical units chosen; the other constant is fixed by 
nature. In the MKS or absolute practical system of units, the system consid- 
ered here, /i is assigned the value 47r X 10~ 7 henry/meter, and k is determined 
by electrical experiments. 

The experiment to determine ko depends upon a standard of resistance, 
so that it is necessary to fix this standard first. Lorenz devised an experiment 
based on the Faraday disk type of homopolar generator for this purpose. 
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The accurate resistance of a precision standard was determined in terms of 
mass, length, time, and mo- The apparatus is shown schematically in Fig. H-2. 
A brass disk, D, mounted on an axle rotated v times per second in a magnetic 
field parallel to the axle. The flux, <£, passing through the disk is equal to the 
product of the mutual inductance, M, of the coils and the current i. From 
Faraday's law, the e.m.f . induced between the axle contact A and the sliding 

rim contact B is V = — — = Miv. This e.m.f. is balanced against a fraction, 
ot 

a, of the voltage drop across the resistance, R, which may, for simplicity, 
be considered to be a slidewire. When no current flows through the gal- 
vanometer, one has aiR = M'w. Dividing by ax gives 

R = Mv/a 
In this relation M is calculated from ju , the dimensions of the coils, and their 
geometry. Both v and a are measured. Thus the resistance standard can be 
fixed in terms of M, K, S, and juo- 

The value of k can now be determined by an experiment such as that of 
Rosa and Dorsey. Since the capacity of a condenser is equal to the product 
of ko and some geometric factor (e.g. the ratio of the area to the separation 
for an idealized plane parallel plate condenser), Rosa and Dorsey measured 
the capacity of, and calculated the geometric factor for, various specially 
constructed precision air condensers, including spherical, cylindrical, and 
plane parallel plate types. 

The Maxwell bridge circuit used by Rosa and Dorsey to measure capacity 
is shown in Fig. H-3. A condenser of capacity C and a mechanically driven 
switch, S, take the place of the fourth arm of a Wheatstone bridge. Switch S 
causes the condenser to be alternately charged and discharged. If V is the 
potential of the junction of R3 and the galvanometer with respect to ground, 
the charge flowing into the condenser (and out) is CV each time the switch 
operates. If the switch operates 91 times per second, the total charge per 
second, i.e. the current, passing through the fourth arm of the bridge is 

FIG. H-3 Maxwell commutator bridge for measuring capacity. 
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9lCF. The condenser and switch are equivalent, so far as the sensitive, 
sluggish galvanometer, G, is concerned, to a resistance of magnitude R' = 
V/3VCV = 1/91C. Thus, if the bridge is balanced, one has RiR' = R 2 R S or 
Ri/'SlC = R2R3, and the measured capacity is given by 

C = Ri/yiRiRs 

A rigorous derivation of the balance conditionf shows that both the galvanom- 
eter resistance and the battery and lead resistance must be included as a small 
correction. 

Thus with the Maxwell bridge the capacity of a condenser is measured in 
terms of frequency and resistances which are in turn compared with the 
standard fixed by the Lorenz experiment. Rosa and Dorsey's final value for 
permittivity was given as *c = 8.851 X 10~ 12 farad/meter. When their value 
is corrected for the present standard of resistance, their value for the speed 
of propagation becomes 

c = 2.99800 X 10 10 cm/sec 

Phase Velocity Method 

To determine c by a phase velocity method, both the frequency and the 
wavelength are measured; c is the product of the two. Perhaps the earliest 
accurate measurement of phase velocity was Mercier's experiment of 1923. 
Mercier used an r.f . oscillator having a frequency of the order of 100 Mc and 
set up electric standing waves on a transmission line. The wavelength was 
accurately measured by finding the positions of voltage nodes with a sensitive 
detector. The frequency was ultimately determined by comparison with a 
standard clock. More recent experiments of this type employ a resonant 
microwave cavity. A cylindrical container, for example, can be set into elec- 
trical oscillation in a number of modes depending on the frequency. Using 
particular modes of oscillation, one can accurately measure the wavelength 
from the geometry of the evacuated resonant cavity, and one can also measure 
the frequency at resonance by standard methods and so compute c. 

An interesting variation on the phase velocity method is that of K. D. 
Froome, 5 who used two types of microwave interferometers. The earlier 
model is quite similar to a Michelson interferometer. Fig. H-4 shows a highly 
simplified diagram of this instrument. The source of energy is a 24,000 Mc 
microwave oscillator with a special frequency-stabilizing circuit. Energy 
from this source is directed through a wave guide to a hybrid junction, or 
"magic T," which divides the energy in such a way that half of it travels 
out one side arm and the other half out the other side arm, but none straight 
through to the detector. The fixed arm of the interferometer is completely 

t See, for example, Glazebrook. 
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FIG. H-4 Highly simplified diagram of Froome's earlier microwave interferometer. 



within the wave guide. The energy traveling down this fixed arm is reflected 
back to the magic T, and half the energy goes to the detector and indicator, 
the other half returning to the source. The energy traversing the variable 
arm of the interferometer toward the right passes through a horn with a 
plastic lens at its end and then through an air path to a movable mirror, 
whence it is reflected back through the horn to the magic T, which again 
directs half of this energy to the detector. As the movable mirror is brought 
toward or away from the horn, the detector signal passes through maxima 
and minima. Thus one can determine the wavelength by measuring the dis- 
tance the mirror must be moved to pass between successive minima. (In 
this simplified explanation the several attenuators and the matching section 
needed in the wave guide circuit have been omitted. The components used 
to measure the oscillator frequency have been omitted from the diagram too.) 

A most important correction to the measured wavelength is required. 
This correction arises from the diffraction effects associated with the rela- 
tively long wavelength (1.25 cm) used. Froome pointed out that in an optical 
interferometer the optical components are of the order of 10 4 wavelengths 
or more in size and the diffraction effects are small. For microwaves, on the 
other hand, since the components are much smaller compared to the wave- 
length, the diffraction effects are very large. 

The lack of symmetry in this earlier interferometer, which causes uncer- 
tainties in the corrections needed, led Froome to design a symmetrical model 
using two transmitting horns with plastic lenses and two receiving horns of 
the same sort, which were mounted on a carriage rolling on a lathe bed. Sig- 
nals from the two horns were combined in a magic T to give the detector 
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signal much as before. The value reported by Froome is c = 299,793.0 ± 
0.3 km/sec. 

It is worth mentioning that one of the chief advantages in using micro- 
waves rather than light waves for the determination of c results from a peculi- 
arity in frequency measurements. With electric circuits it is possible to obtain 
exact frequency multiples or submultiples by the use of nonlinear circuit 
elements such as crystals, class C amplifiers, etc. For this reason one can 
determine a high frequency with the same absolute error as a low frequency. 
Accordingly, the higher the frequency used, the smaller the percentage error 
may be made. With microwaves one can measure the frequency of the source, 
whereas with light one cannot; rather one must be content to measure a 
chopping frequency, which, at best, is far lower than microwave frequencies. 

Molecular Spectra 

The spectroscopic method of determining c depends upon measurements 
of molecular spectra in both the microwave and the infrared region. For 
diatomic and linear polyatomic molecules the rotation and rotation-vibration 
states may be expressed with great accuracy in terms of two constants of the 
molecule and the rotational quantum number. In the microwave region the 
possible frequencies of rotation of the molecules are given by the formula 

v = 2B (J + 1) - 4£> (J + l) 3 Mc 

where v is the frequency measured in Mc, B is proportional to the reciprocal 
of the moment of inertia, Do is the centrifugal stretching constant, and J is 
the rotational quantum number, which is integral and can change only by 
±1. In the infrared, where the molecule executes vibration as well as rotation, 
the formula is a little more involved : 

v = h + (£i + B )m + (£i - Bo - Di + D )m 2 

-2(Di + D )m* - (Di - D )m* 

Here v is the wave number corresponding to the spectral line (the reciprocal 
of the wavelength in centimeters), v is the wave number of the band center, 
Bo and D the same as before but in units of wave number (cm -1 ) instead of 
frequency (Mc), Bi and Di are similar to B and D but apply to the upper 
vibrational state of the molecule, and, finally, m is the quantum number, 
which takes on the values J + 1 for the R branch and J for the P branch 
of the band. 

If the microwave frequencies of the rotation lines for a simple molecule 
are measured, it is clear that one can evaluate B (and D ) in terms of fre- 
quency (Mc) . On the other hand, by measuring the wavelengths of a number 
of lines in an infrared rotation-vibration band for the same molecule and 
converting these wavelengths to wave numbers, one can evaluate B 8 (and 
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the other constants) in terms of wave number units. Thus the same constant 
can be expressed both in frequency units and in wave number units. From 
the definition of wave number we get 

Bo micro _ B cycles/sec cm 
.Bo IR Bo waves/cm sec 

An experiment of this type was carried out at the Pennsylvania State College 
in 1954 by D. H. Rank, J. N. Shearer, and T. A. Wiggins, 6 who studied 
the HCN molecule, and at the National Bureau of Standards in 1955 by 
E. K. Plyler, L. K. Blaine, and W. S. Connor, 7 who studied the CO molecule. 
The two final values are in close agreement with each other and with the 
results of other methods. 

Two Simplified Experiments on the Speed of Light 

Although extreme care and patience are required to make a truly precise 
determination of the speed of light, it is not difficult to measure c to about 
1%, and such an experiment can show clearly the principles involved as well 
as the directions in which refinements must be made for high accuracy. Two 
types of experiment are outlined, a group velocity experiment and a permit- 
tivity experiment, both of which will yield results better than 1%. 

Kerr Cell Experiment 

An experiment patterned after Anderson's Kerr cell measurements was set 
up at Bucknell University. 8 Because of space limitations, the long path of 
Anderson was eliminated (and with it the precision) . In the simplified experi- 
ment only one null position was determined, and the corresponding path 
difference was measured. 

Fig. H-5 shows one arrangement of the apparatus. Light from a 500-watt 
projection lamp is polarized by Pi so that its electric vector is at 45° with 
respect to the electric field between the Kerr cell plates. Lens L x converges 
the light to pass between the Kerr cell plates. Lens L 2 reconverges it to pass 
through a second Polaroid (crossed with respect to the first) and a mechanical 
chopper whose purpose is described later. The light passing through the 
auxiliary chopper is made parallel by lens L 3 (about 4" in diameter) and 
strikes the beam splitter mirror, Mi/ 2 . At this point half of the light is directed 
toward the fixed thick mirror, f L 4 and ilfi, and half toward M 2 , the movable 
mirror which slides on the optical bench — preferably several meters long 
(though a short one could be used if necessary). The return beams from M\ 
and M 2 are again divided by the beam splitter mirror, and half the flux from 
each beam is converged by L 5 onto the photomultiplier cathode housed in a 

fA thick mirror is a combination of a lens and a mirror. 
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FIG. H-5 Arrangement of apparatus to measure c by a Kerr cell method. 



carefully shielded box with a preamplifier stage. The distance, D h between 
M i and M i /2 , should be such that, when the movable mirror, M i} is about 
halfway along the optical bench, one obtains a minimum output signal. The 
minimum signal occurs when the path difference between D x and D 2 is L/4 
or about 3f meters for an r.f . frequency of 20 Mc. 

A block diagram of the electrical components is shown in Figs. H-6 and 
H-7. Fig. H-6 shows the Kerr cell power supplies. An adjustable high d.c. 
voltage is impressed on the Kerr cell to polarize it, and a high r.f. voltage is 
superimposed to produce the light modulation. The r.f. choke keeps the r.f. 
voltage out of the d.c. supply, and the condenser keeps the d.c. voltage iso- 
lated from the ground. Fig. H-7 shows a block diagram of the detector cir- 
cuit. The light flashes falling on the photomultiplier give rise to a 20 Mc 
voltage which is heterodyned to 6 Mc by a local oscillator not shown in the 
figure. This lower frequency signal passes through a coaxial cable to the 
sensitive short wave receiver. The 1000-cycle modulation impressed on the 
light beam by the auxiliary chopper described above appears on the oscillo- 
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FIG. H-6 Kerr cell power supplies and connections to the cell. 

scope or can be heard by means of the speaker. This audio frequency modula- 
tion is extremely helpful, if not essential, in discriminating against the un- 
avoidable r.f. voltage radiated to the detector by the high power r.f. generator 
for the Kerr cell. Changing the frequency from 20 Mc to 6 Mc in the photo- 
multiplier box also helps in this respect. 

In order to measure the Kerr cell frequency, the cable from the photomul- 
tiplier unit is disconnected from the receiver input and an antenna substi- 
tuted. The receiver is then tuned to pick up the 5 Mc transmission from radio 
station WWV of the National Bureau of Standards, and the receiver dial is 
calibrated. Finally the receiver is tuned to pick up some of the radiation of 
the quartz crystal (approximately 5 Mc) from which the 20 Mc high voltage 
is generated, and the frequency difference between it and WWV is noted. 
This method of measuring frequency is not very precise, but is sufficiently 
good. 

In the Bucknell arrangement, the details of which are described in refer- 
ence 8, it was possible to set the movable mirror for a null within about a 
millimeter on successive trials. In a typical good measurement, the r.f. 
frequency was found to be 19.88 Mc (i.e. 4 X 4.97 Mc) and the measured 
path difference 374.2 cm, which gave a value for c of 4 X 374.2 cm X 19.88 X 
10 6 c.p.s. = 2.98 X 10 10 cm/sec. The factor 4 comes from the fact that the 
path difference Di — D 2 is L/4. 

FIG. H-7 Block diagram of electronic components for the Kerr cell experiment. 
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Permittivity Experiment 

A simplified version of the experiment of Rosa and Dorsey was set up 
both at Johns Hopkins and at Bucknell University. 9 Two components had to 
be constructed for the experiment: a condenser and a switch. The condenser 
was constructed from two brass disks 8" in diameter and \" thick. One face 
of each plate was turned flat to about a thousandth of an inch over the surface 
on a lathe. The plates were mounted in a wooden frame as shown in Fig. H-8. 
The spacing of the plates was fixed by small glass squares cut from a micro- 
scope slide. Two separations of the plates were obtained by using either a 
single set of three spacers or by using three superposed pairs of spacers. 
With a parallel plate condenser of this kind a correction is required both for 
the edge effect in the electric field between the condenser plates and also for 
the glass spacers. Details of the construction of the condenser and the for- 
mulas needed for the two corrections are given in reference 9. 

The single-pole double-throw switch for the experiment operates at about 
1000 c.p.s. The center terminal of the switch must make low resistance con- 
tact with each outside terminal long enough to give the condenser sufficient 



FIG. H-8 Construction of the parallel plate condenser used in the permittivity ex- 
periment 
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time to charge and discharge completely in every cycle; at the same time the 
outside contacts must never short. Such a switch was constructed from an 
old General Radio tuning fork oscillator by mounting an insulated silver 
contact on one prong of the fork and a compensating mass on the other prong. 
The tuning fork was driven by a simple electronic circuit described in the 
reference. Proper adjustment of the switch to get optimum performance 
required some care and patience, but the final performance was very satis- 
factory. The contact time of the moving silver contact with each of the fixed 
silver buttons was just over 25% of the cycle; i.e. the switch allowed the 
condenser to charge or discharge about \ millisecond. For the Johns Hopkins 
arrangement a tuning fork switch was purchased from Riverbank Laboratories 
(Geneva, 111.). This switch, which also operated at about 1000 c.p.s., required 
some modification for this experiment in that the center contact had to be 
insulated from ground. 

The switch frequency is measured by comparison with a calibrated audio 
oscillator. The oscillator itself is calibrated against the 440 and 600 c.p.s. 
modulation of station WWV by using various Lissajous figures on a cathode 
ray oscilloscope. The details are given in the reference. 

Using apparatus of this kind, it is possible to determine k to 1% and thus 
the speed of light to |%. A set of measurements is included in Table H-2. 

table H-2 Permittivity Experiment 



Ratio area/separation 
Correction for edge effect 
Spacer correction 

Total geometric factor 

Measured capacities 
Condenser + "stray" 
"Stray" (includes an added 
mica capacitor) 

Net capacity of condenser 

Capacity /geometric factor 



Gi (single spacers) 
27.98 meters 
1.32 
0.99 



30.29 meters 



Ci = 392.2 MA»f 



Co = 126.7 



Ko = 



265.5 /x/if 

265.5 nid 
30.29 meters 
8.78 X 10- 12 



Gi (double spacers) 
14.00 meters 
1.16 
0.50 



15.66 meters 
C 2 = 264.7 M/if 
Co = 126.7 



138.0 n4 

138.0 M/xf 
15.66 meters 

8.83 X 10~ 12 



Av. K = 8.81 X 10~ 12 farad/meter ± 1% 
Av. c = 3.00 X 10+ 8 meter/sec ± \% 
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Appendix 1 



Radiation Detectors and 
Measuring Devices 

by Harold W. Tates^ 



Introduction 

Electromagnetic radiation is detected by the effects produced when it inter- 
acts with a material body. By detection we mean the manifestation, either 
qualitative or quantitative, of the presence of the radiation, such manifesta- 
tion being an impression on the senses of an observer. The detector, a material 
body with which the radiation is made to interact, can be considered as a 
coupling device linking the electromagnetic energy in the radiation field to 
some kind of display apparatus. The detector converts the electromagnetic 
energy into a different form of energy, usually electrical or mechanical, for 
display and measurement. 

In many practical detectors in use today, the energy is converted from 
electromagnetic flux into electrical current, which is subsequently made 
observable to the senses. This is a result of the natural physical properties 
of the detectors themselves — most of them just work that way — and of the 
high state of development of the science of electronics today, which makes 
electrical energy the easiest form to work with accurately. There are, how- 
ever, as we shall see, some detectors which do not depend on a conversion 
to electrical energy. 

Any radiation, from the extremely short wavelength radiation present in 
cosmic rays to the longest radio waves, can be detected by one or more of the 
many detectors available today. The working ranges of a number of the more 
important detectors are shown in Fig. 1-1. 

t Barnes Engineering Co., Stamford, Connecticut. 
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FIG. 1-1 Wavelength of radiation. 

Electromagnetic radiation, following the hypothesis of Max Planck, may 
be considered as discrete bundles, called quanta, each quantum carrying the 
amount of energy 

E ~ X 

where E is the energy of the quantum in joules, X is the wavelength of the radi- 
ation in centimeters, c is the velocity of light in meters per second (c = 2.99 X 
10 8 m/sec), and h, Planck's constant of proportionality, has the value 6.624 X 
10 -34 joule seconds. The interaction of a quantum with a material body usu- 
ally involves the transformation of the full amount, E, of the energy of the 
quantum into another form. 

The quantum nature of electromagnetic radiation leads to the conception 
of the perfect detector as one which would respond to and count each quantum 
which strikes it and would yield no response when no quanta strike it. In 
other words, it is a quantum counter with 100% efficiency and no spurious 
counts. Such a detector is, of course, unknown, although several can closely 
approach this ideal. More commonly, the detector is a device which registers 
the number of quanta striking it with considerably less than 100% efficiency 
and is apt to give a certain number of spurious counts which are indistinguish- 
able from real ones. 

Although most detectors are basically quantum counters, some of them 
function purely on the amount of energy incident upon them and will respond 
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equally well whether the energy comes in the form of electromagnetic radiation 
or in some other form. 

Several terms involved in discussing the general properties of the many 
detectors will be defined here. The first of these is sensitivity, S, which is 
denned as the response of the detector to unit energy input. In the case 
of a pure quantum counter S is the quantum efficiency of the detector. In 
the case of an energy detector S has some form, such as volts/watt or 
amperes/lumen, depending on the significant output parameter of the detector. 

The second general property of detectors is the time constant, t. For a 
particular detector the time constant is defined as the time required for the 

output signal of the detector to rise to f 1 J = 0.632 of its final value, 

when the detector is abruptly exposed to a continuing field of electromagnetic 

radiation; or to fall to - of its peak value, when the radiation is abruptly 

removed (see Fig. 1-2). 

The third quantity we define is inherent noise, N. We shall discuss noise 
first, before we discuss sensitivity, because it is inherent in all detectors. 



Noise 1 
The symbol %l expresses the spurious signalf response or output of the 

t Actually this spurious signal is usually made up of two components: (1) the random 
fluctuations which are inherent in the detector and essentially independent of the radiation 
focused on the detector for study and (2) the systematic fluctuations arising from some 
source in the field of view other than the source being studied. It is the first, or random, 
component that is usually meant by the word "noise," while the other is referred to as 
"background." 
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detector. It is in the presence of this spurious response that the true signal 
must be discerned. In the case of detectors having electrical output signal, 
the noise can originate from the following three sources: 

1. Johnson noise, or voltage appearing at the terminals of a resistor because 
of the statistical thermal motion of the electrons within the resistor. This 
noise is "white," i.e. its spectrum contains all frequencies with equal relative 
intensities. The Johnson voltage (root mean square), within a frequency- 
band A/, is predicted by Nyquist's famous formula for thermal noise: 

V ims = 2VkTRAf 

= 1.29 X 10~ 10 VRAf volts at room temperature 

where T = temperature of resistor (°K) 

k = Boltzmann constant (1.38 X 10 -16 ergs/degree) 

R = resistance (ohms) 

A/ = frequency band over which the noise is measured, in cycles/second 

2. Current noise, which can be a result (a) of the fact that an electric cur- 
rent is not continuous but made up of individual electrons (it is the statistical 
fluctuation of the flow of these electrons that gives rise to "shot" noise) or 
(b) of variations in contacts or in the resistance of a detector which carries 
a current. In the case of shot noise the fluctuations in current are given by 

irms = V2eiA/ 
where e = the electronic charge of the electron (1.6 X 10 -19 coulomb) and 
i = the average value of current. The shot noise through a resistor, R, in 
which the current is detected as a voltage drop, is then V rms = i rms • R. 

The current noise due to fluctuations in the resistance of a resistor depends 
entirely on the material of the resistor and cannot be generalized in the form 
of a law. A high quality wire-wound resistor has very low current noise, much 
less than that due to Johnson noise, but a carbon resistor usually has current 
noise comparable to its Johnson noise. The current noise of a resistor of 
resistance R can be expressed in terms of an equivalent resistance r rms . Such 
a resistor carrying a current t will thus exhibit statistical voltage fluctuations 

' rms == " rms 

where r rms is experimentally determined for each material. Semiconductor 
materials usually are characterized by high values of r rms , which, to a first 
approximation, are independent of i until i becomes large enough for appreci- 
able heating. This current noise, while still random, is not white but in general 
decreases as frequency increases. 

3. Background noise, which may be due to statistical fluctuations in the 
number of quanta striking the detector and arising from its surroundings 
or may arise from unwanted radiation sources in the field of view rather 
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FIG. 1-3 Noise appearing in typical lead sulfide (Kodak Ektron) cell detector cir- 
cuit. Dark resistance of cell is 0.5 megohm. 
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22.5 volt bias c 



than from the source being measured. This noise can be considered a sort 

of quantum "shot" noise in the detector's environmental radiation, and it 

becomes appreciable in the infrared at around 5-15 microns, where the black- 

2880 
body peak, \m = T > of most detector environments lies. Background noise 

represents a fundamental limitation to detectability. 

In the case of a mechancial display system, such as we shall encounter 
in the Golay cell, background noise may come from the Brownian motion 
of the parts of the mechanical system and, being proportional to %kT, will 
represent limits in the same order of magnitude as the electrical ones just 
discussed. 

Noise appearing in an actual detector application, for some typical cases, 
is illustrated in Fig. 1-3. Here we consider a typical circuit such as that used 
with a lead sulfide photoconductor. Below the circuit involved we display 
the amplified and rectified electrical voltage due to noise alone. In Fig. I-3a 
the input to the amplifier is shorted, and the noise level is the "shot" noise 
of the tube, together with the current noise in the plate resistor. This noise 
can be held very low by proper design of the amplifier. In Fig. I-3b the grid 
circuit contains two 1-megohm resistors in parallel for an effective resistance 
of 0.5 meg. The displayed noise is Johnson noise, which for a bandpass of 
6 cycles (supplied by a filter farther on in the amplifier) is predicted to be 

V = 1.29 X 10- 10 V5 X 10 5 X 6 = 0.25 microvolt 
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In Fig. I-3c a third 1-megohm resistor is added where the detector will later 
be connected. Here a battery is connected to cause a current of about 50 /xamp 
to flow. The effective impedance of the grid circuit (battery resistance negli- 
gible) is that of the three resistors in parallel or about 0.3 megohm. The dis- 
played noise, which should be less than that in Fig. I-3b when no current is 
flowing, is seen to be slightly larger. Also, it is seen to contain a higher pro- 
portion of low frequencies due to current noise in the resistors, all of which are 
wire-wound, low-noise resistors. In Fig. I-3d a lead sulfide cell (R = 0.5 meg) 
is put in place of the wire-wound resistor and a current of 4 juamp passed 
through it. A large current noise is evident; increasing the current increases 
the noise linearly, as Fig. I-3e shows. 



Detectors in General 2 

In discussing the wide variety of electromagnetic radiation detectors it 
will perhaps be helpful to classify them according to the nature of the process 
involved in their interaction with the radiant energy. This classification will 
be seen, in due time, not to be rigorous, for some detectors may be reasonably 
fitted into two or more categories; but such a classification does serve as a 
convenient starting point for comparisons. 

When electromagnetic radiation interacts with a material body, and its 
energy is absorbed, it usually produces one of the following effects: (1) The 
material body is heated. (2) The chemical state of the material body is 
changed. (3) The physical state of the material body is changed (in some 
manner other than by simple heating). These several phenomena are, in 
general, characteristic of the energy of the quanta involved, and hence of 
specific regions of the spectrum. Heating effects are dominant for low energy 
quanta, chemical change is associated with medium and high energy quanta, 
and a change of physical state is characteristic of the high energy quanta. 

Starting with the lowest quantum energy, i.e. the longest wavelength 
radiations, and proceeding to the shortest wavelengths, the most important 
detectors and their fundamental mechanisms of operation are: 

1. Dipole antenna: electric field generated within a metal by the action 
of the electromagnetic radiation field. 

2. Thermocouple: Seebeck effect, whereby an e.m.f. results from heating of 
a junction between two metals. 

3. Bolometer: change in resistance of a solid with change in temperature 
produced by irradiation. 

4. Golay pneumatic cell: thermal expansion of a gas. 

5. Photoconductive cell: excitation of electrons within a crystal lattice. 



Radiation Detectors and Measuring Devices • 475 

6. Phototube: ionization of a solid. 

7. Photographic plate: chemical decomposition. 

8. Human retina: chemical decomposition. 

9. Geiger counter: ionization of a gas. 

10. Cloud or bubble chamber: ionization in a thermodynamically instable 
medium. 
These detectors, except the first and the last,f will be discussed briefly 
with particular reference to the parameters which control their ultimate 
sensitivity, inherent noise, and time constant. Further discussion will be 
found in the literature listed in the bibliography at the end of this appendix. 



Thermopile Detectors 

The thermal detectors respond to a change in their temperature. Their 
response is independent of the nature of the energy producing this change 
of temperature. Since they cannot differentiate between being heated by 
absorbed electromagnetic radiation and being heated by any other means, 
it is necessary to isolate and identify that portion of a thermal detector's 
output that is due to the incident radiation being measured. The method of 
doing this is described in a later section (on a.c. modulation of radiation). 

The first thermal detector! was simply a mercury-in-glass thermometer 
that absorbed radiation. With this device William Herschel 3 discovered the 
infrared region of the solar spectrum. Such liquid expansion devices are not, 
however, sufficiently sensitive for serious use today. 

A thermocouple 4 - 56 used for radiation detection is the same in principle 
as one used in thermometry; but because of the peculiar requirements of 
radiation measurement its embodiment differs from the thermometry embodi- 
ment: a radiation thermocouple is made almost as small as possible, and the 
materials are chosen primarily for a high thermoelectric power rather than 
for such properties as mechanical strength or high melting point, which may 
be important in ordinary thermoelectric thermometry. 

t The dipole antenna will be omitted from this discussion because it belongs appropriately 
to the study of electromagnetic theory and Maxwell's equations. It does not convert the 
electromagnetic radiation energy into another form and, except for resistance losses, is a 
completely reversible transducer. Its behavior is not associated with the quantum nature 
of light, and the photons it detects come, in general, from continuous wave generators and 
are therefore very long because of the large uncertainty in the time of their emission. Also, 
the cloud and bubble chambers are not treated here. 

% The human skin, of course, was the first such detector but we are referring above to 
the first instrument devised by man. The skin of the forehead has a sensitivity such that 
a sensation of warmth can be just felt when 630 microwatts/cm 2 of radiant energy are 
incident on it. About 80,000 microwatts/cm 2 are required for the skin of the rest of the 
body. If less than several cm 2 of skin are exoosed. these numbers are increased. 
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FIG. 1-4 Structure of a radiation thermo- 
pile composed of four couples. Junctions (a) 
are thermally connected to the target but 
are electrically insulated from it. Junctions 
(b) are thermally connected to the housing 
but electrically insulated from it. 
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The thermopile is made by connecting several, say 91, identical thermo- 
couples in series as shown schematically in Fig. 1-4. The thermoelectric wires, 
1 and 2, are joined to form two sets of junctions, (a) and (b). Junctions (a) 
have a target fastened to them to receive the measured radiation. The junc- 
tions themselves could be the target but for high sensitivity they are best 
constructed too small for practical use as a target. The flux of incident ab- 
sorbed radiation, ft, heats the target and, in turn, the thermoelectric wire 
junctions (a) attached to it. Junctions (b) are kept shielded from the radia- 
tion, and they are usually connected thermally to, but insulated electrically 
from, the case surrounding the target. Thus the junctions (b) are kept at 
ambient temperature. 

We derive the expression for the sensitivity of the thermopile by considering 
the balance of heat received and lost by the target. This heat balance gives 
the temperature rise as a function of the radiation input. On multiplying this 
temperature rise by the thermoelectric power of the materials used, we get 
the electrical signal voltage generated. 

The total heat loss from the thermopile is the radiation loss from the target 
together with the heat conduction loss down the wires (which here is not 
negligible). The radiation loss, ft*, is given by the derivative! of the Stefan- 
Boltzmann law 



t The radiation heat loss is actually % R = 2A<r(T* - 7V) where A is the area of the 
target and the factor 2 enters because both sides of the target are taken to be radiating 
For simplicity, the emissivity of both sides is taken to be unity, although only one side is 
blackened. If T » (T - T ), the above expression is given to sufficient accuracy bv the 
derivative or % R = 8AaT 3 AT. 
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$ R = $A*T S (T - To) (1) 

where A = target area (cm 2 ), a = Stefan-Boltzmann constant (5.67 X 10~ 12 
watts X cm" 2 X deg. K~ 4 ), T = temperature (°K) of hot junction (a), and 
To = temperature (°K) of reference junction (b) and of environment. The 
loss, g c , by conduction down the wires will be, for a thermopile of 91 junctions, 

^ = M&£ {T _ To) + ^rl {T _ To) (2) 

where fa and fa = heat conductivities of the two thermocouple materials, 
n and r 2 = radii of wires of the two thermocouple materials, h and k = lengths 
of the wires, and {T — T ) = (AT 7 ) = temperature difference between the 
junctions (a) and (b). The total heat loss is the sum % R + g e , and this must 
equal the heat supplied in the form of radiation, g. 

8 = 8* + 8, - [»Arf» + M (^ + *f*)]<r - W (3) 

The temperature rise (T - T ) generates an electromotive force, V, given by 
V = 9lP(T - To) (4) 

where P = thermoelectric power coefficient. 

Eliminating (T — T ) between equations 3 and 4 gives 

V 3lP 



[8^ + »(to: + te*)] 



The length, radius, and thermal conductivity of the thermocouple wires 
are conveniently combined in a more significant parameter, the resistance of 
the thermopile. If the specific resistivities of the two wire materials are pi 
and P2, the resistance, R, of the thermopile is 



*-* + *-*(^ + £) 



(6) 



where z x and z 2 are the resistances of the 91 lengths of wires 1 and 2 respectively. 
If the materials obey the Wiedemann-Franz law,f which they do fairly closely, 

Pifa = Pzfa = pk (' ) 

and equation 5 becomes 

V 9ZP 

» [SA*T> + 9I 2 p/c (1 + \) ] 

The simplifying approximation Z\ = Z2 will be made here, so that 



t The Wiedemann-Franz law states that the ratio of the thermal to the electrical con- 
ductivity for a metal has the same value at any given temperature and that the value of 
the ratio for any given metal varies directly as the absolute temperature. 
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V = = 9lP 



g r 8 Aar3 + 491^^ (9) 



or, since R = 9lr, where r is the resistance of one couple, equation 9 can be 
written as 

9LP 



S = 



8 ^a + 4 ^ (10) 

r 



For a given receiver area, A, the sensitivity in volts/watt does not increase 
linearly with 91. 

C 
The time constant of the thermocouple is given by r = -^ where C is the 

heat capacity (joules/°C) of the target and hot junctions and K is a Newton 
cooling coefficient (joules/°C sec) defined by the relationship 

5 = heat loss (joules/sec) = K(T - T ). 

The time constant for a practical thermocouple is of the order of 0. 1 sec. 

The signal from the thermocouple must be seen in the presence of the 
inherent noise of the thermocouple, which is almost entirely Johnson noise, 
although in some cases radiation background noise can become appreciable. 
Johnson noise is proportional to VjR ; and it is helpful to include the resistance, 

o 

R = 9lr, in equation 10 and to define a parameter, -rp called the signal-to-noise 
ratio, D. Dividing equation 10 by Vgir, we have 

D = £ = ^^ (11) 

This expression is maximum for some given value of 91, which can be deter- 
mined by setting -r~ = 0. Thus the optimum 91 is found to be 

_ 4AaT 3 r 
Jlopt - pk 

Substituting this value of 91 into equation 10, we find that the sensitivity of 
the optimized thermopile is 

rP 
S " 6^ < 12 > 

For a typical example, let us consider a thermopile made of the Hutchins 
alloys (wire #1 being 95% Bi and 5% Sn and wire #2 being 97% Bi and 3% 
Sb). These alloys are characterized by P = 1.05 X 10 -4 volt/°C, pih = 
12.4 X 10- 6 , pafca = 12.2 X 10~ 6 . If we take A = 1 mm 2 or .01 cm 2 , T = 
300°K (room temperature), and r = 512 (a practical value), we find that 
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^ = -JT = 2 ' 5 

Since 91 must be an integer, we take 91 = 3 and B = 15, getting 

rP 5 X 1-05 X lfr- = volts/watt , 
* 6pfc 6 X 12.3 X 10- 6 7 < 

If we place an RC low-pass filter on the output of the detector so that all 
frequencies above 1 c.p.s. are eliminated, we will have a bandpass character- 
istic of A/ = 1 c.p.s. The Johnson noise from a 15S2 thermocouple, as meas- 
ured at the output of this filter, is then 

V rms = 2VkTR&f = 5 X 10- 10 volt 
Our sensitivity of 7 volts/watt indicates that 7.2 X 10~ n watt of incident 
radiation would be required to give an output signal just equal to the r.m.s. 
noise voltage fluctuations. The 1-c.p.s. bandpass corresponds to a time con- 
stant for the filter of r^T7 = 0.16 sec, and this, rather than the time constant 
27rA/ 

of the detector itself (usually «0.1 sec), would control the fidelity with 
which transient phenomena were measured. The figure, 7 X 10 -u watt, is 
in this case the "equivalent noise input"— a frequently encountered param- 
eter—and is defined as the input power required, for a 1-c.p.s. bandwidth, 
to give an output signal voltage just equal to the r.m.s. noise voltage. 

Bolometer Detectors 

The bolometer— the word is compounded from the Greek words bole 
(throw or ray) and metron (measure)— was invented in 1880 by Langley 7 
and since that time has appeared in a greater variety of forms than perhaps 
any other thermal detector. The bolometer function is based on the change 
in the resistance of a sensitive strip of material when its temperature changes. 
The radiation to be detected is absorbed by the strip and heats it, and this 
heating causes the change in its resistance. This change in resistance is mani- 
fest as a change in the potential drop across the bolometer when a biasing 
current, 3, flows through it. (See Fig. 1-5.) 

The sensitive strip, if naturally highly reflecting, is covered on the irradi- 
ated side with a blackening material to cause it to absorb the radiation 
incident upon it. The mass of this black, usually finely divided particles of 
gold or platinum deposited on the strip by thermal evaporation in a partial 
vacuum, is usually small compared with that of the element itself, and its 
heat capacity can be neglected. 

The following is a simple derivation of the sensitivity of a metal strip 
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bolometer. Metals have a positive temperature coefficient of resistance; that 
is, their resistance increases with an increase of temperature. 

The bolometer element (see Fig. 1-5) is heated by the biasing current. 
Being warmer than its environment, it loses energy by thermal radiation and 
by conduction through its mounting supports and electrical lead wires. If ft 
is the amount of energy thus lost (watts), T is the temperature of the bolom- 
eter element, T is the ambient temperature of the element's environment, 
then a cooling coefficient (watts/°C), K, is defined by 

ft = K(T - To) (13) 

When no radiation falls on the element, the heat loss must exactly equal 
the electrical current heating, for an equilibrium condition: 

ft = K(T - To) = 3*R (14) 

where 3 = the bias current flowing in the element as a result of the applied 
bias voltage (V) and R = resistance of the element at temperature T. 
The temperature difference, T — To, and the resistance are related by 

R = Ro[l + a(T - To)] (15) 

where R = resistance of bolometer element at temperature T and a = temper- 
ature coefficient of resistance for the material. On substituting equation 15 
into 14, to eliminate the temperature, we get 



K 



Psr)-** 



(16) 



Now if the bolometer element is further heated by ft watts of electromag- 
netic radiations, its resistance will be increased by an amount, r, which leads 
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to a reduction in the bias current of t. The new heat balance for this condition 
will be 

K ( g + ^ R ° ) = (3 - i) 2 (A + r) + 5 (17) 

Subtracting equation 16 from equation 17 yields 

[J^"o " (3 ~ l)2 ] r = [(3 " l)2 " ^ 2]R + ^ (18) 

We seek \R, which is the potential drop produced by §• From Fig. 1-5 we 
have, for no input radiation equilibrium, 

3f(B + Rb) = V (19) 

and, for equilibrium with g watts of electromagnetic radiation incident on 
the element, 

(3f-t)(B + r + 2fe) = F (20) 

The condition for maximum signal voltage, iR, is found from setting 

j D = to yield the condition R B = R. Combining equations 19 and 20, 
(1Kb 

we have 

'-3%1* < 21 > 

and substituting 21 into 18 gives 

^h) + i! « = s < 22 > 

Now t is negligible, compared with 3; and neglecting the term \ 2 R, we have 

as the sensitivity in volts/watt. 

It is now more convenient to return to the temperature difference between 
the element and its environment, instead of the biasing current, 3 s - Using 
equation 14, we write equation 23 as 

\R „ 1 _ ( T - T y* m , 

g = ' S= 2 aEo V~RK~J (24) 

For a realistic bolometer strip, with an area of 1 mm 2 , made of platinum 
of a = 3.8 X 10~ 3 , the temperature rise, (T — To), might be of the order of 
25°C, and R might be 5012. If we neglect heat losses by conduction, the radia- 
tion losses alone are found from the derivative of the Stefan-Boltzmann law, 
as in the case of the thermocouple. 



K = 
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ft = 8A<xTHT - T ) (or 3.06 X 10" 4 watt in the present 

example) (25) 

g (or 1.2 X 10- 5 watt/°C in the pres- 

(T — T ) ent example) 

Substitution of all values into equation 24 gives 

S = - X 3.8 X 10- 3 X 50 ( 55 x 12 x 10-5 ) = 18 - 5 volts/watt 

This simple derivation is only an approximation. We have neglected all 
heat losses except radiation losses, and we have considered the bolometer 
to be a linear resistance element, whereas in reality it frequently is not. 8 

The inherent noise in the metal bolometer is primarily Johnson noise, 
although background noise from its environment can be appreciable. 

If the bolometer is to be used as a detector of a d.c. radiation field, the 
ballast resistor, (R B ) in Fig. 1-5, is replaced by an identical bolometer ele- 
ment, to eliminate drift. This added element is kept entirely away from the 
radiation to be measured and is intended to compensate for changes in the 
temperature of the environment, which otherwise would cause drift. 

The parameters in the equation for the sensitivity show that S is linearly 
proportional to a and approximately linearly proportional to V.R, V7 7 — To, 

and —j=> It is desirable therefore to have a large a, a large (T — To), which 

is a manifestation of a large biasing current, and a small cooling constant. 
There is no theoretical limit on the magnitude of a. Both a and R are char- 
acteristic of the material. The biasing current, however, has a practical limit 
beyond which the above theory falls down — and the element will be dam- 
aged. K can be made small by operating the bolometer in a low ambient 
temperature environment, and perhaps by using blacking of selective emis- 
sivity, but this can be undesirable because of its effect on the time constant, 
which is given by 

C ni 
t = jz « 0.1 sec 

for an ordinary metal bolometer where C is the heat capacity of the bolom- 
eter element (joules/°C). 

The thermistor bolometer and the superconducting bolometer are inter- 
esting variations of the simple bolometer. These bolometers are characterized 
by a larger a than the metal bolometer. Values of a for several bolometer 
materials are given in Table 1-1. 

The thermistor bolometers are characterized by a higher resistance than 
metal bolometers, usually in the order of a megohm. Extensive development 
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of these detectors is still in progress. 10 By increasing the cooling constant, 
K, time constants down to around 10 -3 second have been achieved, while 
still maintaining fairly high sensitivity. 

table 1-1 Composition and Values of Thermal Coefficients 
of Resistance for Bolometer Materials 



Material 



Bolometer Coefficient 
of Resistance, a 



Platinum 

Nickel 

Mixture of oxides of manganese 
and nickel or of oxides of 
manganese, nickel, and cobalt 



Columbium nitride 
Tantalum 



-4.0X 10- 



+25 
+370 



+3.8 X 10~ 3 lf Metal bolometers at room 

+6.0 X 10-* J L temperature 

Thermistor bolometers as 
originally developed by 
Bell Telephone Labora- 
tories 9 
fValues of a at the transition 
between normal and su- 
perconducting state. This 
occurs at about 14.2°K 
for CbN and 1.4°K for 
Ta. 



FIG. 1-6 Resistance of typical CbN strip 
in the region of transition into the super- 
conducting state, a is denned by the slope at 
the transition between normal (T > 14.3°K) 
and superconducting (T < 14.2°K) states. 
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The simplicity, ruggedness, reliability, and fairly good sensitivity of the 
metal bolometer — and now of the thermistor bolometer, in some applications 
— make them popular detectors. 

The superconducting bolometer 11 has great theoretical promise in view of 
its large a (see Fig. 1-6), the reduced heat capacity at low temperatures, 
the low ambient environment, and the small resistance of the element itself, 
which leads to a low Johnson noise. In practice, however, it has never realized 
its capabilities and remains more of a laboratory curiosity than a practical 
detector. 

The Golay Cell 12 

The Golay pneumatic detector is the thermal detector that was developed 
by Dr. Marcel Golay. The Golay cell contains a small confined volume of gas 
that is heated by the energy to be detected. Expansion of this gas, produced 
by absorbed energy, is observed as the motion of a flexible membrane. Fig. 1-7 
illustrates the simplified essentials of the detector. 

The radiation enters the cell through a transparent window. This radiation 
is absorbed by and heats a target, which, in turn, heats the surrounding 
working gas by contact. Expansion of the working gas pushes out the flexible 
membrane, and the motion of the membrane is detected by the equivalent 
of an optical lever. A small hole in the chamber wall supplies a high impedance 



FIG. 1-7 Simplified elements of Golay pneumatic radiation detector. 
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leak to the atmosphere, or to a reservoir, and the time constant of this leak 
is made long. Slow variations of ambient pressure are equalized by this leak 
to prevent drift or cell rupture. 

Although the final output of the cell is an electrical one (motion of the 
flexible membrane varies the intensity of a light beam striking a phototube 
whose current represents the output), the smallest energy observable is deter- 
mined by the Brownian motion (noise) of the flexible membrane. This limit 
is equal to or better than that of other thermal detectors. And the time 
constant can be made less than 10 -3 second. 

The Eye 

The two most important detectors whose fundamental process is a change 
of chemical state are the eye and the photographic plate. 



FIG. 1-8 Horizontal Section of right human eye. The limit of peripheral vision is 
104° from the optic axis of the lens system. The image is in sharpest focus near the 
point where the optic axis intersects the retina and deteriorates as the edges of the 
retina are approached. The fovea centralis, near the optic axis intercept on the retina, 
is the area of greatest sensitivity and resolution. About 15° away from the optic axis 
is the blind spot of the retina. This is the point of entry for the optic nerve, and it is 
devoid of any light-sensitive receptors. The iris diaphragm attempts to maintain an 
image of uniform brightness on the retina by opening and closing as the brightness of 
the field of view varies. It operates only at fairly high brightness and is then only mod- 
erately successful. 
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FIG. 1-9 Cross-section of a human retina. The section shown is near the yellow 
spot (so named because it contains a yellow pigment), which is about 1.5 mm in 
diameter and at the center of which lies the fovea centralis. The retina is normally 
transparent but has been stained to enable the observer to see the structure. Notice 
the crowding to the right of the connections between rods and cones and the bipolar 
cells. This crowding, not observed in the peripheral regions, is due to the fact that 
there are no cells or nerve fibers overlaying the fovea and that the foveal rods and 
cones must connect to cells in the surrounding area. 



The retina or light-sensitive element of the eye is certainly the most im- 
portant of all detectors of electromagnetic radiation and one whose function- 
ing is probably the least understood. We consider here the process of detection 
by the retina, shown diagrammatically in Fig. 1-8. 

The retina is an extremely complex combination of light-sensitive receptors 
and connected nerve fibers served by a network of arteries and veins. Fig. 1-9 
shows a section through a region of the retina, the thickness of which is 
between 0.2 and 0.3 mm. A constructional peculiarity of the retina is that 
the receptors are located at the back, behind the maze of nerves, connecting 
links, and blood system through which the light must pass to be detected. 
This peculiar arrangement is responsible for the blind spot where the optic 
nerve (see Fig. 1-8) must penetrate the layer of light receptors at its point of 
entry and fan out over them to make contact. The receptors themselves are 
of two varieties, called rods and cones, mainly because of their shape; and 
they operate by two distinctly different mechanisms, which will be discussed 
later. 
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The rods are the more sensitive of the receptors and are responsible for 
vision at very low brightness levels, of the order of 2 X 10 -3 candle/meter 2 
or less. The eye is said to be "dark-adapted" when functioning at these low 
levels of illumination. After leaving a brightly lighted area, an adaptation 
time in darkness of 20 minutes to an hour or more is required to achieve this 
sensitivity. At higher brightness levels the rod mechanism is saturated, and 
the cones take over as the active detectors. This transition from dark-adapted 
(scotopic) vision to high light level (photopic) vision is not abrupt, but occurs 
rather gradually. In addition to their different sensitivities, the rods and 
cones differ also in that the cones are responsible for color vision while the 
rods do not give color sensation. This accounts for the observation that the 
dark-adapted eye is almost completely unable to distinguish colors. 

The distribution of rods and cones in the retina is singularly associated 
with the type of seeing for which they are used. The cones, which are far 
more useful to the human than the rods, are concentrated most heavily in the 
area of the fovea centralis, and the eye automatically brings the image of the 
most important object in its field of view to this point. Receding from the 
fovea, the population density of cones falls rapidly and then levels off, while 
the rods, which are completely absent in the center of the fovea, rise in con- 
centration to a maximum at about 20° on either side of the fovea and then 
fall off as the edges of the retina are approached. Fig. 1-10 shows the pop- 
ulation in the retina of rods and cones as a function of the apparent angular 
separation from the fovea centralis. In all there are over 100 million rods 
and about 6| million cones in the average retina. There are, however, only 
about 1 million nerve fibers in the optic nerve; so it is obvious that many 
rods and/or cones are connected to a single nerve fiber, this phenomenon of 



FIG. 1-10 Distribution of rods and cones in the human retina. 19 
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multiple connection being far more pronounced at the edges of the retina 
than in the vicinity of the fovea centralis. The superior acuity of foveal vision 
is due to the fact that the foveal cones are closely packed and do not have 
multiple or cross-connections; and also to the fact that the fovea is not over- 
laid by cells, blood vessels, and nerve fibers, as is the remainder of the retina. 
The increased population of rods away from the fovea is illustrated by the 
fact that a very dim object, such as a faint star, can only be seen if an ob- 
server does not look directly at the object, and is best seen by looking about 
20° to one side of it. This is called averted vision. 

Rod vision, at its wavelength of peak sensitivity, about 5100 A, comes 
very close to the limiting detector sensitivity of an ideal photon counter. 
It has been shown 13 that the average retina will respond with a 60% probabil- 
ity to from 5 to 14 quanta, which, at this wavelength, corresponds to from 
2.0 to 5.6 X 10 -11 erg. These numbers, representing the quanta actually 
absorbed by the rods, are obtained by multiplying the energy incident on the 
cornea by the optical efficiency of the eye, which is here shown as approx- 
imately 1%. This low efficiency is due primarily to the fact that only a small 
part, 10 or 20%, of the light striking the retina is effectively absorbed by the 
rods, absorption and reflection in the optical system of the eye accounting 
for the additional loss. 

The stimuli used in these experiments were in the form of 1-millisecond 
pulses of light since the eye's ability to integrate a total signal does not ex- 
tend beyond about ^ second. If the same total amount of energy had been 
presented to the eye over a long period, say \ second, it would not have 
been seen. Experiments of this nature indicate a "time constant" for the 
eye of about T V second. The sensation value depends on the amount of light 
in the stimulus — and the rise and decay curves are not the same. It is the 
fact that the eye has a "time constant," and persistence of vision, that makes 
motion pictures possible. As long as the frame rate of the camera is kept 
above about 16 per second — and 24 frames per second is standard — the eye 
will not detect the discontinuities. Further smoothing is produced in modern 
projectors by interrupting each frame once to present to the observer a total 
of 48 flickers per second. 

The time constants for the two processes, rod vision and cone vision, are 
somewhat different, that associated with rod vision being somewhat longer. 
These time constants can be inferred from the critical flicker frequency or 
highest frequency of modulation at which the eye is just able to perceive 
that the light is flickering. This frequency is about 10 c.p.s. for the rods and 
depends on the intensity for the cones, being between 10 and 50 c.p.s. for 
low and high brightness levels, respectively. These values indicate time con- 
stants in the order of 0.1 second for rod vision and from 0.1 to 0.02 second 
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retinal illumination (log l) 



FIG. 1-11 Curve of critical flicker frequency 14 as a function of retinal illumination 
for white light at the fovea, and at 5° and 20° above the fovea. The fovea contains 
only cones. The population is about even for rods and cones at 5°, and at 20° is the 
peak population of rods. 



for cone vision. Fig. 1-11 shows the dependence of critical flicker frequency 
on brightness level. 

Some extremely interesting experiments have recently shown that the eye 
is essentially an a.c. detector functioning by virtue of the fact that the con- 
stant tiny motions of the eyeball keep the retinal image in constant motion 
over the retina itself. If this motion of the eye is frustrated, as has been done 
by an ingenious optical system, 15 the result is that the stabilized image on 
the retina (first observed more sharply) fades after about a minute almost to 
invisibility. 

The actual mechanism by which the rods function is fairly well established 
to be a chemical decomposition and regeneration. A purple pigment, known 
as rhodopsin or "visual purple," is present in the rods, and this is decomposed 
into a yellow pigment, known as retinene or "visual yellow," and a protein, 16 
by the action of light. Reconstruction of the decomposed rhodopsin is con- 
tinuously carried out in the rods, and the kinetics of these reactions determine 
in part the time constant of the eye for rod vision. The exact nature of the 
process by which this reaction is converted into an electrical impulse in the 
optic nerve is still not clearly understood. Rhodopsin has been isolated from 
frog retinas and studied under laboratory conditions. Its spectral absorption 
curve shows a peak at 5100 A and matches almost perfectly the relative 
visibility curve for rod vision (Fig. 1-12). 

Cone vision is not so well understood as rod vision. The photosensitive 
chemicals associated with cone vision have been more difficult to identify 
and isolate than rhodopsin. At least one, known as iodopsin, has been isolated 
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FIG. 1-12 Spectral sensitivities (1/threshold) of dark-adapted foveal cones, periph- 
eral (8°) rods, and peripheral cones. 35 All sensitivities are relative to the maximum 
sensitivity of the fovea. 



and studied. Since the cones are also able to distinguish color, they must 
be more complex than the rods. 
The curve for cone vision sensitivity, as a function of wavelength, shows 

o 

(see Fig. 1-12) a peak sensitivity at 5600 A. The cones are therefore more 
red-sensitive than the rods, a phenomenon that is demonstrated by the dark- 
adapted eye's difficulty in seeing red. Of the theories of color perception, 
that originally advanced by Thomas Young in 1801 is the most generally 
accepted. According to this theory, elaborated by Helmholtz, there are at 
least three distinctly different types of conesf with peak sensitivities at or 
near the wavelength of the three primary colors, red, yellow, and blue. 
The reader is referred for a more complete discussion of this fascinating sub- 
ject to the many excellent books on the retina and its processes. 19,20,21 A 
thorough discussion of the theories of retinal color mechanism can be found 
in a paper by S. A. Talbot. 18 



t These three types of cones have never been distinguished in an actual retina. An inter- 
esting hypothesis containing all the elements of the Young-Helmholtz theory except the 
existence of three distinct cone types has been recently published by Segal. 17 He proposes 
that rhodopsin and its photolytic products are the only photosensitive substances in the 
retina, and that they act in addition as filters. Detection of the primary colors would take 
place in different sections of the retina and by different photosensitive substances. Red 
would be detected by microcrystals of rhodopsin in the pigment epithelium (see Fig. 1-9) 
behind the retina, which then acts as a filter passing red light only; blue detected by a 
yellow photolytic product of rhodopsin observed in the bulbous end of the fibers in front 
of the layer of rods and cones; and yellow detected by the rhodopsin in solution in the 
cones themselves. 
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Photographic Plate for Short Wavelengths 

The photographic plate f differs from all the other detectors discussed here 
in that it is a totally integrating device and hence has no time constant as- 
sociated with its process. In its idealized form it would provide one grain of 
developable silver bromide for each photon incident upon it and would have 
no silver bromide grains made developable by any other means (i.e. it would 
have no fog) . 

A photon of visible or near ultraviolet light will usually produce one sensi- 
tivity speck (a free silver atom) on the silver bromide grain which absorbs it, 
but on the average from 10 to 100 such sensitivity specks are required to 
make one grain developable. Therefore, the quantum efficiency of the plate 
is from 0.1 to 0.01 for these wavelengths. Quantum efficiency rises as the 
wavelength decreases, and below 1 A a single incident quantum may produce 
many developable silver halide grains. In terms of energy, of course, the 
sensitivity of the photographic plate becomes lower as the wavelength of the 
incident radiation is reduced. This is characteristic of a detector which is a 
quantum counter. Actually, the photographic plate lies somewhere between 
the quantum counter and the energy detector in its spectral sensitivity char- 
acteristics, as is shown in Fig. 1-13. The fact that the higher energy quanta 
are less efficient on a pure energy basis is probably due to the fact that many 

t It will be assumed that the student is acquainted with the elements of the photo- 
graphic process. For a detailed treatment he may refer to the texts on the subject. 22 



FIG. 1-13 Sensitivity of two typical X-ray emulsions as a function of wavelength. 23 
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of the development centers produced by them are inside the silver bromide 
grains where they will not contribute to the grain's developability. This 
internal latent image effect is somewhat offset by the fact that, as the wave- 
length of the incident radiation is reduced, photo or recoil electrons are 
ejected from the emulsion by the primary radiation, and these too produce 
sensitivity specks and hence add to the latent image. 

Silver bromide is insensitive to radiation of wavelength greater than 4500 A. 
In order to extend the sensitivity to longer wavelengths, certain dyes — usually 
of the carbocyanine group — are usually added to be adsorbed on the silver 
bromide grains in about monomolecular layers. In this manner the sensitivity 

o 

can be extended to an extreme of 13,000 A (1.3m). The gelatine matrix in 
which the silver bromide crystals are embedded is opaque to radiation be- 

o o 

tween 2300 A and about 10 A, and special techniques must be employed to 
use the photographic plate as a detector in this region. The most common and 
effective technique is to coat the emulsion with a fluorescent material which 
is excited by the incident radiation and then emits longer wavelength quanta 
to which the emulsion is transparent. At much shorter wavelengths, below 
about 10 A, the gelatine becomes transparent again, and the photographic 
plate is very useful in the X-ray or gamma ray region. The emulsion has a 
lower absorbing power for these high energy quanta, however; so, to increase 
their absorbing power, X-ray films are made with thick emulsions rich in 
silver bromide on both sides of the substrate and are further supplied with 
calcium tungstate (CaW0 4 ) fluorescent intensifying screens. 

For extremely high energy quanta (or particles) very thick emulsions have 
been employed in which the incident quantum produces so many latent 
images it leaves a track in the emulsion. 

The equivalent of noise for the photographic plate is fog or spuriously 
developed silver bromide grains. The amount of fog is completely dependent 
on the history of the plate — the conditions under which it was manufactured, 
stored, and processed. Fogging must usually be determined for each individual 
piece of film when its magnitude is important to the experiment. Even under 
the best conditions the fog is usually sufficiently large to make the detection 
of a single quantum virtually impossible unless the quantum is of such energy 
that it can leave behind it a track made up of a large number of developable 
grains. 

Photoconductive Cells 

Photoconductivity is a phenomenon displayed by some materials. These 
materials, called semi-conductors, have higher resistivities than metals but 
considerably lower resistivities than insulators; and they have a smaller 
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resistance when they are irradiated with electromagnetic radiation. The 
wavelength of this irradiation, to be thus effective, must be shorter than 
some critical wavelength which is a characteristic of each specific material. 
This long-wavelength cut-off is usually in the infrared region between 1 and 
8 /a. Most photoconductive materials have a fairly uniform quantum efficiency 
down through the visible and ultraviolet, but they are generally inferior to 
the phototube for radiations to which the latter is responsive. Photoconduc- 
tivity therefore finds use primarily for infrared detectors. 

Photoconductivity was first discovered in selenium by Smith 24 in 1873. 
It attracted little attention as an infrared detector until just before and dur- 
ing World War II. The tremendous effort in military applications of infrared 
radiation resulted in the development of a number of photosensitive materials, 
notably thallium sulfide, lead sulfide, lead telluride, and lead selenide. Many 
other materials are known to be photosensitive, and research in this field is 
very active today. However, the three lead compounds (PbS, PbTe, and 
PbSe) remain at the moment the most important detector materials. 

The photoconductive cell consists of a thin, flat wafer of a photosensitive 
semi-conductor mounted and provided with electrical connections, very 
much as is the conventional bolometer (see Fig. 1-5 and also Fig. 1-3). The 
photosensitive material is usually deposited on a glass substrate by conden- 
sation from the vapor state or by deposition from chemical solution. The 
change in resistance, on irradiation, is detected by the resulting change of 
an electrical bias current flowing through the semi-conductor, just as in the 
case of the conventional bolometer. The photoconductor differs from the 
metal bolometer, however, in that its output is not primarily a manifestation 
of a change in its temperature, but results from the increased number of 
conduction electrons that are freed from bound states by the absorption of 
incident irradiation. The process can be considered as a sort of photoelectric 
effect in which the absorbed quantum raises an electron from a bound state 
to the conduction state. The electron eventually returns to a bound state, 
giving up its excitation energy in the form of heat. The speed with which 
this relaxation takes place largely determines the time constant of the detector. 
The smallest energy required to excite a bound electron determines the long- 
wavelength limit of the photoconductor' s sensitivity. One of the aims of 
modern research is to find new materials, and new means to decrease this 
minimum energy for existing materials, in order to extend the detector's 
sensitivity to longer and longer wavelengths. An explanation of the photo- 
conductor's properties (i.e. absolute sensitivity, long-wavelength cut-off, 
and time constant) in terms of the physical variables of the crystal itself 
cannot be pursued here, and the student is referred to the literature for this 
interesting branch of solid state physics. 25 
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It is difficult to give firm values for the sensitivities of photoconductive 
cells because they depend strikingly on the method of manufacture, impurities 
present, temperature, and humidity. Cells produced under research, or on 
development projects, are usually unique in all their properties. There are 
only a few examples of reproducible photoconductive cells being commercially 
manufactured by a controlled process. One of these is the Ektron lead sulfide 
cell 26 manufactured by the Eastman Kodak Co., whose properties will be 
briefly reviewed here. 

The Ektron cell is chemically deposited on glass and can be made in almost 
any size or configuration. Considering a 1 X 1 mm sensitive area, the dark 
resistance of the cell is about 0.5 megohm at 20°C. The limiting noise is 

current noise (see Fig. 1-3), and the signal-to-noise ratio, |, exhibits a maxi- 
mum at some particular bias current. Currents much above this value should 
not be used, or the sensitive area will be damaged by current heating. The 
time constant is around 10~ 3 sec. Cooling the cell to -40°C increases the 
resistance to 5 megohms and increases the time constant to about 4 X 10~ 3 sec 

S 
but improves the ratio ^ by a factor of about 25. The relative response of the 

Ektron cell as a function of wavelength is shown in Fig. 1-14 for two cell 



FIG. 1-14 Relative spectral response of Eastman Ektron (PbS) cell. 25 
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temperatures, 25°C and -40°C. The apparent decline in sensitivity as the 
wavelength is reduced below 2jli is due to the fact that the PbS cell's mech- 
anism is a quantum phenomenon — one quantum excites one electron into the 
conduction band. Actually, the quantum efficiency is fairly uniform down 
through the ultraviolet. 

The minimum detectable power measurable with the lead sulfide cell lies 
in the range from 10~ 12 to 10 -13 watt. Such a sensitivity makes it from 100 
to 1000 times more sensitive than the thermocouple or bolometer. 

PbTe and PbSe cells are sensitive and usable out to longer wavelengths— 
to about 5m and 8m respectively (see Fig. 1-15). Both of these materials must 
be cooled to around 100°K before they have sufficient sensitivity to be useful. 
The dark resistance of these cells may be a few thousand ohms at room 
temperature, increasing to between 10 and 100 megohms for a square sensitive 
area at 100°K. The minimum detectable power is from 10~ u to 10~ 12 watt 
for the PbTe cell, making it from 10 to 100 times more sensitive than a thermo- 
couple or bolometer. The time constant of the PbTe cell is from 10 -5 to 10 -4 
second. The lead selenide cell is actually of comparable or only slightly greater 
sensitivity than the thermocouple, but its time constant — usually less than 
10 -5 second — makes it very useful for the study of rapid phenomena. 



FIG. 1-15 Relative spectral response of typical PbSe and PbTe cells at 100°K. 
(The curves are not normalized to each other. Actually PbSe is much less sensitive 
than PbTe and on an absolute response plot would be shifted down approximately 
two cycles from the PbTe curve.) 
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Of the many materials currently being studied and developed, indium 
antimonide 27 seems to be one of the most promising photoconductor materials. 
The sensitivity is so variously given that it is difficult to select a value to 
quote here, but it is evidently more sensitive than the PbSe cell, and its 
sensitive range extends to 8n. The time constant is remarkably small, of the 
order of 10~ 6 to 10 -5 second, and the resistance of most samples is found to 
be of the order of a few hundred ohms, thus considerably reducing current 
noise as well as Johnson noise. Of other materials, selenium and germanium 
show promise, provided certain impurities have been added to enhance their 
sensitivities and extend the long-wavelength cut-off farther out into the 
infrared. 

The Phototube 28 

The phototube is a very simple device (Fig. 1-16) composed of a cathode, 
usually a fairly large area, and an anode, which is frequently a thin wire or 
small button placed to one side of the cathode so as not to obstruct the inci- 
dent radiation. Phototubes are housed in a glass envelope, which must be 
transparent f to the radiations to be studied. A high vacuum sufficient to 
give the mean free path of an electron appreciably larger than the distance 
between anode and cathode must exist inside the envelope. The potential 
difference applied to the tube is not critical as long as it is sufficiently high 

t In the ultraviolet region, either special window materials are used, or the envelope of 
an ordinary phototube is coated with a fluorescent material which, on irradiation, emits 
radiations to which the envelope is transparent. The relative quantum efficiency of this 
latter arrangement is low, however (5% or so), because most of the fluorescence quanta 
do not strike the photocathode. 29 
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FIG. 1-16 Vacuum phototube and associ- 
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to remove quickly all photoelectrons from the vicinity of the cathode and 
prevent their building up a space charge. For potential differences between 
this value, which is about 90 volts for most commercial tubes, and those 
high enough to cause auto-emission from the cathode (>1000 volts or so), 
the photocurrent is nearly independent of the applied voltage. Typical cathode 
materials for the ultraviolet region are platinum, thorium, and tantalum; 
for the visible or near infrared various composite surfaces, such as silver- 
rubidium-oxide-rubidium (called S-3 surface in commercial classification 
system) and silver-cesium-oxide-cesium (S-l), are employed. These cathodes 
will withstand high photoemission current densities, thus giving the vacuum 
phototube a remarkable dynamic range. 

The output signal and the noise from a vacuum phototube circuit are both 
usually determined by a ballast resistor (see Fig. 1-16). The phototube can 
be considered as a current valve allowing (ideally) one electron to pass for 
each photonf that strikes its cathode; the output signal (voltage) is the 
product of this current multiplied by the ballast resistance (R). If we can 
neglect current noise and shot noise, the Johnson noise is predominant, and 
this noise (voltage) is proportional to Vr. 

Since the signal is proportional to R and the noise is proportional to V R, 
the signal-to-noise ratio is seen to be proportional to Vr. Thus the largest 
practical ballast resistor should be used. Assuming R = 10 7 and A/ = 1 c.p.s., 
Johnson noise would be 4 X 10~ 7 volt r.m.s. To have a d.c. signal voltage 
of the same magnitude would require a current of 4 X 10 -14 ampere, or 
2.5 X 10 5 photoelectrons/second. At a quantum efficiency of 0.1 this means 
that 2.5 X 10 8 quanta per second are required to give a d.c. signal current 
just equal to the r.m.s. noise fluctuations. If the incident radiation has a 
wavelength of 4000 A, this limit corresponds to an incident energy flux of 
about 1.25 X 10" 12 watt. 

The photomultiplier tube is an important variation of the vacuum photo- 
tube. It incorporates a compact, high-gain amplifier inside the same envelope 
with the photocathode. The mechanism of this amplifier depends on so-called 
secondary emission. The photoelectrons from the cathode are accelerated 
and focused onto an electrode. By secondary emission each photoelectron 
ejects from 5 to 10 secondary electrons. These secondary electrons are then 
accelerated and focused onto a following identical electrode from which each 
of them ejects 91 = from 5 to 10 secondary electrons. This process, repeated 
9 times in a typical, popular modern photomultiplier, results in an overall 
amplification of 9l 9 == 10 6 . The secondary emission surfaces are usually com- 



t Actually the quantum efficiencies of most photoemissive surfaces lie in the region from 
0.1 to .001, so that from 10 to 1000 quanta are required for each photoelectron. 
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FIG. 1-17 Electrostatic photo-multiplier 
tube 29 (horizontal section). Dynode 1 is 
made about 90 volts positive with respect 
to the cathode, dynode 2 is 90 volts positive 
with respect to dynode 1, and so on, each 
dynode being 90 volts positive with respect 
to its predecessor. The anode is made posi- 
tive with respect to dynode 9, and the cur- 
rent flowing between the anode and dynode 9 
is the output signal. 



dynodes 
l to 9 

posed of some typical photocathode material, and the electron beam arising 
from one electrode (frequently called a dynode) is focused onto the next by 
magnetic or electrostatic deflection. Fig. 1-17 shows the very compact dynode 
arrangement in a photomultiplier where the focusing is electrostatic, and it 
is achieved with nothing more than the accelerating potentials themselves. 
Under most conditions the photomultiplier has a lower noise level than 
can be achieved with a simple phototube circuit. Whereas the Johnson noise 
in the large ballast resistor determines the noise level in the simple circuit, 
noise in the photomultiplier is shot noise in the dark current f and shot noise 
in the signal current itself. For an example, consider the dark current from 
an antimony-cesium cathode, 30 which is about 10~ 13 ampere at room temper- 
ature. The shot noise in this current is 

t rms = V2eiAf = 1.7 X 10- 16 amp (A/ = 1 c.p.s.) 
which represents the flow of about 10 3 electrons per second. In order to have 
a d.c. signal equal to this r.m.s. a.c. noise current (neglecting shot noise in 
the signal current itself), we would need, assuming a quantum efficiency of 
0.1, 10 4 photons per second. At a wavelength of 4000 A this represents an 
incident energy of 5 X 10 -15 watt. 

By refrigerating the tube to very low temperatures (say 70°K), the therm- 
ionic emission from the cathode can be reduced to around 10 -19 ampere, 
representing about 2 electrons per second dark current. At such current 
levels the detection of single photoelectrons can be treated in a statistical 



t The dark current (current flowing in the absence of any incident radiation) results 
from leakage current through the materials of the tube and thermionic emission from the 
cathode. The thermionic emission usually determines the limitations of the tube. 
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manner, and the phototube can be considered to approach very closely the 
perfect quantum counter. 

The time constants of the phototube and the photomultiplier are very 
small, and with special construction can be made as low as 10 -7 or 10~ 8 
second. 



The Geiger Counter 31 

The Geiger, or Geiger-Mliller, counter 32 is a particle counter, and thus a 
useful device in nuclear physics. It is also used extensively as a detector of 
high energy quanta such as X-rays, gamma rays, and cosmic rays, and of 
ultraviolet light. 

The counter was first described by Geiger and Muller in 1928. It consists 
of a hollow metal cylinder, a thin wire suspended on the axis of this cylinder, 
and a surrounding envelope, usually glass, to contain some selected gas at a 
particular pressure (see Fig. 1-18). A potential, usually in the order of 1000 
volts, is applied between the cylinder and the wire. The cylinder is at a nega- 
tive potential (cathode) with respect to the wire (anode). The wire is con- 
nected to ground through a ballast resistor. 

There is an electrical breakdown of insulation in the gas between the 
anode and the cathode when a high energy charged particle or a photon 
produces one or more free electrons in this space. A free electron can be pro- 
duced by the ionization of a gas molecule, by photoemission from the inner 
cathode surface, or by Compton recoil in the metal cathode shell. In the ab- 
sence of any ions or electrons in this gas, the resistance of the counter is very 
high, but a single electron freed by ionization between the electrodes is suf- 
ficient to break down this insulation of the gas and permit a large instantane- 
ous current to flow. Electrons freed by ionization are accelerated in the electric 
field, and inelastic collisions with neutral gas molecules will ionize or excite 



FIG. 1-18 Typical Geiger counter and circuit arrangement. 
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FIG. 1-19 Electric field strength in the interelectrode space of a Geiger counter. 



them if the electrons' energy is sufficiently high. Thus one electron may 
excite or ionize many molecules on its way to the anode. Furthermore, recom- 
binations of electrons and ionized molecules can produce ultraviolet quanta 
capable of photoelectric ionization elsewhere in the counter, f Because of 
these effects a chain-reaction production of ion-electron pairs, which is called 
a Townsend avalanche, can be set off in the Geiger counter. The necessary 
condition for the occurrence of this avalanche to produce a high current of 
short duration is that the electrons fall (between successive collisions) through 
a potential drop larger than the ionization potential of the gas. Therefore, 



t Modern counters usually contain a certain amount of a polyatomic "quenching" gas 
(ethyl formate, alcohol, nitric oxide, etc.) whose ionization potential is lower than that of 
the simple gas (argon, helium, etc.) which is the main filler. The quenching gas absorbs 
and is ionized by the ultraviolet quanta emitted by recombining ions of the main gas. In 
this way the ultraviolet quanta are prevented from reaching the cathode, where they 
would eject electrons by photoemission. Thus, when a quenching gas is present, the ava- 
lanche is spread by gas ionization rather than by photoemission from the cathode. 
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the mean free path in the gas, X, which is a function of the pressure, must 
be such that 

E-X > Vi 

where E = electric field strength (see Fig. 1-19), Vi = ionization potential, 
and X = mean free path of electron (its value is the same everywhere within 
the counter). 

Too low a field in the counter, or too high a gas pressure, will fail to produce 
the avalanche. Too high a potential, on the other hand, will initiate a sus- 
tained corona discharge. The region between these extremes, called the counter 
plateau, is that required for the counter to operate as intended. 

Once initiated, the discharge dies out because of the geometrical configura- 
tion of the counter. From the point of initiation in the gas the freed electron 
proceeds toward the wire anode (see Fig. 1-19), producing more ion pairs on 
the way. For this reason and also because the electric field strength is greater 
near the anode, the greatest density of produced ions is in its vicinity. The 
massive positive ions move sluggishly in the electric field compared with the 
fleet electrons, and as the electrons evacuate themselves from the interelec- 
trode space and arrive at the anode, there is left a sheath of positive ions sur- 
rounding the anode. This space charge lowers the field strength near the 
anode below that required to maintain multiplication of ionization, so that 
the discharge automatically stops. After these positive ions move far enough 
from the anode to restore the field strength near it (see Fig. 1-19), the counter 
will be operative again. The time for the positive ion to reduce sufficiently 
is called the "dead time." It depends on the geometry of the counter, the 
potential applied, and the nature and pressure of the filling gas. For a typical 
counter it is in the order of 10 -4 to 10 -3 second. 

When the positive ion sheath reaches the cathode, the electric field in the 
counter is restored, and the counter is operative again. A positive ion in the 
sheath draws an electron from the cathode and becomes neutralized, emitting 
in the process a quantum of radiation whose energy is the difference between 
the ionization energy of the gas molecule and the work function of the cathode 
material. If this energy difference exceeds the cathode work function suffi- 
ciently, i.e. if gas ionization energy is larger than twice the cathode work 
function, the quanta so produced will emit photoelectrons from the cathode 
and rekindle the avalanche. To prevent this, a small amount of "quenching" 
gas is added. Its ionization potential is lower than that of the main gas filler, 
and ionization is transferred by collision from the main gas molecules to the 
quenching gas molecules. The energy difference between the ionization poten- 
tials will then appear in the form of low energy quanta that are unable to 
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produce photoemission. The positive ion sheath that ultimately reaches the 
cathode is then made up of quenching gas ions that, on being neutralized, 
emit quanta which have too little energy to cause photoemissions; and the 
avalanche is not rekindled. 

For a description of the variations employed to suit specific counter applica- 
tions the student is referred to more complete discussions of counter theory. 31 

In some cases, by the proper selection of configuration, materials, and gas 
pressure, with reference to the wavelength of the quanta to be counted, 
counting efficiency can be made as high as 99.8%. In addition, spurious 
counts can be reduced to a negligible level by using the proper tube voltage 
and by carefully eliminating any radioactive contaminants from the materials 
used in the counter. With care, the Geiger counter can be made, over a 
range of wavelengths from 1.0 to 50 A, to approach the perfect detector very 
closely. The efficiency will be appreciably less for wavelengths below 1 A or 
above 50 A. Fig. 1-20 shows the spectral sensitivity of a typical ultraviolet 
photon counter. 33 In those cases where efficiency cannot, for one reason or 
another, be made near 100%, or where spurious counts are high, the reliability 
of the counter's information is a matter of statistical evaluation. 34 



FIG. 1-20 Spectral sensitivity of typical far ultraviolet photon counter. 33 The coun- 
ter has a chrome iron cathode and a lithium fluoride entrance window, and contains 
630 mm partial pressure of helium and 7 mm of ethyl formate quenching gas. Between 
3000 and 1500 A the response is attributed to photoelectrons from the surface of the 
cathode. Ethyl formate absorbs strongly from 1800 to 1500 A, causing a reduced 
response in this region, and the increased response below 1500 A is due to photo- 
electrons from deeper within the cathode material — the "internal photoelectric effect" 
which is characteristic of metals and is more efficient than the surface phenomenon. 
At 1180 A photoionization of the ethyl formate causes another rise in the sensitivity 
curve (photoionization of the helium would require light of wavelength < 50 A), and 
at 1050 A the entrance window becomes opaque. 
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A.C. Modulation of Radiation 

For several reasons it is frequently advantageous to modulate the radiation 
striking a detector so as to produce an a.c. output signal instead of a d.c. 
signal. The chief virtues of such a procedure are : 

D.c. amplifiers for weak currents or potentials are less stable and more 
difficult to construct and operate than a.c. amplifiers. It is possible, of course, 
to create an a.c. signal from a d.c. electrical response by means of a commuta- 
tor. Then the a.c. signal, after amplification, can be rectified for final display. 
However, beginning with an a.c. electrical response, produced by chopped 
irradiation, obviates this process. 

When modulated or chopped radiation is used, there is no drift as with a 
d.c. system. 

By modulating only the radiation that is to be measured, it is possible to 
discriminate against unmodulated spurious radiation within the field of view 
of the detector. Scattered light in a monochromator is an example of such 
spurious radiation. The radiation striking the detector in a monochromator 
includes both that which has properly traversed the dispersing system and 
that which has arrived by being reflected without dispersion from the optical 
surfaces, or scattered. If a chopper is so arranged that only the properly dis- 
persed radiation is modulated, only its contribution will be measured. The 
unmodulated reflected or scattered radiation will produce a d.c. electrical 
response that is ignored by the a.c. amplifier. 



too 



FIG. 1-21 Filtering effect obtained by using 
a chopper blade made of Pyrex rather than a 
uniformly opaque material. 
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FIG. 1-22 Detector response in the pres- 
ence of white noise. 
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By using a chopping (modulating) blade which is transparent to certain 
wavelengths, it is possible to obtain an ingenious optical filtering character- 
istic (see Fig. 1-21). Radiations to which the chopper is transparent are not 
modulated. The electrical detector response resulting from them will there- 
fore be a d.c. signal that is ignored by an a.c. amplifier. Thus only those 
radiations to which the chopper is opaque will be modulated and detected. 

By using a narrow bandwidth a.c. amplifier that is tuned to a modulation 

frequency, it is possible to discriminate against a considerable portion of the 

S 
inherent detector noise, and thus, for a given ~p a smaller radiation signal can 

be measured. In the case of a detector whose limiting noise is Johnson noise, 

any frequency, /, is satisfactory that is appreciably less than — > where r is 

the time constant of detector, as before. Since Johnson noise is white, the 
noise discrimination depends only on the bandwidth, A/; it is independent of 
the chopping frequency chosen. Fig. 1-22 shows the manner in which the 
detector response varies with frequency. Here we consider time constant t 
and sinusoidal modulation of the radiation. 
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FIG. 1-23 Detector response in the pres- 
ence of noise which is a function of the fre- 
quency. 
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In cases where the noise amplitude is frequency-dependent, as current 
noise in a photoconductive detector, there are preferred frequencies at which 
to work. Fig. 1-23 illustrates the choice of frequency in such a case, in order 
to obtain the best signal-to-noise ratio. 

When a detector of time constant t is used with modulated incident radia- 
tion, modulated at frequency /, the output of the detector will be multiplied 
by factor f. 

f- * - 

Vl + (2^/r) 2 

for sine wave modulation of incident radiation and 



f = 



1 



tanh 



for square wave modulation. 

The time constant of an a.c. amplifier having bandwidth A/ is o~\f ^ ms 

time constant affects the amplification factor in the manner described above. 
It is common practice to rectify the output of the amplifier for display by a 
d.c. meter together with a low-pass RC filter. Such a combination of amplifier 
and meter provides a variable overall time constant that is easily controlled 
by switching condensers in and out of the circuit. 
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Appendix I 

Microwave Experiments and Their 
Optical Analogues 

by Gordon Ferrie Hull, Jr. t 



The advent of vacuum tubes for the production of microwaves and of fixed 
crystals for detecting them has made it possible to demonstrate readily all 
the optical properties of electromagnetic radiation. The apparatus which is 
described makes use of radiation of wavelength 3.2 cm, and the experiments 
which will be carried out are essentially those for free space microwaves, 
demonstrating the analogous phenomena of geometrical and physical optics. 
These experiments have been partially described in a previous paper. 1 

Because a microwave generator produces plane polarized, coherent, mono- 
chromatic radiation, one would expect some differences to occur between the 
optical properties of free space microwaves and those of light. Such differences 
do occur, for a light source is seldom strictly monochromatic; its wavelength 
is less by a factor of 10 5 , and its radiation is not coherent. Consequently, the 
optical analogues of microwaves must be considered as analogues and not as 
identities. 

Generator and Receiver for 3.2 cm Microwaves 

The generator and receiver for 3.2 cm microwaves are shown in Fig. J-l. 
A Western Electric 2 K 24 or 723 A/B reflex klystron is used as the microwave 
source. 2 This tube requires two power supplies, one regulated at 300 volts 
and about 30 ma., to accelerate the electron stream through the cavity, and 
another to apply a variable negative voltage from to —300 volts between 
the cavity and the repeller. A means of modulating the repeller voltage with 

t Dartmouth College. 
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3.2 cm microwave fixed crystal 

generator rectangular detector 

horn {* . 




circular horn 

FIG. J-l Transmitter and receiver with horn radiators for 3 cm microwave experi- 
ments. 



an audio oscillator should also be provided. This tube will deliver about 30 mw. 
power, in a frequency range from 8500 to 9700 mc. (from 3.5 to 3.1 cm). The 
coaxial output of the 723 A/B tube is coupled to a standard 0.5" X 1" 
(outside dimensions) rectangular wave guide having a wall 0.056" thick. 
The TEoi mode 3 is excited in the rectangular guide, and the microwaves are 
propagated along it and radiated from the 20 db horn, which is shown in 
Fig. J-l mounted together with the 723 A/B tube and its section of wave 
guide on a wooden bench. Wave guide mounts for the 723 A/B tube and also 
power supplies can be bought from suppliers of microwave apparatus or can 
be made. The details of construction of the wave guide mount are given in the 
Western Electric circular describing the operation and performance of the 
723 A/B tube. 

The receiver, which is shown clamped to a rod stand in Fig. J-l, consists 
of a short section of wave guide into which a Western Electric 1N23B fixed 
crystal detector is appropriately mounted. This piece of wave guide is shorted 
at one end and has a plane rectangular coupling flange at its open end. 
The crystal output is connected by coaxial microphone cable to either an 
audio amplifier and loudspeaker for demonstration or to a vacuum tube 
voltmeter if precision measurements are required. If the crystal is "square 
law," as it usually is, the vacuum tube voltmeter will measure directly the 
relative microwave power received. Although such a receiver can be built, 
it is simpler to buy a wave guide crystal mount from one of the suppliers of 
microwave apparatus. Since the "receiver is small, it can be used as a probe 
for exploring radiation coming from different directions. It can be held in the 
hand for this purpose and moved about. Since the TE i mode has the electric 
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vector across the short dimension of the wave guide, the receiver is also an 
analyzer for the polarization of the microwave radiation. Finally, the receiver 
can be mounted on a wooden bench similar to the one on which the transmitter 
is mounted. Other sections of wave guide and horns can be attached to the 
receiver by means of the coupling flange. 

In Fig. J-l two horn radiators are shown: a rectangular one attached to 
the generator on the wooden bench and a circular one in the foreground. 4 
Each horn has an absolute gain of 20 db. The rectangular horn, which is 
attached to a standard 0.5" X 1" rectangular guide, has the dimension of 
3.6X X 4.45X for its open end and an axial length of 6X where X is the free 
space wavelength. The circular horn has a diameter of 4.4X for its open end 
and an axial length of 6X, and is attached to a standard 1" (outside diameter) 
circular wave guide having a wall 0.032" thick. Each of these horns has a 
total beam width of about 8° at the half-power points. The circular horn can 
be substituted for the rectangular horn on the transmitter, and the TE U 
mode 5 will be excited in the circular wave guide. If this substitution is made, 
a standing wave will be produced in the section of rectangular guide from the 
generator because of the sharp discontinuity at the rectangular-circular 
wave guide junction. For demonstration purposes the discontinuity is not 
troublesome. For many measurements, however, it is desirable to eliminate 
the standing wave. This can be done by the insertion of a transition section 
of guide, which changes gradually from rectangular to circular wave guide. 
Such a transition section is shown in Fig. J-2. 

A number of other wave guide components, also shown in Fig. J-2, are useful 
in wave guide measurements. At the bottom of Fig. J-2 is a 0.5" (internal 
diameter) circular guide loaded with a polystyrene rod. When the polystyrene 
rod is removed, the wave guide diameter is below cutoff, and hence the micro- 
waves are not transmitted through it. Next is the transition section from 
rectangular to circular guide, followed by a twist section to change the polar- 
ization through a right angle, and, last, two rectangular wave guide bends. 
With the apparatus shown in Figs. J-l and J-2, the experiments with wave 
guides previously described by the author for 10 and 20 cm microwaves can 
be performed with 3 cm microwaves. 6 

Transmission and Reflection 

Besides the transmission of 3 cm microwaves through the various wave 
guide components shown in Fig. J-2, the transmission of free space micro- 
waves through various dielectrics such as sheets of glass and plywood can 
be demonstrated by inserting the dielectrics between the transmitter and the 
receiver. These dielectrics are also partial reflectors. For these demonstra- 
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FIG. J-2 Wave guide components for demonstrating transmission of 3 cm micro- 
waves through wave guides. 



tions the receiver should be at some distance from the horn radiator. A sheet 
of copper and ±" mesh copper screen are excellent reflectors and prevent the 
transmission of the 3 cm microwaves. Standing waves in air can be produced 
by reflection from a copper sheet and an approximate wavelength measure- 
ment made. A plywood sheet which has been wound with wire spaced §" 
apart completely stops and reflects 3 cm microwaves when the wires are 
parallel to the electric vector, but transmits the radiation when the wires 
are at right angles. If the wire is spaced 0.5" on the plywood sheet, it will be 
found to be about half reflecting and half transmitting when the wires are 
oriented parallel to the electric vector. 

Instead of using a sheet of brass as a reflector, one can also use an ordinary 
plane mirror of silvered glass. It is easy to show for microwaves as for light 
that the angles of incidence and reflection are equal. Two silvered mirrors or 
two brass sheets at right angles will reflect the microwave radiation in the 
direction from which it came. Finally, a concave spherical mirror, if large 
in aperture, will focus the microwave radiation sharply. The author uses a 
concave mirror, of silvered glass, 12" in diameter and 20" in focal length, 
for this purpose. For short focal lengths and large diameters, parabolic' 
reflectors of metal are used. 
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Interference and Diffraction 

Because of the long wavelength of microwaves, compared with light, inter- 
ference from double or multiple slits can be demonstrated with large slits 
spaced only a few wavelengths apart. In Fig. J-3 two brass plates 10" square 
are shown with two and four slits. The slits are X/2 X X in size and are 2X 
apart. By making the slits narrow, the diffraction pattern due to a single 
slit covers a total angle of more than 180° and has little effect on the inter- 
ference pattern produced by the slits. To show the interference from two 
slits, the brass plate is placed in a holder clamped to the wooden bench sup- 
porting the transmitter, a few inches from the open end of the horn. The 
receiver can then be moved about in front of the double slit screen to locate 
the maxima. Because the slit spacing is 2X, there are maxima at 30° and 90° 
on each side of the central maximum. A brass plate with two slits spaced 4X 
apart will give four maxima on each side of the central maximum. Finally, 
the brass plate shown with four slits spaced 2X apart gives an interference 
pattern which is the combination of the two double slit patterns in which 
the slit spacings are 2X and 4X. 

To measure the interference pattern from double slits quantitatively, the 
apparatus is arranged as shown in Fig. J-4. The receiver, clamped to a rod 
stand, is fastened with a wire 5-6' long to the base of the wooden holder 



FIG. J-3 Double and quadruple slits and zone plates for demonstrating interference 
and diffraction of 3 cm microwaves. 
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to vacuum tube 
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FIG. J-4 Apparatus for measuring interference patterns from double slits. 



supporting the brass plate containing the double slit. A large protractor is 
also fastened to the wooden holder just below the wire, so that, as the receiver 
is moved along the arc of a circle, whose radius is the length of the wire, the 
angle which the receiver makes with the axis of the double slit can be meas- 
ured with the protractor. The output of the receiver is connected to a vacuum 
tube voltmeter. In Fig. J-5 are shown quantitative measurements of inter- 
ference maxima and minima from double slits spaced 2X, 3X, and 4X apart. 
The solid curves are the theoretical interference patterns. It will be noted 
that the experimental measurements of maxima and minima occur at the 
correct angles but that the intensities of the maxima decrease with increasing 



FIG. J-5 Quantitative measurements of interference patterns from double slits 
spaced 2X, 3X, and 4X apart. 
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angle. This is due in part to the fact that the diffraction pattern from a single 
slit is not uniform with angle and decreases in intensity slowly with increase 
in angle from the central axis. 

As a corollary to Young's double slit experiment, interference can be pro- 
duced by means of reflection as in Lloyd's single mirror experiment. All that 
is required is to place a brass plate just to one side and in front of the horn 
radiator and then investigate the interference pattern with the receiver. 

In Fig. J-3 two zone plates are shown for demonstration of Fresnel diffrac- 
tion. The fixed zone plate on the left has even-numbered half-period zones 
cut from galvanized sheet iron and tacked to plywood 0.5" thick, thus ex- 
posing the odd-numbered, half-period zones. The zone plate on the right has 
four zones, cut from galvanized sheet iron, which are supported on a plywood 
board with two pins at the top of each zone. These zones are made removable 
so that the effect of removing successive zones one after another can be demon- 
strated when the receiver is placed at the focal point of the zone plate. Each 
zone plate has a focal length of 10X, and the radii of the zones are given by 
the usual equation r n = [n/X + (nX/2) 2 ] 1 / 2 , where n is the number of the zone, 
/ the focal length, and X the free space wavelength. The zone plates should 



FIG. J-6 Removable zone plate for measurement of Fresnel diffraction. 
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be placed at some distance from the transmitter to ensure that a plane wave 
will strike the zone plate. When this is done, the focal point is very sharp 
and can be easily located within ±X/2. 

To measure the removable zone plate quantitatively, the apparatus is 
arranged as shown in Fig. J-6. The removable zone plate is supported in front 
of a wooden bench, and the receiver, connected to a vacuum tube voltmeter, 
is mounted on the wooden bench in an appropriate holder at a distance from 
the zone plate equal to the plate's focal length, 10X. First the illumination 
of the signal %ck E 2 from the transmitter is measured in the absence of the 
zone plate, and this value is used for reference. After the zone plate is placed 
in front of the bench, successive zones are removed one at a time, and the 
illumination %ck E 2 of the received signal is measured. In Fig. J-7a the ratio 

fit jr 

in db, 10 log™ -=r; = 20 logio -^p is plotted against the number of zones re- 

moved. When the first half-period zone is removed, the received amplitude, 
compared with the received signal in the absence of the zone plate, is doubled 
(increased 6 db). Removal of the second zone decreases the received signal 
by 27 db (a factor of 1 to 22.5 in amplitude), signifying almost complete 
cancellation of the amplitude from the first by that from the second. Removal 
of the third zone increases the signal again, and removal of the fourth zone 
decreases the signal, as expected, but does not produce complete cancellation. 
The reason for this is shown in Fig. J-7b, in which successive zones are re- 
moved. The fact that the straight line is not horizontal shows that the ampli- 
tude from each zone is not constant. This is due to the fact that the amplitude 
of the wave front over the whole aperture of the zone plate is not constant, 
being largest at the center and slowly decreasing radially outward, as would 
be expected from the transmitter horn diffraction pattern. 

Fraunhofer diffraction from a rectangular or circular opening is exhibited 
by the radiation patterns of a rectangular or circular horn or of a parabolic 



FIG. J-7 Quantitative measurements of Fresnel half period zones. 
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reflector. 7 To demonstrate or measure a Fraunhofer diffraction pattern, a 
horn with receiver attached should be mounted on a rotating stand at a 
large distance from the microwave transmitter. The transmitter and the 
horn whose pattern is to be measured should first be lined up, and then, as 
the horn is rotated, the received microwave power as a function of angle is 
measured. The vacuum tube voltmeter connected to the crystal detector of 
the receiver will measure relative microwave power directly, provided the 
crystal obeys the square law. To obtain the diffraction pattern of a parabolic 
reflector, the receiver should be mounted at the focus of the parabola and 
the entire assembly rotated about a vertical axis, as is done with the horn. 
Another interesting demonstration, as well as an instrument for precision 
measurement, is the microwave Michelson interferometer. This instrument, 
shown in Fig. J-8, consists of the microwave transmitter; two totally reflect- 
ing mirrors of brass 10" square, mounted on movable supports on the wooden 
benches; a half-reflecting mirror made by winding wires 0.5" apart on a 
12" plywood board, which is mounted on a rotating support on a wooden 
bench; and the receiver, which is shown clamped in a rod stand in the fore- 
ground. The transmitter, mirrors, and receiver must be carefully lined up. 
When one of the totally reflecting mirrors is moved slowly along the wooden 
bench, the receiver will indicate the passage of maxima and minima corre- 
sponding to bright and dark fringes in the optical case, as shown in Fig. J-9. 
From precise measurement of the distance between minima or maxima the 



FIG. J-8 Michelson interferometer for 3 cm microwaves. 
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FIG. J-9 Measured and calculated Michel- 
son interferometer fringes. 



wavelength of microwaves can be obtained, as in the optical case. In fact, 
when the interferometer is properly adjusted, the minima are extremely 
sharp and are from 30 to 40 db below the maxima in intensity. If several 
sheets of dielectric such as glass or plywood are placed in one arm of the 
interferometer, the receiver will indicate maxima and minima as the sheets 
are removed one after another. The index of refraction of a dielectric can 
be measured by noting the fringe shift produced by the insertion of a known 
thickness of the dielectric in one of the interferometer arms, as is done in 
the optical case. In the microwave region the index of refraction of ordinary 
window glass is about 2.0 and that of plywood about 1.3. Hence, four sheets 
of single weight window glass or four sheets of \" plywood inserted in one 
arm of the interferometer will produce a shift of about one fringe. The micro- 
wave Michelson interferometer is capable of high precision and is especially 
useful in measuring the dielectric constants of artificial microwave dielectrics, 
which will be discussed in the next section and which cannot be placed inside 
a 3 cm wave guide. As a precision instrument, the interferometer must be 
rigidly constructed with rigid mirrors equipped with screw drives. 



Refraction, Total Internal Reflection, 
and Artificial Dielectrics 

The refraction of microwaves by dielectric materials can be demonstrated 
in many ways. It is possible to use, as the refractive medium, ordinary matter 
which may or may not be transparent to light; or, because of the special 
properties of microwaves, artificial dielectrics which refract microwaves but 
not light can be constructed. Two types of artificial dielectrics will be dis- 
cussed. 

In Fig. J-10 two 60° prisms, 10" on a side, and one right angle prism are 
shown. The two prisms on the left are made of paraffin (index of refraction 
1.47), and the one on the right is made of sheets of galvanized iron forming 
parallel-plate wave guides. The paraffin prisms are contained in forms made 
of \" plywood. If the 60° paraffin prism is placed in front of the horn radiator, 
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FIG. J-10 Paraffin and wave guide prisms for 3 cm microwaves. 



it is found that the microwave beam is bent in the same way that a light 
beam is bent by a glass prism. Holding the microwave receiver in the hand 
and rotating the prism, one can locate the angle of minimum deviation, 
which for a 60° paraffin prism is 33°. With a right angle prism made of par- 
affin, total internal reflection of the 3 cm microwave beam can be demon- 
strated. If the microwave receiver is brought close to the totally reflecting 
surface of this prism, the presence of surface waves, the distance by which 
these waves emerge from the paraffin surface, and their polarization can be 
readily measured. 

The expression for the amplitude of the surface wave emerging from the 
totally reflecting surface of the paraffin right angle prism 8 is 

E u = E oy exp 2*j (ft - *^l\ exp ( -^ ViV 2 sin 2 * - l\ 

where j = V— 1, / is the frequency, t the time, X the wavelength, i the angle 
of incidence, r the angle of refraction, and N the index of refraction; the co- 
ordinate x and y axes are those indicated in Fig. J-ll. The first exponent 
represents the propagation constant and the second the attenuation constant. 
This wave is traveling along the surface in the x direction. Its wave front, 
or surfaces of constant phase (yz plane), is at right angles to the surfaces of 
constant amplitude (yx plane). According to the second exponential term, 
the amplitude of the surface wave is damped out exponentially as z increases. 
As indicated in the upper right-hand part of Fig. J-ll, the rate at which the 
surface wave is damped out as z increases can be measured. The measurements 
are shown in Fig. J-ll for a paraffin right angle prism which gives a slope of 

5 db/cm (or 1.79/cm). Using the second exponential term in the equation, 

pi 
the expression 20 logio tt is calculated with X = 3.2 cm, N = 1.47, and 

i = 45°. This gives a slope of 5.2 db/cm (or 1.82/cm), which is to be compared 
with the experimental measurement of 5 db/cm. 

The wave guide prism in Fig. J-10 operates only as a prism when the elec- 
tric vector is parallel to the metal plates of the prism. For this case the TE 0J 
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FIG. J-ll Measured damping of the emerging wave at the surface of a totally re- 
flecting right angle paraffin prism. 



mode for a parallel plate wave guide is excited, and the wave velocity in the 
parallel plate guide is greater than the free space velocity. The wave velocity 
is given by v = c[l — (X/26) 2 ] _1/2 , where c is the velocity of light, X the free 
space wavelength, and b the spacing between the metal plates. 3 The index of 
refraction of the parallel plate wave guide is then N = [1 — (\/2b) 2 ] 1/2 . The 
prism shown has an index of refraction of 0.6, corresponding to a plate spacing 
of b = 0.79". The plate spacing is critical and should be maintained to 
within ±2 percent. Because the index of refraction is less than unity, the 
microwave beam is bent in the opposite direction from what it is for the 
paraffin prism. By rotating the wave guide prism, an angle of minimum devia- 
tion can be located with the aid of the receiver; it is —24°. If the wave guide 
prism is oriented with its plates perpendicular to the electric vector, the 
TMoo mode, whose wave velocity is the same as in free space, 3 is excited, and 
consequently the microwave beam is not deviated. The artificial wave guide 
dielectric prism therefore operates only for plane polarized microwaves with 
the electric vector parallel to the wave guide plates. Evidently this dielectric 
will exhibit a type of double refraction for unpolarized microwaves, and later 
we shall describe experiments in which this property of the metal plate 
dielectric is used. 

Besides prisms, lenses also can be constructed. Plano-convex lenses of 
paraffin can easily be made by filling watch glasses of 8" or 10" diameter 
with paraffin. Glass lenses and lenses made of artificial dielectrics can also 
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FIG. J-12 Three lenses for 3 cm microwaves. From left to right are a glass lens, an 
artificial disk dielectric lens, and a wave guide lens. 



be used. In Fig. J-12 three lenses are shown. The lens at the left is a 10" 
glass, plano-convex, condensing lens; the lens in the center is an artificial 
dielectric lens made up of an array of thumb tacks; and the one on the right 
is a lens made up of parallel-plate wave guides. All of these lenses exhibit the 
usual properties expected of lenses. Their focal length for 3 cm microwaves 
can be determined experimentally within ±X, which, considering that the 
lens diameters are about 8\, is reasonable precision. 

The parallel-plate wave guide lens has the same refractive properties as 
the wave guide prism previously described. The galvanized iron lens plates 
are supported in a wooden frame 12" X 12" with a plate spacing of b = 0.79" 
± 2 percent, which gives an index of refraction of 0.6. Since the index of 
refraction is less than unity, a converging lens is plano-concave. Such a lens 
has a focal length of 12X, a diameter of 9X, and a radius of curvature of 4.8X. 
With these particular dimensions, it is not necessary to zone or step the lens, 
and the departure of the spherical surface from the true ellipsoidal surface 
is not greater than 0.2", or a phase difference of X/16 at the extreme, which 
is within the tolerance limits for this type of lens. 9 To obtain the correct 
radius for each plate, it is simpler to draw the entire lens to scale and take 
off the radii with dividers rather than calculate each radius individually. 
Like the wave guide prism, the wave guide lens operates as a lens only when 
the electric vector is oriented parallel with the plates. 

It is interesting to note at this point that we can define an index of refrac- 
tion for a parallel-plate wave guide from which we can make the same type 
of calculations as for an ordinary dielectric. For example, we can calculate 
the reflection coefficient. Also, we can define a characteristic wave impedance 
for the parallel-plate wave guide and for free space, and from these quantities 
calculate the reflection coefficient. Both methods must yield the same value 
for the reflection coefficient, and consequently one would expect analogies to 
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exist between transmission line theory and optics. 10 Another example of this 
analogy is the quarter-wave transmission line and coated lens. Two trans- 
mission lines of different characteristic impedances can be connected, without 
producing reflection, by a third transmission line, a quarter wavelength long, 
whose characteristic impedance is the geometric mean of the characteristic 
impedances of the two lines. Similarly, a glass lens coated with a quarter- 
wavelength thickness of dielectric whose index of refraction is the geometric 
mean of the indices of refraction of glass and free space will be reflectionless 
for one particular wavelength. 

Another interesting analogue is the microwave equivalent of molecular 
arrays, which is exemplified by the lens made of thumb tacks shown in the 
center of Fig. J-12. Since a piece of metal whose dimensions are small com- 
pared with a wavelength can be driven in forced oscillation by an electro- 
magnetic radiation field, an array of identical metal pieces such as spheres, 
disks, or rods should behave in the same way that a dielectric made up of a 
molecular array behaves when exposed to light. In other words, an array of 
disks have a dielectric constant K e = 1 + 9lp//% where p is the polarizability 
of the disk, Dl the number of disks per unit volume, and k the electric induc- 
tive capacity of free space. This is the same as the classical expression for a 
dielectric in which p is the polarizability of a molecule and 91 the number 
of molecules per unit volume. 

The expression for x e is applicable only when the disks are far from res- 
onance and there is no interaction between the fields of adjacent disks. In 
general, we would expect an artificial disk dielectric to obey the Clausius- 
Mossotti equation at long wavelengths and to exhibit the phenomenon of 
anomalous dispersion at short wavelengths when the microwave frequency 
approaches the resonant frequency of the metal disks. 

The general criterion for the design of an artificial dielectric made up of 
an array of identical metal elements is that the dimensions of the elements 
should be less than X/4 and the spacing of the elements less than X. If the 
spacing is greater than X, diffraction, similar to X-ray diffraction by crystals, 
occurs. Furthermore, the metal elements should be thin in the direction of 
propagation of the microwaves. 11 On the basis of this criterion, the artificial 
disk dielectric lens shown in the center of Fig. J-12 was constructed. Since 
the polarizability of a metal disk is § nod 3 , where d is the disk diameter, the 
dielectric constant or square of the index of refraction of a disk dielectric is 
AT 2 = K e = 1 + f9ld 3 . The actual array used is shown in Fig. J-13, and the 
dimensions shown are d = 1 cm, Si = 1.3 cm, and s 2 — 1 cm. These dimen- 
sions give 31 = 1.18 disks per cm 3 and a calculated index of refraction N = 
1.33. The metal disks used were thumb tacks f " (0.95 cm) in diameter, which 
were stuck into sheets of polystyrene foam 1 cm thick and 8" square. Poly- 
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FIG. J-13 Arrangements of disks in artificial disk 
dielectric lens for 3 cm microwaves. 
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styrene foam has a density of about 1.5 pounds per cubic foot and an index 
of refraction of 1.01. It has practically no refractive effect on microwaves. 
The lens is plano-convex with a radius of curvature of 5" and a calculated 
focal length of 15". Five sheets of polystyrene foam are used. As shown in 
Fig. J-13, the disks in alternate layers are staggered. This is done in order 
to increase the number of disks per cm 3 . To determine the radius of the cir- 
cular area to be covered by thumb tacks on each sheet of foam, it is simpler 
to draw the lens to scale and take off the radii with dividers rather than cal- 
culate each radius individually. The positioning of the thumb tacks is best 
accomplished by marking out the circular area and dotting in the thumb 
tack centers on thin paper. This paper is then placed on the foam sheet and 
the thumb tacks pushed through the paper into the foam. After all the sheets 
have been filled with the required number of tacks, the sheets are put together 
and supported in a wooden frame. The lens, when completed and measured, 
is found to have a focal length of 10" instead of the calculated value. This 
means that the index of refraction of the disk dielectric is 1.5 instead of the 
calculated value of 1.33. The discrepancy between calculated and measured 
index of refraction is to be expected because of the effect of the Clausius- 
Mossotti equation and because the diameter of the thumb tacks is slightly 
larger than X/4. Unlike the wave guide dielectric lens, the disk dielectric 
lens operates independently of the polarization of the microwave radiation. 
Also, the index of refraction of the disk dielectric— but not of the wave guide 
dielectric— remains essentially constant for longer wavelength microwaves. 
The index of refraction of artificial dielectrics can be measured with high 
precision with the microwave Michelson interferometer discussed in the 
previous section. The procedure is the same as in optics: one inserts a sheet 
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of artificial dielectric about 1' square and of known thickness in one arm of 
the interferometer and measures the fringe shift, from which the index of 
refraction can be calculated. 



Polarization 

As has been pointed out, the microwave radiation from the transmitter 
is plane polarized. For polarization experiments it is often desirable to have 
elliptically or circularly polarized radiation. Elliptically polarized radiation 
is easily obtained by placing a sheet of glass, polystyrene, or other dielectric 
in front of the horn radiator, with the plane of the sheet at 45° to the electric 
vector and parallel to the direction of propagation. Elliptically and circularly 
polarized microwaves can also be obtained by use of the artificial wave guide 
dielectric discussed in the previous section. If this dielectric is made with a 
plate spacing to give an index of refraction of 0.6 when the electric vector 
is oriented parallel to the plates, it will also have an index of refraction of 
unity when the electric vector is at right angles to the plates. Consequently, 
if an appropriate thickness of wave guide dielectric is placed in front of the 
horn radiator with the plates oriented at 45° to the electric vector, elliptically, 
circularly, or plane polarized radiation will result. The thicknesses for a 
quarter- or half-wave plate of wave guide dielectric are calculated in the same 
way as in optics, using 0.6 for the extraordinary and unity for the ordinary 
index of refraction. These thicknesses are 0.79" and 1.58" for the quarter- 
and half -wave plates, respectively, and the thickness tolerance is ±2%. 
The plates are supported in a wooden frame 12" square and have a 
plate spacing of 0.79" ± 2 percent, the same spacing as the wave guide 
prism and lens. Although the quarter- and half-wave plates behave in a 
manner similar to that of those used in optics, the wave guide dielectric is 
not exactly similar in its double refracting properties to a uniaxial crystal, 
for the wave guide dielectric does not have an optic axis. In general, micro- 
waves pass through the wave guide dielectric with two components, one of 
which travels faster than the other, and whose amplitudes depend upon the 
orientation of the electric vector of the incident microwave radiation with 
respect to the plates forming the wave guides. 

One can extend the principle of the quarter-wave plate to a circular wave 
guide so that the radiation from a circular horn will be circularly polarized. 
All that is necessary is to split up the microwave radiation in a circular wave 
guide operating in the TEn mode into two components of equal amplitudes 
and at right angles and to delay the phase of one component by X/4 with 
respect to the other. This can be achieved by inserting in a circular piece of 
wave guide a sheet of dielectric along the diameter and oriented at 45° to 
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FIG. J-14 Transmitter and receiver arranged for producing plane-polarized 3 cm 
microwaves by reflection from glass at Brewster's angle. 



the electric vector of the incident microwaves. The proper thickness and 
length of such a dielectric are not easily calculated but can be found experi- 
mentally. The horn radiator shown attached to the transmitter in Fig. J-14 
has a polystyrene strip ^" thick and 2.5" long across the diameter of the 
1" standard circular wave guide leading to the horn. The strip is oriented 
at 45° to the electric vector of the incident microwaves, and the horn radi- 
ates circularly polarized radiation. If this polystyrene strip is replaced by 
one of the same thickness and 5" long, the result is a half-wave plate, and the 
radiation coming from the horn is plane polarized with the electric vector 
rotated 90°. 

A number of interesting experiments can be performed with various types 
of polarized microwaves. Circularly polarized microwaves can be plane polar- 
ized by reflection from a dielectric at the Brewster angle. In Fig. J-14 the 
circular horn equipped with a quarter-wave plate radiates circularly polarized 
microwaves which are incident upon several sheets of window glass held in a 
rotating support equipped with a protractor on the wooden bench. Micro- 
wave radiation reflected and transmitted by the glass sheets is investigated 
with the receiver, which is mounted in a rotating holder on another wooden 
bench. A protractor is fastened to the rotating holder so that the polarization 
of the reflected and transmitted microwaves can be measured. When the 
glass plates are adjusted at the Brewster angle, the reflected microwaves 
are plane polarized, with the electric vector vertical, while the transmitted 
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microwaves are generally elliptically polarized. The index of refraction of 
dielectrics can be measured by this method in the same way as in optics. 

Experiments on the rotation of the plane of polarization of microwaves by 
sugar solutions, liquids such as turpentine, and crystals such as quartz have 
not shown any measurable rotation. However, it has been found that the 
Faraday effect exists in the microwave region for certain paramagnetic salts, 12 
ferrites, 13 and plasma in electric discharges in gases. 14 

Evidently other experiments can be devised to show particular properties 
of microwaves. It has been the purpose of this appendix to describe a number 
of simple experiments demonstrating the properties of free space microwaves 
and the measuring techniques which are used in microwave research, and 
their similarity to optical experiments 
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Appendix JV 



The Wave Theory of Microscopic 
Image Formation 

by F. Z ern ik> e ^ 



The Microscopic Specimen 

The trained microscopist uses various, often complicated techniques to pre- 
pare his specimen for the microscope. A few indications must suffice here. 

Suppose, for instance, that he has to study a piece of paper in order to 
find out what kind of fibers it has been made of. It is of no use simply to put 
it under the microscope, for its smooth surface will hardly show the struc- 
ture. A much better suggestion is to impregnate the paper with oil so that 
it becomes translucent. It will then be put on a glass slide so it can be illumi- 
nated from below. To avoid irregular refraction at the upper surface, the 
oiled paper is covered with a coverglass (thickness £ mm), the space between 
being filled with oil. The only remaining difficulty may be that the paper is 
too thick; there will be some six layers of fibers on top of each other. Now 
this is not as troublesome as it may seem. The microscope, it should be remem- 
bered, has a very small depth of focus, which means that it will focus only a 
very thin slice of the specimen. Even so, it may well be that the microscopist 
prefers to see the fibers separately. He then has to treat the specimen so as 
to loosen its structure, the fibers being spread out into a single layer between 
slide and coverglass. 

This example illustrates the general principles according to which the vast 
majority of specimens are prepared. They are cut — or sometimes ground — 
into thin slices, of thickness comparable to the dimensions of the details to 
be studied. Small loose objects — such as bacteria or blood cells — are spread 
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out so as not to overlap. The specimen is further mounted in a suitable liquid 
or resin, of refractive index close to that of the structural parts. This does 
away with most of the refraction of the light transmitted; that is, it makes 
the specimen translucent. 



The Need for Special Treatment 

The optics of the microscope calls for a special treatment for two reasons: 
because the object is observed in transmitted light which changes only slightly 
by passing through it, and because the details of the object are of a size com- 
parable to the wavelength. Since these characteristics cause diffraction effects 
to be very prominent, the wave nature of light is best taken into account 
from the outset. 

Let us start with the simple case of a parallel beam of incident light — 
that is, a plane wave — falling on an object consisting of very small black 
particles. Each particle obliterates a small part of the wave; it can be said 
to make a hole in the wave front. The diffraction effect of these holes is found 
as follows. Instead of subtracting a small patch of wave front, each particle 
may be said to add a negative piece — that is, a wave of opposite phase. In 
this way the transmitted light is seen to consist of two parts that behave 
differently: (1) the unchanged incident wave, which will be called the direct 
light; (2) the wavelets starting from the black particles, to be called the 
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FIG. K-l Schematic representation of image 
formation by an objective. (Here we have an 
advancing particle, as Fig. K-4 shows.) 
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diffracted light. As shown in Fig. K-l, the direct light is just a parallel beam, 
the same as if no particles were there. The microscope objective brings this 
beam to a focus 8 a short distance above the lenses or even inside the lens 
system of the objective. From there on it spreads out again and gives an 
evenly illuminated field in the image plane. The diffracted light, on the con- 
trary, diverges from each particle and is concentrated by the objective in 
the image plane. In a word, this light behaves exactly as we should expect 
from the familiar ray-optic treatment of the microscope; it enables the objec- 
tive to form an enlarged image of the object, to be further enlarged by the 
eyepiece. 



Experiment 

In order to demonstrate by experiment the existence and behavior of the 
direct and the diffracted light, an objective with accessible back focal plane 
should be used. Objectives of 8-10 X, of focal distance 20-16 mm, will do; 
see Fig. K-2. Practically parallel light may be obtained from a frosted bulb 
at a few meters distance. Of course, any substage condenser must be removed 
and the plane mirror used. It should be realized that the focus at S is, in 
reality, a small image of the light source. As an object a glass slide finely 
sprayed with India ink will serve, or finely powdered galena (PbS) embedded 
in Canada balsam. The first gives round dots, the second squares and broken 
squares. Now adjust the microscope and observe the image, with magnifica- 
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FIG. K-2 Low-power objective with dia- 
phragms for alternately obliterating dif- 
fracted and direct light. 
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tion about 100 X, in the ordinary way designated as "bright field." Then 
cut out a circular piece of metal foil so as to fit on the upper lens of the ob- 
jective, and make a pinhole of about 0.5 mm in its center. Put this in place, 
remove the eyepiece, and adjust the mirror so that the maximum amount of 
light comes through the hole. Now replace the eyepiece and observe the 
image. The field of view should now be evenly illuminated, and it will be if 
the black particles in your object are all quite small. Ordinarily there will 
also be some larger ones; and these will show diffuse disks because they 
diffract the light, mostly over small angles, so that a good part of it falls 
through the pinhole. In other words, the intended separation of direct and 
diffracted light does not quite succeed. For the complementary part of the 
experiment, replace the pinhole diaphragm by a glass disk with a black spot 
of 1 mm in the center, and adjust the microscope mirror so that the image 
of the light source is covered by this spot. In the eyepiece the dark particles 
will then appear bright on a dark ground. This demonstrates the reality of 
the diffracted light. 

After these experiments it may seem surprising that the direct light and 
the diffracted light together give the ordinary bright field image — that is, 
black particles on a bright background. Clearly this must be a case of destruc- 
tive interference, for which some further explanation is needed. 

Equality of Optical Paths 

Consider the simple case of a convex lens making an image 0' of an object 
point (Fig. K-3). According to ray-optics the action of the lens consists 
in changing the divergent rays from into convergent rays coming together 
in 0'. In the wave theory the equivalent of this is as follows. emits spherical 
waves, the surfaces of equal phase being spheres with as center. The action 
of the lens consists in retarding these waves in proportion to the thickness 
of glass they traverse, so as to change the incident convex wave front S into 
an emerging concave spherical wave S', which contracts towards its center 0'. 
The new surface of equal phase S' may be constructed by setting out equal 
lengths along the various rays from S, the retarding action of the glass being 
taken into account by multiplying each distance I by the corresponding index 




FIG. K-3 Equality of optical paths along 
all rays from to 0'. 
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FIG. K-4 Embossed wave front directly 
above transparent object. 



advancing retarding 

particle particle 

N. The so-called optical path SiVZ is therefore equal along all rays between S 
and S', and hence also between and 0'. This leads to the general theorem: 
the optical path SiVZ from an object point through an aberration-free optical 
system to the corresponding image point is equal along all rays. 

Returning now to the microscopic image of a black particle, we found 
that the incident plane wave gives rise to two waves, the direct and the 
diffracted wave, which on starting from the particle were in opposite phase. 
These waves follow different ways through the objective and unite in the 
image plane. According to the general theorem, they must show the same 
phase relation in the image as in the object, and will therefore give destructive 
interference in the image. 



Transparent Objects 

Now take the case of small objects which do not change the intensity of 
the light, i.e. which are absolutely transparent. As a test object, finely pow- 
dered common salt embedded in Canada balsam will do very well. Consider 
the wave front passing through the transparent object. There is no change 
of amplitude in this case, the only effect consisting in the various retarding 
by the different thickness and different refraction of the various details. 
The wave front directly above the transparent object may therefore be 
visualized as carrying an embossed impress of the object (Fig. K-4). In order 
to find the further course of this wave, we use the same method as before. 



FIG. K-5 Original wave (full curve) and 
slightly retarded wave (broken curve). The 
difference "retarded minus original" is a 
wave motion, -jX behind. 
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Suppose that a small particle has slightly retarded the wave, compared with 
the surrounding background. The retarded wave can be obtained by adding 
to the original one a wave of much smaller amplitude, which is one quarter 
wave behind (Fig. K-5). This will again spread out by diffraction and be 
reunited in the image plane. Its existence is demonstrated by inserting the 
glass disk with black spot which cuts off the direct light. The transparent 
particles then appear bright on a dark ground. It is in the ordinary bright 
field that the difference from the black particles appears. The smaller particles 
will be seen to disappear altogether as soon as the microscope is exactly fo- 
cused. This is as it should be: the direct light and the diffracted light are 
reunited in the image plane with the same relative phases as they started 
with from the object, thus forming again a wave of equal amplitude every- 
where and therefore of equal intensity, i.e. no image at all. 

For two reasons the exact equality of amplitude is not realized in practice. 
First of all, the diffracted light is partly spread out from each detail of the 
object in such inclined directions as are not taken in by the objective. This 
causes a deficiency in the image plane which upsets the exact balance of ampli- 
tudes. Especially sharp edges of larger particles will show as darker lines for 
this reason. Secondly, the trained microscopist tries hard to see something 
and therefore changes the focus, even without noticing it, until he sees some 
image of the transparent details. To understand the effect of defocusing, 
remember that the general theorem of equal optical paths applies only to 
distances from an object point to its conjugate image point. If now the micro- 
scope is lowered by a small distance e from the exact focus, the path along the 
axis, which is that of the direct light, will be shortened by e, whereas a ray 
inclined by & will be shortened by e cos &. This then gives a relative retarda- 
tion for the inclined ray of (1 — cos d)e. The result of this will be discussed 
presently. 

The Phase-contrast Method 

To recapitulate the case of transparent details, their visibility is bad be- 
cause their diffracted light is JX behind the direct light. If this could artificially 
be changed into §X, we would bring it into the condition shown ordinarily by 
absorbing details. Now the diffracted light and the direct light overlap near 
the object and near the image plane, but are practically separated in the upper 
focal plane of the objective (Fig. K-l). It is there that they can be influenced 
separately. Indeed, this was made use of above, where they were alternately 
screened off. We now want to retard the diffracted light by an additional |X 
or, what is the same thing, advance the direct light by this amount. Instead 
of the black spot in the center of a glass disk, we need a phase-advancing 
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spot. This is obtained in the simplest way by etching. Rayleigh described, 
some fifty years ago, how to make very shallow etchings in glass surfaces, 
without spoiling their optical quality, by the slow action of very dilute hydro- 
fluoric acid. If a small spot in the center of the glass disk is etched out to a 
depth of 5, the direct light passing through will cover this distance in air, 
whereas the surrounding diffracted light goes through 5 in glass. The etched 
plate, called a phase plate, thus causes a difference in path of (N — 1)5, and 
8 must be about |X. 

The result of inserting the phase plate is quite remarkable. Thin transparent 
details which in the ordinary bright field are hardly visible appear darker, in 
good contrast with the bright background, just as if they were absorbing 
(Fig. K-6). This phase-plate method of observing phase-changing objects in 
good contrast is called, for short, the phase-contrast method. In the case here 
discussed the direct light is advanced, with the result that thicker or higher- 



FIG. K-6 Two specimens, in bright field (left) and in phase contrast (right). Upper 
figures: living tissue culture; lower figures: diatom. For halftone reproductions of these 
see Science, 121, 345-349 (11 March 1955). 
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refracting particles appear darker. This is called positive phase contrast. Some- 
times it may be more useful to make such particles appear brighter, which is 
evidently obtained by using a phase plate which retards the direct light — 
negative phase contrast. 

Returning for a moment to the out-of-focus bright field image discussed 
a little earlier, we can now express the result of defocusing in the newly in- 
troduced terms. The retardation of the inclined ray inside focus causes a kind 
of positive phase contrast, a poor improvised kind because the amount 
(1 — cos #)e is variable over the aperture of the objective. Outside focus the 
inclined rays are advanced, giving a negative phase contrast. Of course, the 
variability of the phases with which the diffracted light arrives in the image 
plane makes for a blurred image, and the observer chooses a position which 
gives a compromise between an image that is bad because of blurring and one 
that is without contrast because it is too near focus. 

Two further points are of importance in the practical realization of phase 
contrast. The first is the size and shape of the phase-advancing spot on the 
phase plate. Remember that this phase spot must cover the image of the light 
source. Now it is only for the sake of simplicity that we started with a point 
source. In practical use this is undesirable as it causes spurious shadows from 
all dust particles anywhere in the light path. To avoid these, the light source 
should be rather broad. On the other hand, phase contrast depends on the 
possibility of separating the direct and the diffracted light. Now the diffracted 
light fills the whole aperture of the objective, and therefore a part of it falls 
on the phase spot and is lost for the contrast image. The phase spot should 



O phase strip 




FIG. K-7 Arrangement of condenser and 
objective for phase contrast. 
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for this reason be as small as possible. The best compromise is obtained with 
a long and narrow shape. A straight phase strip 0.4 mm wide will do for 
laboratory experiments. A narrow ring shape is still better and is now in gen- 
eral use. In order to adapt the light source to these special shapes, we use a 
substage condenser having in its lower focal plane an opaque disk from which 
the desired form is cut out. This acts as a secondary light source, which is 
imaged by the condenser and objective on the phase plate (Fig. K-7). 

In the second place, the phase-changing spot, strip, or ring is expressly 
made absorbing — for instance, by depositing a thin metal layer on it. It is 
only in this way that it becomes visible so that the image of the source can 
be exactly adjusted to be covered by it. Another advantage is thus obtained 
at the same time. Suppose that the ring absorbs 75% of the light. This means 
that the direct light arriving in the image plane is reduced to a fraction of 0.25. 
As it acts by interference with the diffracted light, we need the square root, 
which gives the amplitude ratio as 0.50. The relative importance of the dif- 
fracted light is therefore doubled; i.e. the contrast is doubled, which has a 
very marked effect. 

The Abbe Theory 

Some special features of microscope optics are more readily explained by a 
different approach, first given by Abbe in 1873. It must suffice here to give 
the main lines of his arguments. The theory aims primarily at finding the cir- 
cumstances under which a fine structure can be seen as such under the micro- 
scope — that is, can be resolved. It therefore starts with a regularly striated 
object having equidistant parallel lines — in other words, a grating. The action 
of such a transparent grating on a parallel beam of light is well known. Let 
the grating be horizontal on the microscope stage and the incident beam verti- 
cal, in the direction of the optical axis. The transmitted light will be split into 
a number of beams, making angles & m for which 

sin & m = m\/p (1) 

where p is the distance between adjacent lines and m is any whole number 
between — p/\ and +p/X. These beams, so far as they enter the objective, 
are each brought to a focus S m in the upper focal plane of the objective. With 
white light each S, except S , will represent a spectrum, and we shall give 
it the usual name of spectrum of the rath order, although a single wavelength 
only need be considered for our purpose. Abbe calls the row of spectra the 
primary image; it is a multiple image of the light source. It may be seen on 
removing the eyepiece and looking down the microscope tube (Fig. K-8) . 
Above the points S m the beams will spread out and overlap in the eyepiece. 
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FIG. K-8 Multiple image of point source in back 
focal plane of objective. Note: The central S corre- 
sponds to So in the text. 



According to the Huygens principle each point S may be considered as a new 
source, all these sources being coherent as images of the one original source. 
They will therefore give interference fringes in the eyepiece. Take, for instance, 
$o and Si) let these be a distance di apart. If the image plane is a distance a 
above the focal plane (a is the optical tube length), the spacing of the fringes q 
caused by S and Si is found to be 

q = \a/di 
If the angle #1 is small, there is no doubt about di, which will simply be 

di = f&i = A/P anc * q = a\'p/fh = pa/f 
Here the wavelength has dropped out, and the fringe spacing is equal to the 
spacing in the object multiplied by a/f, which is the magnification according 
to geometrical optics. This is the result of S and Si, and a further condition 
is, evidently, that all other adjacent pairs give the same spacing. 

They will if the whole row of S's is equidistant. Or the distance d m of S m 
from the optical axis must satisfy 

d m = mdi = mf\/p = / sin & m 

Clearly this is a general condition to be satisfied by any microscope objective: 
the distances of all emergent rays from the axis must be proportional to the 
sines of the angles of the corresponding incident rays. This is known as the 
sine condition. It has been derived in a number of different ways. When Abbe 
discovered it, he wondered how the then existing objectives, especially the 
high powers, could have been constructed without taking the sine condition 
into account. He found that they satisfied the condition very well indeed. The 
manufacturers had evidently arrived at the right design by many years of 
practical trial and error. 

Now suppose that one puts finer and finer gratings under the same micro- 
scope. The spectra S get farther and farther apart. As long as Si still appears 
in the objective, there will be interference fringes revealing the striated struc- 
ture of the object. But as soon as &i exceeds the aperture angle a of the objec- 
tive, only So comes through, and an evenly illuminated field results. For the 
limiting pnm we find hence 
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sin a = sin #1 = X/pi im or p lim = X/sin a (2) 

This is for axial illumination. If oblique illumination is used, the incident 
beam making an angle with the axis, the grating formula (1) changes into 

sin & m — sin j8 = mX/p 
Here can be nearly equal to -a, so that the point S lies at the edge of the 
objective aperture. The limit is then reached when Si is at the opposite edge 
(Fig. K-9), and this gives 

2 sin a = X/pi im or pi im = X/2 sin a 
Having found this formula, Abbe introduced the name numerical aperture for 
sin a as a measure of the resolving power of an objective. The advantage of a 
large aperture angle had been recognized before, but the exact dependence 
of the resolving power on a was unknown. 

If the object is embedded in a medium of index N, the above reasoning will 
hold with the difference that the wavelength X will be replaced by X', the 
wavelength in the medium, and a by a, the aperture angle in the medium. 
With X' = \/N formula (1) becomes 

Piim = X/iV sin a' (3) 

In the ordinary case, when there is air between the cover glass and the 
front lens of the objective, the inclined beam will be refracted according to 
sin a - N sin a', and (3) reduces to (2). In order to obtain a smaller limit from 
(3), the air is replaced by a special oil of index 1.52, equal to that of the cover 
glass and of the front lens of the objective. Of course, the objective must be 



FIG. K-9 Multiple back focus image with grating 
near limit of resolving power, with axial and with 
oblique light. 




axial 
light 



bliquc 
light 
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specially designed for this homogeneous immersion method. It is only logical 
to extend the term "numerical aperture" to the denominator in (3) : 

numerical aperture = N sin a' 
With a' = 60°, this attains 1.32, the usual value for immersion objectives. 



Appendix J_j 

Modern Trends in Methods of 
Lens Design 
by M. Herzbergerf 



The earliest lenses were made by trial and error, and the excellence of the 
lens depended upon the skill and experience of the artisan. With the discovery 
of the refraction law, it became possible to trace rays through a proposed lens 
and thus predict its performance before the blank was put on the grinding 
block. The modern era of lens design may be said to have begun in the 1880's 
when Ernst Abbe insisted that every lens made by the firm of Zeiss should be 
perfected on the drawing board. This has become the procedure followed by 
all optical shops, but it has been found to be not without its drawbacks. The 
simplest rays to trace are those lying in the meridional plane — the plane con- 
taining the object point and the optical axis. However, these account for only 
a small fraction of the light in the image, and thus they give a very imperfect 
picture of the performance of the lens. Many attempts have been made to 
render the tracing of skew rays practicable, but these were all defeated by 
the lack of a suitable mathematical language and the slowness of the methods 
of calculation that designers were forced to employ. 

Some years ago, the writer developed by vector methods a set of formulas 
that are suitable for modern high-speed computers. 1 A complete picture of 
the performance of a lens can now be given 2 by imagining the exit pupil to be 
divided into elementary areas of equal size and by tracing a ray from the 
selected object point through each of these areas to the image plane. Fig. L-l 
shows how this is done for a certain lens designed for aerial photography. The 
right-hand column of sketches shows the pattern made by the intersections 
of the selected rays with the exit pupil for a series of field angles, the meridio- 

t Research Laboratories, Eastman Kodak Company, Rochester 4, New York. 
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nal plane being a vertical plane normal to the paper. The z-direction is as- 
sumed to be parallel to the meridional plane, the ^-direction normal to it, 
and the ^-direction along the optical axis. The intersecting circles in the figure 
represent the vignetting produced by the diaphragm and the mounts of the 
lenses. It is clear that the vignetting at large field angles must profoundly 
modify the image pattern, and indeed the designer can often turn it to good 
advantage. 

To determine the character of the image, an image plane must be assumed, 
and in Fig. L-l three planes have been considered. The plane at d = contains 
the Gaussian focus while the other two planes are respectively 0.75 and 1.50 
mm nearer the lens. The intersection points (x' t y') have been computed for 
the three image planes and six field angles, and when they are plotted, they 
give the patterns shown in the figure. These patterns are called spot dia- 
grams, and they give a qualitative indication of the distribution of light in 
the images. Their accuracy has been shown by Dr. R. N. Wolfe, who made 
photomicrographs of the corresponding images after the lens was constructed. 3 
Photomicrographs are shown in Fig. L-l just above the corresponding spot 
diagrams. 

This procedure, although informative, calls for the tracing of a large number 
of rays. Since the function representing the path of the rays is continuous, 
it should be possible to trace only a few rays and determine the intersection 
points of the others by interpolation, and the writer has developed formulas 
for doing this. 4 Now it is necessary to trace only from three to five meridional 
rays and three or four skew rays (most of which do double duty because of 
the bilateral symmetry of the system about the meridional plane), and then 
the intersection points of any number of rays can be rapidly computed by 
simple interpolation. 

But the advantage of the interpolation method does not stop here. Ever 
since W. R. Hamilton in 1828 enunciated the general principles of image for- 
mation, attempts have been made to derive analytical formulas for indicating 
the behavior of individual lenses. The critical difficulty is that trigonometrical 
functions enter into the exact formulas, and these must be expanded into 
power series for use in algebraic formulas. Since the series must be truncated 



FIG. L-l Comparison of the performance of a certain //5.6, 300-mm Tessar lens 
as indicated by spot diagrams and by bench tests. The column of sketches at the 
right shows the vignetted aperture for field angles of from 0° to 24° and the inter- 
sections of the rays from the object point with the exit pupil. The three columns of 
spot diagrams show the theoretical distribution of light on three image planes 0.75 mm 
apart. The corresponding photographs above the spot diagrams show the distribution 
as determined by testing the finished lens on a lens bench. Scales are in millimeters. 
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at some term, the algebraic formulas hold only approximately. Gaussian or 
first-order formulas take into account the linear terms alone. It was Ludwig 
Seidel 5 who in 1856 clearly enunciated the geometrical meaning of the third- 
order terms. Studies of the fifth-order terms have appeared sporadically in 
the literature, but these terms have rarely been used systematically. 

Although the third-order theory, which is accurate for only a vanishingly 
small region near the optical axis, has often been extended to finite fields and 
apertures, it becomes increasingly inaccurate as the terms of higher order 
become increasingly significant. The new interpolation formula does not suf- 
fer from this limitation. The difference between it and the Seidel procedure 
may be summarized by saying that the Seidel procedure is based upon an 
approximation that fits perfectly in the vicinity of the axis, while the new 
procedure is based on a formula that fits very closely over the entire aperture 
and field and which is evaluated by interpolation. 

The interpolation formula consists of a fifth-order power series for the 
^-coordinate of the image and a similar power series for the ^-coordinate. 
By combining the terms of the same order for the two coordinates, a mathe- 
matical model of the optical system can be made that can be divided for 
analysis into five separate aberrations. These aberrations have comparatively 
simple geometrical forms although they bear no simple relation to the familiar 
Seidel aberrations. The new analysis has the great computational convenience 
that changes in the design data affect the aberrations differently and hence, 
if one is found to be of controlling importance, it can be reduced without 
greatly affecting the others. This is illustrated by Fig. L-2. The spot diagrams 
in "the columns labeled from I to V represent the aberrations of the orders 
from the first to the fifth of the actual image of a certain lens, while the last 
column, marked T, represents the image itself. This image is usually smaller 
than diagrams I and III because the sign of the third-order aberration shown 
at III is opposite to that of the first-order aberration shown at I, while the 
total aberration T is the vector sum of these individual aberrations. 

The figure is divided into three sections, A, B, and C, the first row of each 
section representing the image on the axis and the other two rows representing 
the images at field angles of 7° and 13°. Section A is for the lens as originally 
designed. The image T at 13° is extremely large and unsymmetrical, and a 
study of the figure shows that this poor quality is caused by the second-order 
aberration II. 

Fig. L-3 shows at A the Staeble-Lihotzky or isoplanasief condition for this 
lens, and it is clear that isoplanasie is overcorrected. The design data were 



t This word was coined by E. Lihotzky to describe the correction of asymmetry in the 
presence of spherical aberration. It is equivalent to the offense against the sine condition 
(OSC) of Comedy's Applied Optics and Optical Design (1929, Oxford Univ. Press, London). 
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FIG. L-2 Diagram showing how the performance of a certain lens was improved 
by analyzing the spot diagrams. Columns I-V in section A represent the terms of 
orders 1-5 at each of three field angles of the original lens; column T represents 
their sum, the actual image. Section B is for the lens when isoplanasie is corrected, 
and section C shows the great over-all improvement that results when the isoplanasie 
is slightly undercorrected. 
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FIG. L-3 Isoplanasie curves of the lens of 
Fig. L-2. The three sections of this figure 
correspond to the similarly lettered sections 
of Fig. L-2. The scale of ordinates expresses 
incident height in terms of /-number. Scales 
are in millimeters. 



changed to correct this error accurately, and the spot diagrams shown in Sec- 
tion B of Fig. L-2 were then obtained. The second-order term at 13° was still 
large; so the design data were changed to undercorrect isoplanasie slightly, 
as shown at C in Fig. L-3. The resulting spot diagrams in Section C of Fig. 
L-2 show that the image was very much improved in all respects. 6 

The spot diagrams derived as described here do not take diffraction into 
account, but for many types of lenses, aberrations are of controlling impor- 
tance. This is so for photographic objectives, for which the procedure described 
gives a very accurate picture of light distribution in the image. Since the light 
path to the exit pupil is given by the characteristic function, the undulatory 
nature of light can theoretically be introduced to make the spot diagrams 
accurate when diffraction must be considered. Practical methods of doing this 
are being developed. 

The facility with which modern computers can make a multitude of cal- 
culations at high speed has elicited suggestions that they be programmed to 
compare the performance of a proposed system with the predetermined re- 
quirements and automatically repeat the computations with altered design 
data until the requirements are met. 7 - 8 The writer 9 has outlined a method by 
which a very wide range of design data can be explored to determine to a 
close approximation the best parameters, after which the design can be refined 
with the aid of the spot diagrams. Methods of this general type will relieve 
the designer from much of his drudgery, but it will certainly be long before 
his skill and experience will be entirely supplanted by any robot. 
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Graphical Ray Tracing 
by E. W. Silver toothi 



The scientific worker who is only occasionally concerned with geometric 
optical design may spend a conspicuous amount of time becoming familiar 
with and adept in the practice of trigonometric ray tracing. Any device which 
can aid in the reduction of "look-ups" in mathematical tables and of numerical 
calculation should be a welcome adjunct to the designer's facilities. 

Several graphical methods of ray tracing have been described in the litera- 
ture, each of which is a variation on Fig. M-la, 1 where ray DC in a medium of 
refractive index N% is refracted at the interface separating mediums JVi 
and N 2 (FG \\ EC). In the case where Ni is unity (1.00029), the arc of radius 
FC is known as the "air circle" and the more general arc of radius CD as the 
"wavelength circle." For convenience it may be preferable to employ the 

1 3681 Chevy Chase Drive, Pasadena, California. 



FIG. M-l Construction of a ray. 
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FIG. M-2 Construction of a wave front. 



labels X„ and X5890 (typ.) for each wavelength traced, with supplementary 
notation for the glass type. Thus rays for several wavelengths may be traced 
as in Fig. M-lb. 

Alternatively, and particularly for compound prism systems, it is usually 
preferable to construct the ray normals, or wave fronts, as in Fig. M-2a. In 
this case the wave front AC is rotated into AE after refraction at the interface 
AB(DE || AE). An example of systemization of the method suitable to the 
design of a prism train is shown in Fig. M-2b. Here the initial wave front ah 
is at < bed with the first interface cd. After refraction the wave fronts 
become al and ad respectively for the wavelengths Xi and X 2 . Where the second 
interface df is in contact with air, the respective wave fronts become ae and 
af after the second refraction (le || df). Where the second interface is in contact 
with another medium having wavelength circles Xi' and X 2 ', the wave fronts 
would then be ag and ah respectively. In cases where a specified amount of 
dispersion for a prism or prism train is required, a few trials will yield sufficient 
information to make a graphical interpolation plot for the final prism angles 
within the accuracy of the method. 

One very simple device useful for ray tracing is Smith's Ray Plotter, 2 shown 
in Fig. M-3a. A sheet of thin Plexiglass about 2" X 6" may be scribed and 
filled with the normals XY and OC, after which fine holes A, B, and C are 
drilled as indicated. To use the plotter (Fig. M-3b), place XY tangent to the 
boundary of the two media with coincident with the intercept at the 
boundary of the ray to be traced. Insert a pin at A, and rotate the plotter 
until C lies on the incident ray. Pricking the paper at B and extending a line 
through this point and the intercept will define the refracted ray. Conversely, 
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FIG. M-3 Smith's ray plotter. 



starting with the ray in the denser medium, the plotter may be rotated until 
B is aligned with an extension of that ray which locates C and hence defines 
the ray in the rarer medium. While this device is useful for ray plotting at a 
single wavelength of a particular glass for which the holes have been drilled, 
it is not conveniently adjustable for other indexes. Similar plotters which may 
be adjusted have been described, such as Wray's Optical Ray Plotter 3 and 
the BK Ray Plotter. 4 

Another method, described by van Albada, 3 makes use of a proportional 
divider with an adjustable pivot such that the spans between the pairs of 
points on opposite ends are in proportion to the relative index of the two 
media being traced. Fig. M-4a illustrates the method of operation. The in- 
cident ray is extended, and the longer pair of the divider legs are adjusted 
to a span Mm, where OM is the radius of the refracting surface. The dividers 
are reversed and the point of tangency of the arc Mm' is determined. The 
refracted ray is then defined by D and the point of tangency with the arc m'. 
The use of proportional dividers may be obviated by constructing an auxiliary 
nomograph as in Fig. M-4c. 

Perhaps the most convenient and practical method of graphical ray tracing 
is that described by J. H. Dowell. 1 Fig. M-5 is taken from his paper, o', with 
its associated set of concentric circles, is generally prepared on a separate 
sheet and located at any point convenient to the layout of the optical system. 
o'a' is drawn parallel to the chosen incident ray and a'b' is drawn parallel 
to an, from which the refracted ray ab may be constructed parallel to o'b'. 
"When as many rays as possible have been traced without confusion of the 
direction line and surface normals, the figure at the left is simply rotated to a 
fresh position and so on until it is filled up, when it can be replaced by another. 
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FIG. M-4 Method of proportional dividers. 



In this way, no matter how many rays may be traced through the system, 
there will be a complete absence of such workings on the lenses themselves 
as would result from use of the ordinary graphical methods. I would particu- 
larly like to draw attention to the value of this method for the use of students 
as it provides a means of studying the form of lenses in an attractive way. For 
instance, if a bundle of equally spaced parallel rays are traced through lenses 



FIG. M-5 Ray tracing with a drafting machine. 
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xx'=ff 




FIG. M-6 Location of the pivot point. 



of various forms, the resultant aberration can be studied and the radii for 
minimum aberration determined. Similarly, achromatic lenses, effects of stops, 
doublets, etc., will prove very fascinating exercises." 

Prior to undertaking a detailed study of the ray behavior in a given system, 
it is desirable to establish paraxial benchmarks from which may be referenced 
the principal and image surfaces, curves of spherical aberration, etc. Since 
the paraxial rays lie in the immediate vicinity of the optical axis, accurate 
location of nodal and focal points by the method described would be impracti- 
cal. Paraxial focal and image points for a refracting surface may be located 
graphically by an alternate method shown in Fig. M-6. 3 The point S is called 



FIG. M-7 Location of nodal points. 
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FIG. M-8 Curve of spherical aberration. 



the pivot point and is unique for each refracting surface. By locating S for 
each refracting surface it is possible to locate the overall object, image, and 
focal points for a complete optical system. It is probably more convenient, 
however, to run a numerically calculated paraxial ray trace through the sys- 
tem. This is quite direct since functions of the angles are not involved. Equa- 
tions for a paraxial trace may be found in any full text on geometric optics. 
For approximate purposes, nodal points and the equivalent focal length may 
be located as in Fig. M-7a, or, alternatively, the nodal points as in Fig. M-7b. 
Having obtained the nodal points and paraxial focal points, one may pro- 
ceed to examination of the various defects of the system. For example, the 
curve of spherical aberration may be constructed as in Fig. M-8. Offense 
against the sine condition, or measure of coma, may be assessed from the curve 
PN of Fig. M-8. In the case shown, where the object is at infinity, the curve 
PN for a coma-free system is a circle with center V . In the case where the 



FIG. M-9 Construction of a coma-free wave front. 
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object is located at a finite distance, the radius of the curve PN, which re- 
mains a circle, may be found by the graphical construction of Fig. M-9. 1 and 
/' are the object and image points respectively, and N is the axial intercept 
of the circular arc PN to be constructed. Strike arcs IC (= AB) and I'C 
( = I'B). The axial intercept E of the perpendicular bisector of CN is then 
the center of the circular arc PN, the more general case of the curve of Fig. 
M-8. For further discussion of these and other aberrations which may be 
investigated by graphical means, the reader is referred to Graphical Design of 
Optical Systems. 3 

In the design of high aperture illumination systems it is frequently desirable 
to employ aspheric surfaces to reduce spherical aberration and Fresnel reflec- 
tion losses at high angles of incidence. Second degree parabolic surfaces are 
frequently employed in such applications. In this instance the slope of the 
radius for a given zone, required for the Dowell method, may be obtained from 
the bisector of the angle formed by a line parallel to the optical axis displaced 



FIG. M-10 Ray-tracing method of T. Smith. In regard to the last three equations 
see reference 7. 
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to the desired zonal radius, and a line connecting the focus of the parabola 
and the constructed parallel intercept with the parabola. 

Finally, for completeness, it is possible by methods of descriptive geometry 
to graphically trace skew rays, or rays which are generally not in a plane 
containing the optical axis. The complexity of the construction is, however, 
sufficiently great to discourage practical use. 

The early stages of graphical lens system design are generally carried on 
somewhere near unity scale. As the design progresses, it is desirable to in- 
crease the scale in the interest of increased accuracy. A 50 mm high aperture 
photographic objective can usually be determined within 1% when laid out 
5 X scale. For some applications, notably illumination systems, this degree 
of accuracy may well terminate the design. However, in image-forming sys- 
tems the final design must normally be established by recourse to numerical 
calculations. 

A convenient set of equations (Fig. M-10) for computing rays in a plane 
which includes the optical axis are described by T. Smith. 5 - 6 In this method 
the normal refraction terms are separated from those representing aberrations. 
By expressing the latter as a fraction with the first order aberration as the 
numerator, and a correcting factor, which may take various forms, as the 
denominator, rays may be traced exactly through the system by use of a short 
table of cosines in terms of sines. A considerable saving in time is thus effected 



FIG. M-ll Analogue computer for sine-cosine conversion. 
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in the calculations, and the estimation, without calculation, of the aberrations 
of other rays is facilitated. Mr. Donald Hendrix, of the Mount Wilson Ob- 
servatory, has eliminated entirely the need for consulting tables through the 
use of a small analogue computer which performs the essential transform 
y = Vl — a; 2 . Such a computer, shown in Fig. M-ll, plus a desk calculator 
to perform multiplication and division, can provide accuracy to one part in 
the sixth place where the computer is accurate to three places. After familiarity 
with the method is established, computing can proceed at the rate of about 
two minutes per surface. 

An excellent source of information on the subject of optical systems may 
be found in Design of Fire Control Optics: Volume 1, Application of Funda- 
mental Laws of Geometric Optics to Individual Optical Components; and Volume 
2, Complete Computations for Fire Control Optical Components and Systems.* 
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Appendix J\ 

Fiber Optics 

by Narinder S. Kapany\ 



Introduction 

The conduction of light along a transparent dielectric cylinder due to mul- 
tiple internal reflections is well known. Until recently the application of this 
phenomenon has been limited to transporting light from one point to another. 
In recent years, however, applications of this phenomenon have received close 
attention, and a new practical branch of optics is being developed. It appears 
to offer many fascinating possibilities and requires the investigation of a num- 
ber of new techniques. A search in the literature has revealed that Baird 1 and 
Hansell 2 commented on one of these possibilities in connection with the 
development of television. In 1952 work on a fiberscope was initiated 
independently by Hopkins and Kapany 35 at the Imperial College, London, 
and by van Heel 4 in Holland. Since then the field of fiber optics has found 
various other uses in different parts of optics, and work is now in progress on 
many different types of applications. 

Light is conducted from one point to another along a transparent fiber 
without much loss of energy, and geometrical optics is found to hold for most 
calculations on the conduction of light along transparent rods or fibers if their 
diameter is many times the wavelength of light. When the diameter is smaller, 
diffraction effects play a role, and the fibers act as wave guides. 6 - 7 Experiments 
have been conducted, so far, with glass fibers 25 microns and more in diameter, 
and work using 12-micron fibers is also in progress. The fiber length is ob- 
viously limited by the light transmission characteristic of the material. The 
physical properties, surface structure, inhomogeneities, and variation in diam- 
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eter play an important role in the light conduction property of a fiber. A large 
number of available fibers were therefore tested in a manner to be described 
later, and it was found that glass fibers hold promise for most uses in fiber 
optics. 

Fibers are capable of isolating an element of an image surface and conveying 
it to another point along flexible axes. This phenomenon has been termed 
"static scanning." A well-aligned bundle of fibers can thus be used for the 
transmission of optical images. Because of the flux-integrating property of the 
individual fibers, any detail finer than the fiber diameter will not be trans- 
mitted by static scanning. The resolving power of a bundle of fibers used to 
convey an image is therefore limited by the diameter of the component fibers. 
It has also been demonstrated that the resolving power of a bundle of fibers 
can be increased substantially by employing the principle of dynamic scan- 
ning. An experiment on these lines demonstrated a gain of 100 percent in re- 
solving power. Appropriate assemblies of transparent dielectric cylinders may 
thus be employed for transmission or modification of optical images, and such 
applications of fiber optics are called static and dynamic scanning devices. On 
the other hand, single dielectric cylinders may be used for image scanning and 
photorefractometry. Finally, transparent fibers have been employed as light 
funnels, changing the shape of an illuminated surface but keeping the image 
area constant. A detailed discussion of these techniques will follow at a later 
stage in this appendix. 

Optical Properties of Single Dielectric Cylinders 

The light transmission and angular relationship of the entrance to the 
emergent cone of light for a straight dielectric cylinder are dependent on its 
constancy in diameter, surface structure, and isotropy. The mechanism of 
light conduction in an ideal transparent cylinder is clear, but a slight departure 
from cylindricity and any surface structure tend to cause light losses. In a 
curved cylinder, it is found that the skew rays contribute a great deal towards 
the modification of flux distribution in the emergent light cone. It is observed 
that the light transmission of a bent glass rod falls when the bending radius 
is equal to or smaller than 20 times its diameter. This loss is accounted for 
by the behavior of skew rays, which tend to escape through the fiber walls 
at a radius many times greater than is required for the meridional rays to 
escape. 

Fig. N-la shows a meridional ray incident at an angle i to the axis of a 
straight fiber whose axial length is equal to L. The angle of the refracted ray 

at the fiber wall <f> = ^ — i'. Any ray which enters a fiber having a fiat end 




FIG. N-l Passage of light along cylindrical fibers, (a) Ray path in a straight fiber, 
(b) Fiber bent on a circular arc and the modification of its radiation pattern. 



will therefore meet the walls of the fiber at an angle greater than critical 



incidence provided the critical angle ( <j> c = sin -1 ^- \ condition is satisfied by 

the two media. It is easy to see that any ray after refraction at the flat end 
will be trapped in a glass fiber (N > 1.5) placed in air. Furthermore, the 
length of path P(i) of a multiply reflected ray in a straight fiber is independent 
of the diameter d and is given by 

* •• (i) 



p(o = 



i - apy 



= L sec i' 



where N is the refractive index of the fiber material and i' the angle of the 
refracted ray. The length of optical path between any two successive reflec- 
tions in a straight fiber is the same, and the direction of the emergent ray 
is the same as or opposite to that of the entrance ray as the number of reflec- 
tions is even or odd. For a ray inclined at 40° to the fiber axis (N = 1.5) the 
length of path is only 10 percent greater than the axial length of the fiber. 
Consequently, the absorption by the glass path is not substantially greater 
for oblique rays than for the axial ray. 
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In a clean fiber the loss of light along any ray is only that due to absorption 
along a path of length L sec i' . The transmissivity X(i) for a ray inclined at 
an angle i is given by 

SC(i) = exp f . ~ aLN 1 (2) 

L ViV 2 - sin 2 U K 

where a is the absorption coefficient of glass. When the value of i goes from 0° 

r —Na.L ~| 
to 90°, the transmission goes from exp (—aL) to exp , = • This ex- 

pression assumes total reflection within the walls of the fiber, and freshly 
drawn glass fibers closely approximate this condition. However, if films of 
dirt, grease, or a coating material are present upon the fiber, a certain per- 
centage a' may be lost at every reflection. The transmission expression then 
becomes 

J » = (1 -«'»"' K 4vra] (3) 

where 

L sin i 



91 = 



dVN 2 - sin 2 i 

Here 91 is the number of reflections for a given ray in the fiber. The transmis- 
sion of a uniform cone of light incident on a fiber may thus be calculated by 
numerical integration. It can be shown that, for a 10° incident cone of light 
in a fiber 50/* in diameter and 50 cm long (N = 1.5 and a = 1%/cm), the 
transmission is 60% when the fiber surface is clean (a' = 0) . However, when 
a' = 1%, the light transmission falls to only 4%. This indicates the critical 
necessity of keeping the fiber surface clean. 

Fig. N-2 is a plot of the percentage of emergent light E for a fiber 30 inches 
long (a = 2%/inch), P being the length of optical path and 91 the number 
of reflections as a function of the incident angle I. It is to be noted that, 
whereas the light transmission for the axial ray is 55%, a ray inclined at 40° 
to the axis transmits nearly 51%. Also the length of the optical path is \.\L 
for a ray inclined at 40° to the axis. The number of reflections 91 for a given 
ray in a fiber increases as the axial length increases or the diameter decreases. 
For example, in a fiber 25m in diameter and 1" long (N = 1.5), when i = 10°, 
91 = 116; when i = 5°, 91 = 58. 

Fibers drawn from molten glass may have large variations in diameter, and 
such fibers act essentially as conical reflectors. It will be shown that the photo- 
metric efficiency of a light guide with constrictions of radial symmetry is re- 
duced for rays exceeding a given angle to the axis. Fig. N-3a shows a conical 
channel in which two rays enter at different inclinations to the axis. The solid 
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FIG. N-2 Transmission, path length, and number of reflections in a straight fiber 
as a function of angle of incidence. 



ray, inclined at an angle less than the "returning angle," passes through the 
cone after multiple internal reflections, whereas the dotted ray, inclined at a 
greater angle, is "returned." This is true only for a metallic cone; for a glass 
cone, however, this ray will escape through the wall when the angle fa sub- 
tended by the ray at any reflection is less than critical incidence ( i.e. when 

fa < sin -1 tt )• The condition for a ray in the meridian plane to be trans- 
mitted through a hollow reflecting cone is simply found by the geometrical 
construction in Fig. N-3a. &Di, AiB h C2D2 ... are the successive images of 
the sides AB and CD formed by repeated reflections. If the incident ray inter- 
sects the polygon DBD1B1D2B2 . . . , formed by the successive positions of the 
exit end, it will be transmitted, otherwise not. Fig. N-3b shows A BCD the 
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FIG. N-3 Ray path in a conical reflecting channel, (a) The solid ray, inclined at 
angle a, passes the exit end of the cone, and the broken ray "returns." (b) Approxi- 
mate method of calculating the "returning angle." 



half section of a conical channel. A circle with center at the projected vertex 
of the cone and radius equal to the distance h between and the exit pupil 
of the cone is a near approximation to the polygon formed by successive posi- 
tions of the exit end. The limiting ray is that which is tangential to this circle. 
Let this ray make an angle a with the cone. Then 



sin a = 



h 



h + l 



Ri 



(4) 



FIG. N-4 Polar diagram of light emerging from a straight fiber illuminated with a 
point source on the axis. 
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where Ri and R 2 are the radii of the entrance and exit ends of the channel. 
The tolerance in variation of diameter therefore depends on the radii of the 
two ends and is independent of the axial length. For a ray inclined at 30° 
to the axis a 50 percent variation in diameter is tolerable. With adequate 
laboratory control, however, glass fibers with ±5 percent variation in diameter 
can be produced. 

Suppose that light is condensed on a small aperture placed on the axis at 
one end of a straight glass rod, whereby a cone of light is passed axially through 
the cylinder (Fig. N-4). Now, if a screen is placed at a distance away from the 
exit end, annular dark and bright rings are observable. Each ring corresponds 
to a reflection that a part of the light cone suffers at the wall of the cylinder. 
Fig. N-4 illustrates this polar distribution of light at the exit end of the 
cylinder. It is found that, in spite of the ring formation, the extreme angle of 
the exit cone is equal to that of the entrance cone. The number of bright rings 
is equal to the number of reflections of the extreme ray. No such ring pattern 
is observable when the entire entrance end of the rod is illuminated uniformly 
and the angles of the entrance and emergent light cones remain nearly equal. 

On the other hand, because of the complicated behavior of the skew rays, 
the radiation pattern of curved fibers is not easily predictable. The variables 
are (1) the direction cosines and the incident height h of the rays, (2) the ratio 



FIG. N-5 Radiation pattern of various bent fibers. 
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of the bending radius R to the fiber diameter d, and (3) the ratio of the axial 
length L of the fiber to its diameter. Fig. N-lb shows a glass fiber bent into 
a circular arc of radius R. For a meridional ray incident at an angle i = 40° 
to the fiber axis the minimum permissible bending radius of the fiber is found 
when sin > 0.71. With reference to Fig. N-lb the condition becomes 

(R + h) cos 25° > 0.71 {R + d) (5) 

so that the bending radius must satisfy R > 3.5d. In practice, however, it is 
found that the rays in the meridional plane contribute little to the total conduc- 
tion of a bent cylinder. The condition for minimum permissible bending 
radius is violated because rays in other planes escape from the walls when the 
cylinder is bent on a radius 20 times its diameter. 

The radiation pattern of bent fibers was studied experimentally. 8 Fibers of 
various diameters and lengths were bent on circular arcs of different radii. 
Light was condensed at one end of the bent fibers, and the radiation pattern 
from the emergent end was studied. A general broadening of the emergent 
cone was observed, and photometric measurements were made to study the 
redistribution of light flux in the emergent cone. Fig. N-5 shows the radiation 
patterns of six fibers, whose axial lengths are 25d, 50d, and lOOd and whose 



FIG. N-6 Percentage of light flux as a function of //ratio of emergent light cone 
for various bent fibers. 
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bending radii are 9.4d, 13.5d, 24d, and » . The radiation patterns of straight 
rods are symmetrical, and a gradual broadening and asymmetry occur for 
shorter lengths of fibers bent on steeper radii. However, a general symmetry 
along the y-axis is observable in these patterns. Fig. N-6 shows the photo- 
metric measurement of light distribution in the emergent cone from six bent 
fibers. A lens with iris diaphragm was used to collect the light from the 
emergent end of the fiber, and the /-ratio of the lens is plotted as a function of 
the photocell response. A knowledge of the photometric behavior of bent 
fibers is relevant to the design of light funnels, etc. 

Very fine fibers are being hot-drawn of materials such as glass and quartz, 
and extruded fibers of synthetic materials are available. A large number of 
available fibers were tested for surface structure, homogeneity, birefringence, 



FIG. N-7 Interference patterns of various fiber surfaces. Coplanar wave fronts (a) 
and tilted wave fronts (b) ; interferograms for a perfect cylindrical fiber, nylon, poly- 
acrylonitrile, and glass fiber. 
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and transmissivity with applications in fiber optics in mind. 8 Glass and quartz 
fibers have shown most promise for optical uses, the former being easily- 
procurable. The surface structure and cylindricity are measured on the Linnik 
type of microinterferometer, and continuous measurements of their variation 
in diameter are made for longer lengths. Fig. N-7 shows the microinter- 
ferometric pattern of three types of fiber surfaces. The expected interference 
pattern of a perfect cylindrical wave front with a plane reference wave front 
is shown at the top when the two wave fronts are coplanar (a) and when they 
are tilted (b). It is seen that, whereas nylon and polyacrylic fibers show 
marked surface structure, glass fiber has good cylindricity and surface quality. 
Electron micrographs of drawn glass fibers have revealed small isolated hills 

o o 

nearly 400 A wide and 150 A high, but this structure should not appreciably 
effect the conduction property of glass fibers. It is also observed that a dif- 
ference exists between the refractive index of a glass fiber and that of the 
parent bulk glass. In a typical case the index of the fiber was found to be lower 
than that of the bulk glass index by 0.0008. This difference is characteristic 
of the mode of production. 

Applications of Fiber Optics 

Having discussed some factors affecting the optical properties of single di- 
electric cylinders, we now proceed to outline the various applications of fiber 
optics. Such applications have been grouped (Fig. N-8) into three major 
categories: static and dynamic scanners, single dielectric cylinders, and light 
funnels. 

Static and dynamic scanning devices employ appropriate assemblies of 
fibers for the purposes of image transfer or image modification. The flexible 
fiberscope (a) is used for transporting optical images from one point to another 
along flexible axes. The techniques associated with its fabrication etc. will be 
discussed in detail. The field flattener (b) , an assembly of fibers employed for 
the purpose of flattening the image surface of a curved field lens system, will 
also be discussed in some detail. These image-conveying devices require the 
fibers to be aligned in a regular fashion so that each fiber occupies precisely 
the same relative position at the two ends of the bundle. For a coding and 
decoding device (c), on the other hand, a deliberate effort is made to misalign 
the component fibers. 9 An object viewed through such a random fiber bundle 
will present an unrecognizable coded picture at the other end. This picture 
may be decoded by viewing it through the same bundle or identical bundle. 
It is possible to make two bundles of fibers producing identical coding by 
randomlv winding long lengths of fibers on a cylindrical drum and cutting the 
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FIG. N-8 Applications of fiber optics fall into three categories: static and dynamic 
scanners, single dielectric cylinders, and light funnels. 
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bundle in two halves. This technique seems to hold promise in cryptography 
for the transmission of coded images. 

In the field of high speed photography, image dissectors using a number of 
prism systems etc. have been employed. These systems tend to be complicated 
and require high precision. As illustrated in Fig. N-8d, transparent fibers are 
employed for the purpose of dissecting an image plane into a number of narrow 
strips, which are made to lie in a row at the other end. A high speed phenome- 
non is thus recorded on film mounted in a rotating drum. The picture may be 
reconstructed by reprojecting the image through the image dissector. 

Yet another application of an aligned bundle of short fibers lies in photogra- 
phy of a cathode ray tube (e). Conventional means of photographing the 
cathode ray tube, using a lens system, suffer from large light losses. Each 
point on the phosphor emits light in a hemispherical envelope; only a small 
fraction of this light is collected by a lens system, and there are additional 
losses in the lens system itself. Alternatively, a bundle of fibers may be so con- 
structed that its entrance end lies next to the phosphor and the photographic 
plate is placed at the other end. Most of the light emitted by the phosphor is 
trapped by the fibers and conducted towards the plate. The only light losses 
are those due to glass path in the fibers and to the 9.4 percent dead interstitial 
area between the fibers. A gain in exposure of many times is achievable by 
this method. 

In the category of single dielectric cylinders, two classical usages of light 
conductor (f) and light integrator (g) are illustrated. The use of single trans- 
parent cylinders in the photorefractometry of liquids (h) seems to present 
many advantages, and this technique will be discussed in some detail at a 
later stage. Also, single fibers in conjunction with appropriate optical and 
mechanical scanning devices may be used as a remote spot scanner, as illus- 
trated in Fig. N-8i. 

In the third category is the light funnel, a bundle of fibers employed to 
change the shape of an illuminated surface while keeping the image area con- 
stant at the two ends. The particular application for stellar and Raman 
spectrographs (j) will be discussed in some detail. Experiments have also been 
conducted on a light funnel for projection systems (1), a hemispherical re- 
flector being placed on one side of a light source and a number of fibers on a 
hemisphere on the other side. The entrance ends of all fibers are placed normal 
to the source, and the other ends are made to lie in a plane. It seems possible 
that a larger portion of the flux emitted by the light source is utilized by this 
system. 
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Static and Dynamic Scanners 

Flexible Fiberscope 

A well-aligned bundle of fibers, with good optical insulation of individual 
fibers, is particularly useful for viewing objects lying at places remote from 
direct observation. The flexibility of this system allows it to be navigated 
along curved channels. Many applications of this unit for remote viewing in 
mechanics and other fields are possible. In particular, the endoscopic examina- 
tion of the internal portions of the body is borne in mind. The existing in- 
struments, which consist of periscopic doublets and field lenses, are found to 
have only limited flexibility, and their light transmission and image quality 
are unsatisfactory. Because of the existing gastroscope's lack of flexibility, 
four blind regions inside the stomach are unobservable. 10 The use of flexible 
fiber bundles will ease the passing of the instrument inside the patient and 
will also improve the image quality and light transmission. Color photography 
of remote areas is made possible by this system. 

A typical optical assembly of a flexible fiberscope system is illustrated in 
Fig. N-9. A two element lens system is employed to form the image of the 
object on the entrance end of the fiber bundle, and an eyepiece or a camera lens 
may be used for receiving the image. Whereas conventional instruments make 
use of a small electric bulb at the distal end for illuminating the object, coarser 
fibers conduct light from an outside source to the object. Because of the com- 
paratively high light transmission of a fiber bundle, a strong light source may 
not be necessary even for the purposes of color photography. The mechanical 
design of such an instrument is of interest. Flexible tubings have been de- 
veloped which allow required flexures to the instrument with appropriate 
mechanical controls. One such instrument is being constructed with the addi- 



FIG. N-9 Optical arrangement of a typical flexible fiberscope. 
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tional feature of a mechanism for rotating the 90° prism at the object end. 
Thus mosaic color pictures of the entire inside of the stomach seem possible 
for the purpose of permanent records and reference. 

For alignment of the fibers in a bundle, use is made of nominally infinite 
lengths of constant-diameter transparent glass fibers. Long lengths of fibers 
are wound on a former having a peripheral groove of square cross section, 
layer by layer, so that each layer is made to lie in the groove of the previous 
layer. It is to be noted that for perfect alignment the direction of winding of 
successive layers of fibers on the cylindrical former has to be the same. Loss 
of detail and resolving power occurs if there is any error in winding. After 
winding the required number of layers, the bundle of fibers may be gripped 
at different points by mechanical clamps, the spacing of which is determined 
by the length of fiber bundles required. The fiber stack is sawn at different 
points between the clamps by means of a very fine diamond saw, and the two 
ends are polished. There are also other mechanical methods of aligning the 
fiber bundles. 

The mechanism used for winding continuous lengths of glass fibers on the 
aligning former is illustrated in Fig. N-10. Long lengths of glass fiber may 

FIG. N-10 Fiber-aligning mechanism. 
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be wound on a cylindrical supply drum or used directly to feed this aligning 
mechanism. Continuous lengths of fiber are thus fed, under constant ten- 
sion, to the cylindrical former by way of anti-vibration pulleys and constant- 
tension devices. A precision lead mechanism is used, and a smooth running 
pulley guides the fiber on the rotating former. The former itself is provided 
with a peripheral groove of square cross section, and the clamps are made an 
integral part of the former. A number of fiber bundles have been aligned, 
using fibers 50/z and 25/x in diameter and of various lengths. One such fiber 
bundle consisting of approximately 50,000 fibers is shown in Fig. N-ll. These 
bundles are found to be quite strong and flexible, and the image quality and 
light transmission are found to be satisfactory. 

Field Flattener 

A well-aligned bundle of fibers can also be used to flatten the curved field 
of an anastigmatic lens system. The entrance end of a bundle of fibers is 
given the shape determined by the Petzval sum of the preceding lens system. 
The other end of this bundle may then be made plane if the system is used 



FIG. N-ll A 50 n fiber bundle (consisting of 50,000 fibers) bent over a circular arc 
of 2 inches radius. 
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for direct observation or photography. On the other hand, if the field flattener 
is followed by some lens system, it may be necessary to curve also that end 
of the fiber bundle to a shape determined by the image surface of the lens 
system. The obvious application of a field flattener for a photographic system 
is illustrated in Fig. N-8b. The entrance end of the fiber bundle is curved to 
the shape of the image surface of the lens system, and the flat emergent end 
is placed directly in contact with the photographic plate. In this case, however, 
the limitations in resolution are clear. The techniques of fabrication of large 
bundles consisting of fibers less than 25/x in diameter have not yet been per- 
fected, and work on these lines is still in progress. 

The use of field flatteners in visual instruments presents a completely dif- 
ferent set of conditions. For example, large field lenses in a periscopic system 
cause additional field curvature and chromatic aberration of the exit pupil. It 
seems possible to eliminate these large field lenses and also achieve a gain in 
image quality by the use of a field flattener. 11 One point, however, needs some 
consideration. In order to preserve the entrance and exit pupil relation of the 
complete optical system, the principal ray must pass directly down the axis 
of the fiber. This necessitates the introduction of field lenses in front of and 
behind the fiber bundle. Three systems of field flatteners which allow the 



FIG. N-12 Three types of field flatteners: (a) field lens type, (b) flat end type, 
and (c) Fresnel lens type. 
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principal ray to pass down the axis are illustrated in Fig. N-12. The field lens 
type (a) is so constructed that the fiber bundle, with the required curves at 
the two ends, is placed between the two field lenses. The first surface of the 
field lens is strong enough to bend the principal ray straight down the axis. 
However, the radii of the curves on the fiber elements are steeper, and the 
large field lenses are undesirable because of their size and weight. Fig. N-12b 
shows the flat ends type, where both surfaces of the field lens contribute 
towards bending the principal ray down the fiber axis. Consequently, the lens 
elements are much weaker, with comparative reduction in size and weight. 
Finally, Fig. N-12c illustrates the Fresnel lens type field flattener, so called 
because the power required of the field lens in order to bend the principal rays 
is given to the entrance and exit ends of the component fiber. The similarity 
of this system to the well-known Fresnel lens is evident. Although the ends 
of the fiber bundle lie on the required curves, the individual fiber ends are 
prism-shaped so as to bend the rays. This system offers the advantage of 
weight reduction over the other types of field flatteners. 

The constructional details of a Fresnel lens type field flattener are under- 
stood with reference to Fig. N-13a. The lens Li forms the image on the 



FIG. N-13 Procedure adopted for the fabrication of the Fresnel lens type field 
flattener. 
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entrance end of the fiber bundle, and lens L 2 is used to pick up the image 
from the other end. Two ends of the fiber bundle are required to lie on curves 
R Pl and R Pi , where R Pl and R Pi are the radii of the image surfaces of lenses L\ 
and L 2 . In order to maintain the entrance and exit pupil relationship, the 
entrance and emergent ends of the component fibers must have radii Ri and 
R 2 formed on them. The procedure adopted for the construction of such a field 
flattener is illustrated in Fig. N-13b. A well-aligned bundle of fibers is em- 
bedded in a low-index cement, and the two ends are ground flat. Then the 
curve Ri required at the entrance ends of all fibers is ground and polished. 
The fiber bundle is now heated to the softening temperature of the cement 
and pushed in between radii R\ and R 2 ', where 

2g i _ R Pl R P JJ2 , „ , _ R1R1 

R P JR2 — R Pl R 2 + R Pl R Pi Ri — Ri ^ 

This operation requires great care to avoid axial rotation of the component 
fibers. A curve of radius R 2 is now ground and polished on the other end of 
the fiber bundle. Finally, the fiber bundle is again heated to the softening 
temperature of the embedding material and pushed between curves R Pl and 
R P . 2 . Working models of Fresnel lens type field fiatteners have shown encourag- 
ing results. It also seems possible to give the two surfaces of the field flattener 
any desired aspheric shape to completely correct the off-axis spherical aberra- 
tion. 

Image Transfer on Static and Dynamic 

Scanning with Fiber Bundle 

When an image is formed upon one end of an aligned bundle of transparent 
fibers, the relayed image viewed at the other end is limited in resolution by 
the fiber size. The multiple reflections occurring within an individual fiber 
tend to integrate any variations in illumination across its entrance aperture 
so that the exit aperture of the fiber appears uniformly bright. If the bundle 
is held fixed with respect to the image being scanned, the image brightness is, 
in effect, sampled at an evenly spaced array of points. The resolving power 
for a line test object is therefore limited by the fiber diameter, the orientation 
of the test object, and the state of optical insulation of the component fibers. 
The sampling interval is determined for a closely packed bundle mainly by 
the diameter of the fibers, and this sampling interval imposes a restriction 
upon the band width of signals which can be passed through the static bundle. 
The pattern of the fiber ends becomes obtrusive if the image is so viewed that 
they are resolved; furthermore, any defects of the bundle, such as broken 
fibers, and any variation in transmission of the fibers are apparent in this 
method of static scanning. 
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A substantial gain in resolution and image quality is achieved by the tech- 
nique of dynamic scanning. 12 The band width of signals which may be trans- 
mitted through the bundle is increased, and all effects associated with the 
pattern of the fiber ends are integrated when the bundle rapidly and randomly 
scans the image to be transmitted. It has been experimentally determined that 
a scanning amplitude of four or five fiber diameters is sufficient to blur out 
all signs of bundle structure in the final image, and the frequency of the ran- 
dom scanning is not critical. If the motion sweeps out all portions of the 
image format equally, a bundle composed of identical fibers can be thought of 
as a filter whose frequency response is that of a uniformly illuminated disk 
equal in diameter to the component fibers. 

In measuring the resolving power of a static bundle, 13 it has been observed 
that, when the test object is just above the limit of resolution and revolved 
in its own plane, lines are not resolved in any other position but three. These 
three positions are found when the lines joining the centers of the fibers coin- 
cide with the test line. This "greater resolution" is very critical and is observed 
only on those parts of the field where alignment is perfect. Fiber bundles as 
ordinarily fabricated have a nearly hexagonal close-packed arrangement, so 
that each fiber is surrounded by six other fibers. This close packing increases 
the number of sampling points within a given area of the image. The maximum 
spatial frequency which the bundle can transmit will, therefore, lie between 
l/2d and 1/1. 74d when it is used as a static scanner. Dynamic scanning, on 
the other hand, can be thought of in terms of a single fiber, which is made to 
scan the image format uniformly. If all portions of the format are swept out 
equally, the frequency of the transmitted image is obtained by multiplying 
the frequency of the incident image and the frequency response of a uniform 
disk equal to the fiber in diameter. Since this is true for each fiber in the bun- 
dle, it is true for the complete bundle as well. Clearly, a bundle is a more 
efficient scanner than a single fiber. It has been shown 14 that the frequency 
response of a uniform disk is given by 

Y(W) = 2J 1 (tWD)/(tWD) (7) 

where W is the spatial frequency and D the disk diameter. The influence of 
dynamic scanning on image quality and resolution has been experimentally 
investigated 12 with a well-aligned fiber bundle mounted on an appropriate 
scanning mechanism. It is to be noted that an essential criterion of dynamic 
scanning is that the two ends of the fiber bundle be provided synchronous 
motion. It is found that random scanning motion with an amplitude of four 
or more fiber diameters produces a substantial improvement in image quality. 
Fig. N-14 shows a three bar test object, a static image, and a dynamic image. 
The line width in the test object is given in terms of the fiber diameter. It is 
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apparent that dynamic scanning blurs out the structure of the fiber bundle 
and produces thereby a much more acceptable and useful image. The increase 
in resolving power is quite marked. The images of the three bar test chart 
were microdensitometered, and the contrast transmission on dynamic scan- 
ning is calculated from these data. Fig. N-15 shows the resulting values plotted 
upon the theoretical response of a uniform disk. In general, the agreement is 
marked, especially near the limit of resolution. 

The above discussion on resolution of a fiber bundle is valid only when the 
fibers are optically insulated. A marked deterioration in image contrast and 
resolution may occur if there is any light leakage between neighboring fibers 
at the line contact. The penetration of light incident at an angle greater than 
the critical angle through a thin film due to the phenomenon of frustrated 
total internal reflection is well known. The magnitude of the flux leakage into 
the second medium is dependent on the thickness and refractive index of the 



FIG. N-14 Images of three bar test charts on static and dynamic scanning with a 
fiber bundle. 
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FIG. N-15 Frequency response of a fiber 
bundle on dynamic scanning. The solid curve 
shows the frequency response of a uniform 
disk, and the points are obtained experimen- 
tally with a fiber bundle. 
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thin film, the angle of the incident beam, the wavelength of the light, and the 
degree of polarization. An "order of magnitude" calculation of light leakage 
from a light-conveying fiber may be made from the computation of transmis- 
sion arising from frustrated total reflection at a thin film having plane parallel 
interfaces as a function of air film thickness h. This information pertaining 
to plane parallel interfaces is then utilized in calculating the magnitude of 
light leakage in neighboring dielectric cylinders. Fig. N-16 is such a plot for 




FIG. N-16 Light leakage at adjacent fibers 
due to frustrated total internal reflections. 
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a wave incident at a medium of index 1.5. The percentage of light transmission 
for the plane surfaces is plotted as a function of the air film thickness h, for 
parallel 1 1 and perpendicular ± planes of polarization. The curve shows that 
light leakage for unpolarized light is appreciable only at air film thickness 
below X/4. In fact, of course, the boundary conditions for the film formed by 
contact between two cylinders would be quite different. However, we assume 
that light is lost only from the region of contact for which h < X/4 but that 
within this region the loss is complete. This simplifying assumption allows 
the problem to be treated merely by calculating the fraction of the area of a 
given fiber wall for which h < X/4 between adjacent fibers, as illustrated in 
Fig. N-16. 

These considerations and practical experience have shown that the optical 
insulation problem plays a role for fibers below 50fx in diameter. For the pur- 
pose of optical insulation of smaller fibers a thin coating of a low-index material 
is formed on the fiber during the aligning process. This low-index coating 
separates the fibers by a small amount and prevents any light leakage between 
them. A very high degree of cleanliness is required during the coating process; 
otherwise considerable light losses may occur at every reflection in the fiber. 
A method of drawing glass fibers down to 12/jl diameter with a glass core of 
high refractive index and a glass coating of low refractive index, of the order 
of 1-2/* thickness, has been developed. This method consists of inserting a 
glass rod in a glass tube of appropriate refractive index and drawing this 
assembly into a "concentric insulated fiber" through a hollow cylindrical 
furnace. Nominally infinite lengths of such fibers have been drawn on a 
rapidly rotating drum. Fibers drawn in this manner yield the desired optical 
insulation with the additional advantage of higher light transmissivity, due 
to the protected interface of the wall of the core fiber. 

Single Dielectric Cylinders: Photorefractometer 

Among the applications of single dielectric cylinders their use for measure- 
ment of the refractive index of liquids is of interest. 15 It is evident that in a 
straight rod the angles of entering and emergent light cones are equal provided 
the index difference across the rod wall allows total internal reflection for all 
rays in the rod. However, when the index of the surrounding material ap- 
proaches the rod index, some loss of light occurs through refraction of rays that 
are inclined at an angle less than critical incidence. Fig. N-17 shows a transpar- 
ent rod of index N immersed in a surround of index N r . The critical angle <£ c for 
a given value of N and N' is related to the angle of the emergent cone a c as 
follows: 



a c = sin- 1 VN 2 - N' 2 (8) 



Fiber Optics • 575 
specimen liquid receptor 



air 




FIG. N-17 Principle of a dielectric cylinder photorefractometer. 



It can be seen that for small values of a c the quantity Aa c /AN' is large. Thus 
large changes in a c result in small changes in the index of the surround. For 
a > a c and a uniform incident light cone of 1(0) watts/steradian the emergent 
energy E(N, AT), which is proportional to the solid angle of the emergent cone, 
is given by 

E(N, AT) = 2x/(0) [1 - Vl - N 2 + AT' 2 ] (9) 

When AT — > N, the function E(N, AT') becomes proportional to (AT — N'). 
Change of E is given by the expression 

_dE = N' 

dN' Vl - N 2 + N' 2 

It is to be seen that as N' — » N and N' — > N 2 — 1, § — > a. If 5 is the index 
difference between the rod and the surround, then 

ct c » V2N8 



and 

E(N, N') = N8 + N2 ~ 1 5 2 + . . 

and 

g = N + (AT 2 - 1)5 + . . . 
Therefore 

#(AT, AT') 5 L 2iV ^ 

This indicates that, for small values of 5, 

#(AT, AT') ~ 5 



^N5 



AT 



•■>* 



(10) 

(11) 

(12) 
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Therefore the minimum detectable value of index change |AAT'| m in is given by 



lAiV'U = 



K 



$/E(N, N') 



« K'8 



(13) 



AE 



where K = „ /7V7 . , m is the photoelectric receptor sensitivity. This elementary 

Hi{i\ , iV ) 

treatment shows that the minimum detectable change of index by this system 
depends on the photoelectric sensitivity and the index difference. If K = 0.01 
and 5 = 0.001, an index change of 0.00001 is detectable. This indicates the 
possibility of continuous measurement and control of the index of liquids by 
photoelectric means. 

Experimental investigations have been conducted on a rod refractometer 
of the type illustrated in Fig. N-18. Glass rods of various known refractive in- 
dices are mechanically mounted on a turret type immersion chamber through 
which the liquid is passed. The difference of index between the rods is so ar- 
ranged as to cover a wider range and maintain higher sensitivity. An appro- 
priate rod can be brought into position for measurement on a given liquid. 
A monochromator is used to condense light on the axis of the glass rod, and a 
precision photomultiplier is placed to measure the emergent light flux. It has 
been found that the theoretically expected sensitivity is achievable, and the 
milliammeter is calibrated in terms of refractive index, each rod corresponding 
to a different scale. However, it seems desirable to use only straight rods; 
curved rods 16 necessitate repeated calibration. Instruments have been de- 
signed, on this principle, to measure the refractive index of liquids auto- 
matically and also actuate appropriate control mechanisms. 



FIG. N-18 Multiple rod recording photorefractometer. 
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Light Funnel for Stellar Spectrograph 



The fractional amount of light flux in a circular star image that is passed 
by the slit of a stellar spectrograph is often very low. The magnitude is highly 
dependent on the /-ratio of the optical elements and the atmospheric seeing 
conditions. Fig. N-19 shows the percentage transmission of the light flux as a 
function of slit width for four seeing conditions on the 100-inch /-30 Mount 
Wilson telescope, measured by Dunham. 17 Under more usual seeing conditions 
(Seeing 3) the image apparently subtends nearly four seconds of arc at the 
telescope, and a 60ju slit passes just 10 percent of the flux contained in the 
star image. 

Use has been made of an image slicer 18 and an image transformer, 19 which 
consist of parallel mirror assemblies to slice the circular image into strips and 
direct them through the slit. Substantial gain is reported by the use of these 
principles, but the optical assembly requires considerable accuracy. On the 
other hand, an appropriate assembly of fibers has been suggested 20 to trans- 
form the shape of a beam of light. For stellar spectrographs a circular bundle 
of fibers is placed at the star image, and the other ends of the fibers are made 
to lie in a row, thereby forming the entrance slit of the spectrograph. Although 
the arrangement of fibers has been changed, the image area at the two ends 
of a light funnel is the same. Light losses occur because of the length of path 
in glass and the 9.4% dead interstitial area between the fibers. A slight 
broadening of the light cone, due to bent fibers, was discussed earlier. 



FIG. N-19 Light transmission through the slit of a 100-inch telescope (Mount 
Wilson) for various seeing grades. 




zo 



*° microns 60 



so 



too 



°* seconds of arc °' 2 



~&S 



°' s radians x io 6 xo 



1.5 



578 



Appendix N: Narinder S. Kapany 



metal sleeves, 
rubber clamp 

guide 

grooves 

\uc\tc 
blocks 




FIG. N-20 Construction of a light funnel 
for a stellar spectrograph. 



slit end 



Fig. N-20 illustrates the assembly of a light funnel, and such light funnels 
have been constructed of optical glass fibers 200m, IOOju, and 50/* in diameter. 
In a typical case the diameter of the entrance end of the fiber bundle was 
about 1 mm, and 250 fibers of 50/* diameter were employed. Consequently, 
the slit length was about 12.5 mm. In order to minimize light losses due to 
absorption and scatter, the length of the funnel should be a minimum, within 
limits prescribed by the allowable bending radius. In this case the total length 
of the light funnel was chosen to be 60 mm. The construction of such a light 
funnel requires a layer of fibers which is wound regularly on the fiber-aligning 
machine described earlier. This layer is clamped and thence provides the slit 
end. The other ends of the fibers are then mechanically clamped in a circular 
form. In order to facilitate grinding and polishing of the two ends, and also 
from other considerations, it has been found desirable to embed the entire 
light funnel in a plastic whose index is lower than that of the glass. With 
reference to Eq. 8 it may be seen that on embedding fibers of refractive index 
1.5 in a material of index 1.45, a light cone of 22 degrees semi-angle can be 
conducted by the fibers without any losses. Grinding and polishing then 
proceed in the conventional manner. Laboratory performance tests of these 
light funnels have shown encouraging results. 

The manner in which a light funnel may be used on a spectrograph is illus- 
trated in Fig. N-21. A rocking glass plate optically oscillates the slit in a 
lateral direction by a certain amount in order to obviate the fiber graininess. 
Use is made of a cylindrical lens to shorten the spectrum height, thereby 
achieving a gain in exposure. 18 However, no cylindrical lens is required for & 
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FIG. N-21 Use of a light funnel and a cylindrical lens in a stellar spectrograph. 

photoelectric spectrograph. An appropriate aligning device is also incorpo- 
rated with the light funnel in order to guide the star image. 
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Appendix yj 

Optical Filters 
by Robert G. Greenlerf 



As long as we have an interest in the interaction of different wavelengths 
of radiation with matter, we must have an accompanying concern with filters 
which serve to isolate various spectral regions for study. 

Logically, optical filters can be classified according to the physical mecha- 
nism by which they isolate wavelengths. Most optical filters classified in this 
way will fall into the following categories: 

1. Selective absorption. 

2. Selective reflection. 

3. Scattering. 

4. Interference. 

5. Polarization. 

6. Refraction. 

Many filters will fall into two or more of these categories, utilizing more 
than one of the processes in their operation. 

A different description which can be applied to filters refers to band pass, 
long wavelength pass, and short wavelength pass filters. Such a designation 
is likely to reflect the frame of reference of the classifier. For example, a filter 
which transmits all radiation between 3000 A and 1/x and absorbs all other 
radiation could be considered to be a long wavelength pass filter by the ultra- 
violet spectroscopist, no filter at all by an investigator whose perception is 
visual, and a short wavelength pass filter by the provincial infrared spec- 
troscopist. To a person with a more cosmopolitan view of the radiation spec- 
trum, it could be either a wide or narrow band pass filter, depending on the 
nature of his interest in the spectrum. 

t Research Laboratories, Allis-Chalmers Manufacturing Company, Milwaukee 1, Wis- 
consin. 
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FIG. 0-1 Transmission data from Glass Color Filters (Corning Glass Works). 



In practice, the questions which arise usually concern what filters are avail- 
able for a certain wavelength region. Therefore, a general description will be 
given of the principal types of optical filters that are most commonly employed 
in each wavelength region. 



Visible 

A large variety of glass color filters is produced by dissolving or suspending 
various coloring matter in glass. Fig. 0-1 illustrates a few of the many such 
filters that are produced by the Corning Glass Works. These filtersf are du- 
rable and have stable transmission characteristics. The Eastman Kodak Com- 
pany produces Wratten filters in the form of thin films of gelatin to which 
various organic dyes have been added. More than a hundred filter character- 
istics are currently available, and combinations of these filters offer great 
flexibility in solving particular optical problems. Fig. 0-2 illustrates a few 
Wratten and Corning filters which are useful in isolating strong lines of a 
mercury arc. 

Both of these types of filters function by selective absorption, and in general 
the absorption bands exhibited by solids are not sharp. It is therefore difficult 
to achieve a sharp transmission cut-off or a narrow pass band with such filters. 

Interference filters can be designed to give good transmission at a predeter- 
mined wavelength with a sharp reduction in transmission on each side. The 
simplest form of interference band pass filter is just a solid Fabry-Perot inter- 

t Glass filters are available from the Corning Glass Works. British Chance glass filters 
are available through the Alpha American Corporation. German Jena glass filters are 
available through the Fish-Schurman Corporation. 
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FIG. 0-2 Gelatin and glass niters useful for isolating strong mercury arc lines. 
From Kodak Wratten Filters (Eastman Kodak Co.) and Glass Color Filters (Corning 
Glass Works). 



ferometer used in a low order of interference. It is made by depositing a semi- 
transparent film of metal on a glass support by thermal evaporation, fol- 
lowed by a spacer film of transparent dielectric material and by another 
semitransparent metallic film. As in the Fabry-Perot interferometer, a high 
reflectivity of the metallic films yields a narrow pass band. The reflectivity 
can be increased by increasing the metallic film thickness, but the accompany- 
ing increase in absorption reduces the peak transmission of the filter. A prac- 
tical compromise between the desire for a narrow pass band and a high peak 
transmission results in commercial filters for the visible region which have 
transmission peaks 150 A wide with peak transmissions of about 30%. 

The substitution of high-reflecting stacks of non-absorbing dielectric films 
for the semireflecting metal films produces both narrower band passes and 
higher transmission peaks. 1 The high-reflecting stacks are composed of layers 
(which are a quarter wavelength thick for a specified wavelength) of alternate 
high and low indexes of refraction. Fig. 0-3 illustrates the characteristics of 
such a filter composed of fifteen layers of NaF and ZnS. The maximum trans- 
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FIG. 0-3 Fifteen-layer interference filter (Baird Associates). 



mission is 73% with a band width of about 70 A. Similar filters are available! 
with peaks located anywhere between 3900 A and 7800 A. In the case of the 
all-dielectric interference filter, the penalty which is levied for the reduced 
band width is the reduced free spectral range of the filter. While the solid 
Fabry-Perot filter may be constructed so that a peak at 5000 A has no ac- 
companying peaks in the visible region, the filter illustrated in Fig. 0-3 has 
considerable transmission at 1000 A on either side of the main peak. This 
transmission may be effectively disposed of with glass or gelatin filters. The 
properties of such filters are treated in § 12-3. The fact that the wavelength 
of peak transmission varies with the angle of incidence is both an advantage 
and a disadvantage: an advantage in that it provides an easy way to adjust 
the position of the pass band; and a disadvantage in that it requires the filter 
to be used in approximately parallel light if the narrow pass band is to be 
preserved. 

A great number of specialized problems may be solved by specially designed 
vacuum-deposited multilayer films. For example, a filter might be designed 
to reflect very strongly one particular emission line while having a high trans- 
mission for another line in the immediate neighborhood. Filter mirrors con- 
sisting of thin layers of metals and dielectrics have been developed 2 to reflect 
strongly certain spectral regions while absorbing others. 

An interesting type of filter which has application in the ultraviolet and 
infrared as well as the visible is the Christiansen filter, which was first de- 
scribed by Christiansen 3 in 1884. McAlister 4 has investigated the practical 
application of these filters and suggested some interesting improvements in 
design. One form of the filter is a cell packed with small particles of a trans- 
parent o ptical material and filled with an appropriate liquid. Fig. 0-4 illus- 

t Solid Fabry-Perot filters and multilayer filters are available from Baird Associates, 
the Bausch and Lomb Optical Co., Axler Associates, the Farrand Optical Co., and others. 



584 • Appendix 0: Robert G. Greenler 

FIG. 0-4 After E. D. McAlister. 6 
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trates the dispersion curves for a suitable combination consisting of crushed 
borosilicate crown glass and a solution of carbon disulphide in benzene. At the 
point on the wavelength scale where these two dispersion curves cross, the 
mixture is optically homogeneous, and light of that wavelength will pass 
through the cell undeviated by reflection or refraction at the solid-liquid 
interfaces. However, the difference in index between the solid and the liquid 
becomes progressively greater for wavelengths farther from this crossover 
point, and light is scattered by reflection and refraction in traversing the cell. 
Fig. 0-5 shows the spectral transmission of a set of five such filters made with 
borosilicate crown glass particles in a mixture of carbon disulphide and ben- 
zene of varying proportions. Such spectral purity is attained only if the cell 



50 



FIG. 0-5 Christiansen filters (after E. D. 
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is placed in the collimated beam of a small light source and the scattered light 
is eliminated by focusing the beam onto an aperture which is just the size 
and shape of the image of the source. This requirement defines one of the 
serious limitations of this filter; it cannot be used in an image-forming system 
— e.g., in front of a camera lens. 

Since the refraction index of a liquid changes more rapidly with temperature 
than the index of a solid, the wavelength of peak transmission of such a filter 
varies with temperature. Weigert 5 used this fact to construct a tunable band 
pass filter of crown glass chips in methyl benzoate which transmits red light 
when the temperature of the cell is 18°C and blue light when the temperature 
is 50°C This sensitivity to temperature requires careful thermostatic control if 
the transmission of the filter is to remain constant in intense beams of light. 
McAlister has added cooling vanes in the body of large cells to keep the tem- 
perature of the entire cell uniform and equal to that of the surrounding ther- 
mostated bath. 

The birefringent filter (sometimes called a polarization interference filter, 
or the Lyot-Ohman filter) is an ingenious device for isolating a spectral band 
a few Angstrom units wide. It was described in 1933 by Lyot 6 in France and 
described and built independently by Ohman 7 in Sweden in 1938. Fig. 0-6 
illustrates the construction of the filter. The birefringent crystal quartz plates 
are cut with their optical axes parallel to the large faces. The axes of the 
polarizers are oriented at 45° to the quartz optical axes. Linearly polarized 
light, incident on the first quartz plate at 45° to the optical axis, would have 
its plane of polarization rotated by 90° if the plate were a half wave plate 
(or if the optical path difference between the ordinary and extraordinary rays 
were any odd multiple of half waves). If the plane of polarization is rotated 
90°, the radiation will not be transmitted by the second polarizer. Since the 



FIG. 0-6 Birefringent filter. 

crystal quartz plates 



r 



S>J \ 




586 



Appendix 0: Robert G. Greenler 




wavelength 

FIG. 0-7 Schematic transmission of the birefringent filter. 



phase difference introduced between the ordinary and extraordinary rays de- 
pends on wavelength as well as on the thickness of the quartz plate, the same 
plate may be a 5/2 wave plate for one wavelength, a 7/2 wave plate for a 
different wavelength, a 9/2 wave plate for still another wavelength, etc. Each 
of these wavelengths will be blocked by the polarizer following the plate, while 
those wavelengths for which the difference in optical path between the two 
polarizations is an even number of half waves will be completely transmitted. 
Fig. 0-7a illustrates the transmission of the first quartz plate and its polarizers. 
If each quartz plate is made twice as thick as the preceding one, it will have 
twice as many transmission maxima and minima in a given wavelength in- 
terval. The transmission curves for the second, third, and fourth plates are 
illustrated in Fig. 0-7b, c, and d. The transmission of the entire filter is the 
product of all these transmission curves and is shown in 0-7e. These peaks 
now occur far enough apart so that one of them may be isolated with a con- 
ventional glass or interference filter. Evans 8 has reviewed and expanded the 
theory of such filters, and a filter which he has built has been in use at the 
High Altitude Observatory at Climax, Colorado, since 1943. Its purpose is 
to aid in the viewing of solar prominences by eliminating the tremendous 
amount of scattered white light from the limb of the sun while transmitting 
the H« emission from the prominences. This filter has six quartz plates ranging 
in thickness from 1.677 mm to 53.658 mm and transmits a band of width 4.1 A 
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centered on the H„ line of hydrogen at 6563 A. Baird Associates, Inc., now 
make similar biref ringent niters out of synthetic ammonium dihydrogen phos- 

o 

phate crystals. These niters have band widths as small as 1 A. 



Ultraviolet 

There is no shortage of long wavelength pass filters for the ultraviolet spec- 
tral region. Actually, this is just an optimist's statement of the fact that many 
solids and liquids which are transparent in the visible become non-transmitting 
in the ultraviolet because of absorption by electronic excitation. Ordinary 

o 

window glass does not transmit wavelengths below about 3200 A. Water vapor 
and oxygen absorption make air opaque below 2000 A. Quartz is transparent 
down to 1800 A; sapphire, to 1500 A; barium fluoride, to 1400 A; calcium 
fluoride (fiuorite), to 1300 A; and lithium fluoride has been found to transmit 
appreciably down to 1000 A. Brode 9 has measured the ultraviolet transmission 
of many organic liquids, and Wood 10 lists a number of substances whose natu- 
ral absorption make them useful for isolating various parts of the ultraviolet 
spectrum. 

Thin films of silver show a narrow band of transmission between 3160 A 
and 3260 A which makes them useful for isolating this spectral region. The 
absorption coefficient for silver rises on either side of this region because of 
the absorption by free electrons of longer wavelengths and the absorption 
caused by bound electrons of shorter wavelengths. The alkali metals show 
similar, more extended regions of transparency in the ultraviolet. Potassium 

o 

films have been used 11 to isolate the region below 3150 A, but the problem 
of keeping the film (in vacuum) from breaking up into droplets of potassium 
at room temperature has continued to be a serious limitation to the practical 
use of these films as ultraviolet filters. O'Bryan 12 has devised a method of 
increasing the stability and permanence by sealing the potassium film between 
two flat quartz plates. 

The problem of making satisfactory multilayer interference filters for the 
ultraviolet has been the problem of finding a suitable high-index material 
which is transparent at short wavelengths. The commonly used high-index 
material for the visible region is zinc sulphide (N = 2.4), but it is strongly 
absorbing, even in very thin layers, below 4000 A. The low-index materials, 
magnesium fluoride (N = 1.4) and sodium aluminum fluoride (cryolite, 
N = 1.4), which are commonly used in the visible, are transparent as far 
down as 2000 A. Recently films of lead chloride 13 (N = 2.2) and antimony 

o 

trioxide 14 (N = 2.1) have been shown to be quite transparent above 3000 A 
in the ultraviolet. 
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FIG. 0-8 Ultraviolet reflection interference filter (after G. Hass 4 ). 

A simple reflection interference filter for the ultraviolet is shown in Fig. 0-8. 
This is a filter of the type described by Hadley and Dennison, 2 consisting of a 
transparent layer deposited on a reflecting surface and covered by a semi- 
reflecting metal film. Hass has formed the transparent layer of A1 2 3 by anodic 
oxidation of the aluminum surface and covered it with a thin semitransparent 
layer of aluminum. Such a filter can also be useful to reflect infrared radiation 
while absorbing visible radiation. 

The Christiansen filter has some application in the ultraviolet. Kohn and 
Fragenstein 15 have used fused quartz chips in benzol-alcohol mixtures to span 



FIG. 0-9 Lucite data from A. H. Pfund [J. Opt. Soc. Am., 29, 291 (1939)]. 
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the region from 3000 A to 4000 A. Benzol absorbs wavelengths shorter than 
3000 A; however, Sinsheimer and Loofbourow 16 cover the region from 2350 A 
to 3000 A with quartz chips in mixtures of purified decahydronaphthalene 
and cyclohexane. 

Infrared 

Just as there are many long wavelength pass niters for the ultraviolet, there 
are many short wavelength pass filters for the infrared; i.e. there are many 
optical materials which are transparent in the visible but opaque in the infra- 
red. This infrared absorption is due to vibrational excitation of either the 
atoms in the crystal ions or the ions in the crystal lattice. Fig. 0-9 shows the 
transmission limits in the infrared for some common substances. Table O-l 
lists the useful limit of infrared transmission for several substances. The limit 
is calculated as the point of about 30% transmission in a 3 mm sample. 

table O-l 



Long Wavelength 
Transmission Limit 

Crystal (Microns) 

Si0 2 4 

LiF 7 

MgO 8 

CaF 2 11 

NaF 13 

NaCl 20 

KC1 25 

AgCl 26 

KBr 35 

KI 37 



TTRcj £ /synthetic thallium \ ._ 

\ bromide-iodide / 



If there were an equal abundance of long wavelength pass filters covering 
the infrared, the combination of the appropriate short and long wavelength 
pass filters would produce a selection of band pass filters in the regions of 
overlapping transmission. Of course, since many of these natural absorption 
edges are not very sharp, the resulting pass band would have low peak trans- 
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FIG. O-10 Silicon, germanium and indium antimonide transmission. 



mission if it were narrow. High peak transmission could be achieved only by 
tolerating a wide pass band. 

The only materials which act as long wave pass niters in the infrared at 
wavelengths shorter than 25m are semiconductors. The short wavelength ab- 
sorption arises from the transition of electrons from a valence band to a con- 
duction band in the crystal. The quanta of short wavelength radiation have 
energies greater than the gap between the conduction and valence bands in 
the crystal, and this radiation is absorbed by electrons making the transition. 
Long wavelength radiation has quantum energies less than the energy gap in 
the semiconductor and so is not absorbed by the crystal. Since this energy 
gap is quite sharply defined, semiconductors can show sharp short wavelength 
cut-off characteristics. If impurity atoms are present which provide electron 
energy levels between the valence and conduction bands, the crystal will 
absorb beyond the cut-off wavelength. Impurity content must be kept below 
1 part in 10 7 for good transmission of semiconductor crystals. Materials with 
such purity have recently become available as a result of investigations into 
the electrical properties of semiconductors. Fig. O-10 shows the transmission 
of silicon, germanium, and indium antimonide crystals.! The transmissions of 
about 50% can be attributed to the high surface reflection resulting from the 
remarkably high indexes of refraction of these materials; N = 3.6 for Si, 4.1 
for Ge, and about 4 for InSb. This reflection loss may be largely eliminated 



f Germanium and silicon filters (and infrared lenses) are commercially available from 
Baird Associates. Indium antimonide crystal plates are available from Ohio Semicon- 
ductors, Inc. 
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FIG. 0-11 Data from Kodak Far Infrared Filters (Eastman Kodak Co.). 



over a restricted spectral range by reflection-reducing overcoats (see § 12-1). 
Other materials which may be useful, in a pure state, as long wavelength pass 
filters are tellurium and indium arsenide, with absorption edges at 3.5/x. and 
3.8/t, respectively. 

A series of long wavelength pass filters manufactured by the Eastman 
Kodak Company are illustrated in Fig. 0-11. The cut-off wavelength may be 
specified in half-micron steps between 1 and 5 microns. 

Selective reflections of crystals provide a standard way of isolating a part 
of the infrared spectrum. The reflectivity of an absorbing medium in air is 
given by the formula 

(n - l) 2 + fc 2 



9? = 



(n + l) 2 + k 2 



FIG. 0-12 n and k at an absorption band. 
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FIG. 0-13 Residual ray crystals. LiF and NaF after H. W. Hohls [Ann. Phys., 
29, 433 (1937)]; NaCl and KC1 after M. Czerny [Z. Physik, 65, 600 (1930)]. 



where n and k are the index of refraction and the extinction coefficient of the 
crystal. The reflectivity will have a high value if either n or k is large. In the 
infrared, k becomes great for those wavelengths which excite atomic or crystal 
lattice vibrations, and crystals exhibit high reflectivity for these wavelengths. 
Fig. 0-12 illustrates the classical relationship between n and k. It can be seen 
that the peak reflectivity will not occur at the absorption peak but at some- 
what longer wavelengths where the rapidly increasing value of n also con- 
tributes to 9t Figs. 0-13 and 0-14 show the reflectivities of some crystals, 
and Table 0-2 gives the peak of the reflection curves (also called residual ray 



FIG. 0-14 Far infrared residual ray crystals [after W. M. Sinton and W. C. Davis, 
J. Opt. Soc. Am., 44, 503 (1954)]. 
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or reststrahlen curves) for various other crystals in the infrared and far infra- 
red. 

table 0-2 



Main Residual 
Ray Peak 

Crystal (Microns) 

Quartz 9 and 21 

A1 2 3 (corundum) 15 

CaF 2 23 

LiF 26 

NaF 36 

NaCl 52 

KC1 63 

KBr 83 

KI 94 

CsBr 125 

Til 155 

TIBr 160 



It may be that one reflection from a crystal surface still gives too much 
unwanted radiation. In such a case, successive reflections from more than one 
crystal will rapidly sharpen the residual ray peak. For example, a reflectivity 
of 90% after three reflections will still yield 73% of the initial energy, whereas 
three reflections from a surface of 5% reflectivity will reduce the energy to 
0.01% of its incident value. The efficiency of this process may be improved 17 
by letting the radiation strike the first crystal at the polarizing angle for the 
unwanted short wave radiation. If the next crystal is so oriented that the 
polarized light lies in the plane of incidence and is incident at the polarizing 
angle, this radiation will be entirely transmitted. 

A very useful and interesting filter can be easily made by holding a crystal 
of rock salt in the MgO smoke produced by burning a length of magnesium 
ribbon in air. The solid curves of Fig. 0-15 show two filters resulting from 
MgO deposits of different thicknesses. These powder filters are actually Chris- 
tiansen filters. Fig. 0-12 shows that the dispersion curve crosses the line n = 1 
at the short wave side of the absorption peak. At this point the index of the 
MgO particles is the same as the index of the surrounding air, and, since ab- 
sorption is quite low, the radiation is transmitted. At shorter wavelengths the 
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FIG. 0-15 MgO crystal transmission [after J. C. Willmott, Nature, 162, 996 (1948)] ; 
MgO crystal reflection [after R. P. Madden, Johns Hopkins University, Dissertation 
(1956)]. 



index of MgO is sufficiently different from that of air so that the radiation 
is scattered by reflection and refraction. At longer wavelengths, the MgO 
particles are opaque, and they both scatter and absorb the incident radiation. 
An interesting verification of the mechanism is given by Barnes and Bonner 18 
when they show that the transmission peak shifts to a shorter wavelength if 
the MgO film is immersed in CCL.. In this case the peak transmission occurs 
where the index of MgO matches that of CC1 4 . They also show the Christiansen 
transmission peaks for various alkali halide and quartz powders. Fig. 0-15 
also shows the transmission and reflection of MgO crystals. The relative posi- 
tions of all these curves are explained by the discussion of Fig. 0-12. It is of 
some interest to note that the absorption bands of the powder filter at 10.3/j 
and 11.9/* correspond to absorption bands in the MgO crystal. 

Interference filters have the great advantage of a band pass or cut-off which 
may be controlled and established at precisely the desired wavelength. Fig. 
0-16 illustrates a simple three-layer filter 19 with a 1/* band pass located at 10/t. 
The peak can be located anywhere in the region from 5/* to 20/t. Tellurium, 
which is used here for the high-index layer, has an index of about 5. The use 
of such a high-index material permits narrow pass bands to be obtained with 
only a few layers. Additional filtering is required to cut out the secondary 
transmission peaks occurring at shorter wavelengths. 

Fig. 0-17 illustrates two types of interference filters now commercially 
available for isolating a pass band in the near infrared. They are composed 
of layers of germanium and cryolite and are currently available! in the region 

t Filters are available from the Bausch and Lomb Optical Co., the Eastman Kodak Co., 
and Baird Associates. 
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FIG. 0-16 Infrared interference filter (after R. G. Greenler 22 ). 
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from 1.4/x to 4.5/x. The long wave pass filter has a secondary transmission 
which comes up at about half the cut-off wavelength. In the specific case 
illustrated, this short wavelength transmission is absent because the germa- 
nium absorbs strongly below 1.7/*. In this wavelength range, interference 
filters are made with band widths as narrow as 1/50 of the wavelength of the 
peak transmission. 



FIG. 0-17 Infrared band pass and long wavelength pass filters for the infrared 
(Bausch and Lomb Optical Co.). 
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Appendix r 

Diffraction Gratings 

by R. P. Madden^ and John Strong^ 



This appendix develops equations for predicting the efficiencies of plane dif- 
fraction gratings in their various orders of spectra; and it evaluates the aber- 
rations of the concave grating as used on the Rowland circle, or in parallel 
light. 

Grating Blazes 

First, let us consider the efficiency of a plane diffraction grating with 
triangular-shaped grooves. By efficiency we mean the fraction of incident 
monochromatic flux that is diffracted into a given order of the grating. For 
practical reasons it is desirable to know the efficiency as a function of wave- 
length for the various orders. This is referred to as the "blaze" of the grating. 

Since Rowland's original attempt to calculate the efficiency of a blazed 
grating 1 (in 1893), several corrections and extensions of the theory have been 
made. These improvements are included here. The treatment to follow in- 
volves certain fundamental and significant assumptions which must be kept 
in mind when applying the results. Rigorous calculation of the diffraction from 
such a grating surface requires finding a solution to Maxwell's equations 
satisfying the boundary conditions on this grooved surface (using its complex 
index of refraction, n — jk). This is, as pointed out in Chap. Ill, a formidable 
task, and as yet no such calculation has been made for a grating with tri- 
angular grooves. In the following treatment, the reflecting facets are con- 
sidered to be "simple" apertures, where the direction of propagation of the 
incident ray is reflected. The fundamental assumptions are that the incident 
field is unaffected by the presence of the diffraction surface, and that fringe 
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FIG. P-l Vector definitions for the funda- 
mental diffraction problem. 



effects at the facet edges are negligible. These assumptions are reasonable 
when the dimensions of the grating grooves are large compared with the wave- 
length. In such cases we can use the scalar wave theory. However, it is well 
to keep in mind the fact that many diffraction gratings are ruled with a spacing 
of the same order of magnitude as the wavelength, and here the assumptions 
are not "good" ones. We shall later see that the experimentally determined 
efficiencies for such gratings depend upon the direction of the plane of polariza- 
tion of the incident light — demonstrating the inadequacy of the scalar wave 
theory for describing this phenomenon in detail. 

Further, it should be mentioned that the effects of multiple diffraction are 
not considered in the following treatment. A certain fraction of the light 
diffracted from one side of a grating groove will be intercepted by the other 
side, and rediffracted. This is neglected here, and it is apparent that this 
neglect will become more important as the grooves are made deeper with 
respect to the spacing. 

Fig. P-l shows the basic geometry of the diffraction problem. Let Q f be the 
source point, S the diffraction surface, and P the point at which we desire 
to know the field, n is the unit vector normal to the surface at dS and pointing 
out of the half-space containing P. At Q' we assume a point light source giving 
a (scalar) field Ae jo>t at unit distance from Q f . The field at dS is therefore 



A J 

Ae 



•(-?) 



where r" is the distance from Q' to dS. The disturbance at point P, at distance 
r' from dS, due to the (scalar) Huygens wavelet emitted from dS, is given by 
Kirchhoff 's differential (in a form somewhat more general than that given in 
§9-1): 



dB r 



= 2\Pv e ^ ' ** ^ [ ~ cos {n > n " cos (n ' r ' )] dS 



(i) 
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FIG. P-2 Additional vector definitions for 
the reflection-diffraction problem. Here f is 
the image of f" reflected in dS. 




We now consider the situation for Fraunhofer diffraction from a reflection 

grating. In adapting the Kirchhoff expression to our best use, we set ^77 = So. 

80 then represents the amplitude of the field when parallel light is falling on 
the grating. Also, we introduce the vector f as shown in Fig. P-2. Here r is 
the mirror image of f"— the mirror being the grating surface element. This 
change alters the above equation, since 

cos (n, r") = —cos (n, r) 
Hence we have 



dE P = ^ /"('-T) [ C0S in, r) - cos (n, r')] dS 



(2) 



The integral of dE P over the entire diffraction surface, S, gives the total 
field at P. To facilitate this integration, we express distances r and r' in terms 
of a new coordinate system located on the grating surface and the distances 
from Q and P to the origin of this new coordinate system. We choose a Car- 
tesian coordinate system, as shown in Fig. P-3, with the x-axis perpendicular 



FIG. P-3 Grating surface coordinate sys- 
tem. 
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to the plane of the grating, the ?/-axis in the plane of the grating and perpen- 
dicular to the grooves, and the z-axis in the plane of the grating but parallel 
to the grooves. R is the distance from the source point to the origin of the 
x, y, z grating coordinate system, and R' the distance from this origin to the 
point P. Making this expansion, we get 



/, 



[cos (n, r) — cos (n, r / )]e#K« , -«)*+<*'-0¥+(y-T>*] dS (3) 



where k = — ; a, /3, y and a', $' , y' are the direction cosines of the incident 

and diffracted rays in the grating coordinate system. 

The grating surface has a structure which is periodic in the y coordinate. 
For the case of Fraunhofer diffraction, therefore, the integral over the whole 
surface (Eq. 3) may be evaluated by integrating over one groove and summing 
over all (3d) grooves. Also, we let dS = dz-dl where dl = V(dx) 2 -f (dy) 2 is a 
line element in either surface of the groove and lies in the xy plane. Hence. 
Eq. 3 becomes: 

• p . ( R+R' \ 91-1 rh 

[cos (n, r) — cos (n, r')]e#K«'- a >*+<0'-»¥] dl (4) 



/ 

one 
groove 

The summation and first integral are evaluated as follows: 
9i-i sinTaflfcOS' -0)|] 

"y* e Jkna(p'-0) = e j& L tLA 

B -° sm [*08' - fi) |] 

where eft is a phase term which will drop out when we multiply Ep by E P * 
to find the illumination. And 



J—-\ 



sin 

'-y)z dz = h — 



W - 7) I 

Here h is the length of the grating grooves, measured in the z-direction. 
Indicating the remaining integral in (4) by W, and calculating now the 
illumination, (gp, at P, we obtain 
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(g P = icKoEpEp* 



in 2 [gttOS' - 0) |] sin 2 [fc(7' - 7) |] 
sin 2 [fc(/3'-/3)f] [fc(7'-7)|J 



Wffi* 



(5) 



To evaluate T^, we first split the integration into two parts— one for each 
side, or facet, of the groove. 

W = / [cos (n, r) - cos (n, r ')]e^ a '-^ x+ ^'-^ y] dl 

+ /* [cos (»', r) - cos (»', r / )]^ I(a '-° t)x+ ^- ftj/1 <»' (6) 



unprimed 
facet 



primed 
facet 



Case I: We shall first restrict the solution by the conditions —(90 - e) < 
< (90 — e ') and — (90 — e) < yp < (90 — e'). These conditions state that 
neither groove is in the shadow of the other for either the incident or the 
diffracted ray. We shall later consider the case where shadowing does occur. 

From Fig. P-4 we can calculate the following relationships: 



dl = Vl + c 2 dy 



dV = Vl + c' 2 dy 

(a' — a) = cos $ + cos <£ = p 

(/3' — j8) = sin \J/ + sin <f> = ju 

[cos (n, r) - cos (n, r')] = P 7l , M . 

v 1 + c 2 

[cos (n', r) - cos « r')] = ^ _^ ^ 2 






(-cu, 



FIG. P-4 Geometry of one grating groove 
shown in grating coordinate system. Here, 

e, e' are the facet angles 
c = tan e = — slope of unprimed facet 
c' = tan e' = slope of primed facet 
a = groove spacing 

u = value of y at the bottom of the groove 
4>, $ are the angles of incidence and dif- 
fraction 
TL, n' are the facet normals 
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Making these substitutions in Eq. 6 and eliminating the variable x, we 
obtain 

ff= (p + cn)eJ k ^-^ y dy + / (p — c'^e^^+^v-^'^dy (7) 

Jy=0 Jy=u 

Evaluating these integrals and multiplying by the complex conjugate, we 
have 2 

WW * = ^r^^ sin 2 ™<" - Cp) 

t 2 Lu-cp) 2 x 

_i_ (p - nc'Y • 2 7r(a -u)(p + c'p) 
+ (M + c'p) 2Sm X 

, r> (p + HC)(p - jUC') . TTUJH - Cp) TTJa - U)(n + C'p) Tttfll 

+ 2 (M- C p)(M + c'p) sm x sm x C0S T\| (8) 

Substituting Eq. 8 in Eq. 5, we have the illumination at the point P as a func- 
tion of the constants of the grating and the angles of incidence and diffraction 
(subject to the condition of Case I). 

We are now prepared to calculate the grating efficiency. As defined earlier, 
it is the fraction of incident monochromatic flux which is diffracted into a 
given order of the grating. We shall assume for this calculation that the exit 
slit (at the focus of a lens) is sufficiently wide to pass all but a negligible 
amount of the flux of wavelength X that is diffracted into the order in question. 
Let this flux be %. Then 



-/ 



% = / (ZpdvdS 



exit 
slit 



where t\ and £ are axes having their origin at P with r\ perpendicular to r' and 

vn.it 

to £, and £ parallel to the grating 2-axis. But drj = and d£ = r'd(y' — y). 

Hence (from Eq. 5) 



[*(V - r) I] 



_„, /-. sin' 
8 = «c») |& / -=-<■— —p^W - y). 



/sin 2 Tflku I 
— L — LW*i^l 
• 9 \l,.. <fl COS ^ 

one order Sin 



[ k 4] 
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The first integral is readily evaluated: 

In the remaining integral we notice that iW* is a slowly varying function 
(as was Jt s Is in § 10-3), which does not change appreciably in the range of ^ 

sin 2 1'yiku | 

over which y 4j=* has significant value. Evaluating W\V* at the center 

sin 2 1 kn |J 

of the diffraction pattern (given by the grating equation, raX = fia), we then 
take it outside the integral. Thus: 



one Sin 

order 



Making these substitutions in Eq. 9 and evaluating WW* at m\ = na, 3 we 
obtain 



5 = (i<*.) 



So 2 S g 1 
cos ^ 4ir 2 m 2 



/ /* - Cp \ ( » + C> \ L(C + C')\ M /J 

for - (90 - e) < 4> < (90 - e'), - (90 - e) < yp < (90 - e'), where S = 3laft 
is the area of the grating illuminated and m is the order number. 

Case II : Let us now consider the angles of incidence or diffraction at which 
shadowing effects occur. It will be sufficient to consider a grating for which 
<$> or ^ > (90 — e') . By a suitable redefinition of the variables we can obtain 
the solution for <t> or ^ < — (90 — e). When <£ or \j/ > (90 — e'), the groove 
facet designated by a prime is either no longer illuminated or no longer in 
view from the point P. In either case this facet cannot make a contribution 
to the field at point P. The contribution from the unprimed facet, mean- 
while, is modified because part of this side of the groove is either in shadow or 
cannot be seen from P. We adjust our derivation to the blinding of one facet 
and foreshortening of the other by changing the integration limits in Eq. 7. 
Thus 



/ U(y) dy + V(y) dy becomes / U(y) dy 

Jy=*0 Jy=u Jy=-0 
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Here / is a geometrical foreshortening or shadow factor having the value 

, sin (e + e') r 

f = — JL j f cos « - sin e tan (0 - «)] (11) 



sin e 



where is equal to the greater of <f> or \f/ (and necessarily 6 > (90 — e')). 

Considering the final result for the case of shadowing, the flux of wave- 
length X passed by the exit slit integrated over the diffraction pattern for one 
order, as before, becomes 

Sn 



g = (fCKo)So 2 



COS 



: L_ (P + Mc) 2 . 2 f mirc'f ( n - cp \l 

*4»*m« / /i-cp V 8 " 1 L(c + c')V M )\ 



(12) 



This solution blends smoothly with the "no shadow" solution (Eq. 10) at 
the point where 6 = <f> or \f/ = (90 — e'). 

Comparison Between Theory and Observation 

Several infrared diffraction gratings were made with different triangular 
groove forms to measure their blaze characteristics. To determine the effi- 
ciency, the flux of wavelength X "transmitted" by the grating in one order 
was compared with the flux "transmitted" by a plane silver mirror using the 



FIG. P-5 Experimental blaze measurements compared with theoretical predictions 
for a grating blazed at 19 microns with a = 28 microns, e = 20°. 
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same incident beam of parallel light. An Ebert mounting was used with 
^ — = 8.9°. In the authors' experimental arrangement the optical "stop" 
in the system was not the grating, as in normal use with a spectrometer; 
rather, it was the width of the beam incident alternately on the grating and 
the mirror. The ratio of these measured fluxes, or the efficiency, was deter- 
mined for incident light polarized both parallel and perpendicular to the 
grating grooves. These efficiencies are plotted as a function of X for two dif- 
ferent gratings in Figs. P-5 and P-6. 

These two gratings were each blazed to have their peak theoretical efficien- 
cies at the same wavelength (19 microns). However, one grating was blazed 
at this wavelength with a groove spacing of 28 microns and a facet angle of 
20° while the other was ruled with a spacing of only 15.8 microns and a cor- 
respondingly greater facet angle, 37°. Comparing the experimental results 
with the theory will be particularly interesting for these two gratings since 
they both violate the fundamental assumption of the theory — namely that 
the groove dimensions be large compared with X. 

The efficiencies for these two gratings may be calculated from Eqs. 10 and 
12, as indicated below. The groove spacings were determined by the ruling- 
engine gear ratios, and facet angles by reflecting visible monochromatic light 



FIG. P-6 Experimental blaze measurements compared with theoretical predictions 
for a grating blazed at 19 microns with a = 15.8 microns, e = 37°. 
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from the tipped grating face— the width of the facet face being from 20 to 50 
times the visible wavelengths for these gratings. 

Letting the reflectivity of the mirror be $ and the cross-sectional area of 
the incident beam be Ss, the flux "transmitted" by the silver mirror would be 

$m = (hCKo)So*S S 9l (13) 

The flux "transmitted" by the grating is given by Eqs. 10 and 12. For our 
experimental arrangement, the area of grating illuminated, S g , may be ex- 
pressed, in terms of the "stop" area, S s , by 



S„ = 



Ss 



COS (j) 

The ratio of the grating flux to the mirror flux is then the expected efficiency 



— namely, 

Ugrating 1 1 



and 



^mirror R COS COS Tp 4lT 2 m 2 

' ( p + /*c) _ (p - f^') -y 

.(^) (***)_ 

for(- (9 °- e ) ^*^ (90-O1 
IOr \-(90 - e) <* < (90 -e')J 



I" rrnrc ( n - cp \l 
L(c + c')\ M )] 



(14) 



Ograting 


1 1 


Omirror 


R cos <f> cos ip A^m 2 




j p+Mc) ; 2 si n2 r w : c ^^- c ^i 

/» - C P V |_(C + C') \ /i ) \ 




for <f> or \[/ > 



(15) 



The efficiencies calculated from these equations are compared with the ex- 
perimental results for both gratings in Figs. P-5 and P-6. It was found to be 
generally true, for these gratings and others measured, that the experimental 
first order peak efficiencies were lower than the calculated ones, and occurred 
toward somewhat shorter wavelengths. Both of these deviations from the 
calculated curves were found to become larger as the groove spacing became 
smaller with respect to the blaze wavelength. 

When the gratings were studied using polarized light, with the electric 
vector parallel to and perpendicular to the grooves, a different efficiency curve 
was obtained for the two polarizations. In all cases the peak efficiency oc- 
curred at longer wavelengths for the perpendicular polarization and did not 
drop off as fast as the wavelength was increased. The difference between the 
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efficiency curves for the two polarizations increased as the groove spacing was 
made smaller with respect to the wavelength. 

The concept of a merit factor is useful when selecting an infrared grat- 
ing for a particular application. Three things are considered in the calcula- 
tion of the merit factor for a grating: The first is the efficiency determined 
by the experimental procedure just described. The second is that in most 
practical applications the grating is the "stop" in the system, and therefore, 
as the grating rotates to higher angles, a smaller and smaller area of the in- 
cident illumination is intercepted. We may correct our measured efficiencies 
for this loss of beam area by a cos <f> correction factor. And the third is that we 
consider that gratings with different groove spacings used for the same wave- 
length region have different dispersions. When resolution is energy limited, 
an increase in dispersion can be utilized by opening the slits, allowing a 
greater "transmission" of flux for the same resolution (as was pointed out 
in § 12-10). Thus we define the merit factor by 

., . x efficiency X cos 4> ~, . ^ cos <j> 

merit factor = ,. J . = efficiency X . 

dispersion a cos \f/ 

For a Littrow mounting, the merit factor is the efficiency -f- a. The merit 
factors for the gratings of Figs. P-5 and P-6, using the experimentally deter- 
mined efficiencies, are shown in Fig. P-7. This comparison demonstrates that 



FIG. P-7 Comparison of the experimentally determined merit factors for the two 
gratings of Figs. P-5 and P-6. 
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the higher dispersion available with the 15.8 micron spacing gives merit com- 
parable with that of the grating with a = 28 microns, in spite of a much 
lower blaze efficiency. 

In conclusion it should be reiterated that it is at present necessary to deter- 
mine grating blaze efficiencies experimentally when the groove dimensions are 
not large compared to the wavelength. This fact is adequately demonstrated 
in Figs. P-6 and P-7. The scalar theory works well within its limitations but 
a more elegant theory is needed to explain the blaze characteristics of many 
gratings in use today. 

Concave Gratings 

Professor Rowland made the first large precision diffraction gratings. He 
invented the concave grating and subsequently used it to establish standard 
wavelengths (by the method of coincidences of § 12-6). We may quote from 
Professor Rowland's early writing 4 to define the characteristics of the concave 
grating: 

"All gratings hitherto made have been ruled on flat surfaces. Such gratings 
require a pair of telescopes for viewing the spectrum; these telescopes interfere 
with many experiments, absorbing the extremities of the spectrum strongly; 
besides, two telescopes of sufficient size to use with six inch gratings would be 
very expensive and clumsy affairs. In thinking over what would happen were 
the grating ruled on a surface not flat, I thought of a new method of attacking 
the problem, and soon found that if the lines were ruled on a spherical surface 
the spectrum would be brought to a focus without any telescope. This dis- 
covery of concave gratings is important for many physical investigations, such 
as the photographing of the spectrum both in the ultra-violet and the ultra- 
red, . . . and the determination of the relative wave lengths of the lines of 
the spectrum. 

"The laws of the concave grating are very beautiful on account of their 
simplicity, especially in the case where it will be used most. Draw the radius 
of curvature of the grating to the centre of the mirror, and from its central 
point with a radius equal to half the radius of curvature draw a circle; this 
circle thus passes through the centre of curvature of the grating and touches 
the grating at its centre. Now if the source of light is anywhere in this circle, 
the image of this source and the different orders of the spectra are all brought 
to focus on this circle. The word focus is hardly applicable to the case, howr 
ever, for if the source of light is a point the light is not brought to a single 
point on the circle but is drawn out into a straight line with its length parallel 
to the axis of the circle. As the object is to see lines in the spectrum only, this 
fact is of little consequence provided the slit which is the source of light is 
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parallel to the axis of the circle. Indeed it adds to the beauty of the spectra, 
as the horizontal lines due to dust in the slit are never present, as the dust 
has a different focal length from the lines of the spectrum." 

The concave grating was an important invention because of its ingenuity, 
and because of great practicality in both its construction and its use. Since 
the advent of the process of thermal evaporation of highly reflecting aluminum 
films, the concave grating has lost some of its significance. Since the early 
1930's, such films have been extensively used for the reflecting surfaces of 
astronomical telescopes. They find extensive use for the reflecting surfaces of 
collimator and telescope mirrors in spectrographs. And, indeed, most diffrac- 
tion gratings are now ruled in aluminum films. 5 

To understand the importance of Professor Rowland's invention, we shall 
compare a conventional spectrograph (using a plane grating and two mirrors, 
for collimator and telescope) with the Wadsworth use of a concave grating 
(with only one auxiliary collimator mirror), and a concave grating worked 
on the Rowland circle (with no auxiliary mirrors). Taking 9$ = 70% for the 
speculum surfaces that would have been used for these mirrors (before alumi- 
num), the maximum efficiencies would have been in the ratio 0.7:0.5:0.35. 
Now, with aluminum, these ratios are 0.9 : 0.8 : 0.7. 

Professor Rowland's concave grating is practical to construct because the 
spherical mirror it uses for the grating blank is the easiest contour by far to 
generate with high optical quality (as contrasted with a parabolic contour, 
etc.). Furthermore, the grating grooves, required to be equally spaced along 
the chord of the grating, rather than along its arc, are the only groove spacings 
that the ruling engine can accomplish. 

One prominent physicist in 1883 did not think that Rowland's concave 
grating would give good spectra when the grating was significant in size. But 
this was because he did not appreciate that Rowland's grating lines, uniform 
along the chord, were unequally spaced along the arc to just the degree re- 
quired. It is this point that we shall examine quantitatively below. 

Rowland Circle 

Fig. P-8 shows a spherical grating and its Rowland circle, of diameter equal 
to the radius of the spherical surface on which the grating is ruled. We shall 
show that the Rowland circle arrangement works well for a wide grating aper- 
ture. Consider that the entrance slit lies on the grating normal at N and is 
illuminated with light of wavelength X. The ray diffracted by the center of the 
grating at V, toward P, satisfies the equation 

raX = 8r v = a sin a (16) 
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FIG. P-8 Grating focal properties on Rowland's circle. 



And the ray diffracted by the grating at Q, toward P, where the grating spac- 
ing is b = -> yields the path differential per groove of 8r Q . This 8r Q must be 

very nearly equal to raX if the grating is to give a sharp spectrum line over the 
aperture from V to Q. 

sin 8 



m\ = 8r Q = b sin 8 = a 



cos 6 



(17) 



For purely pedagogic reasons our figure shows an exaggerated spacing and an 
exaggerated aperture of the grating. Actually, at the margin of a typical 
grating, 9 = do will be only about .01 radian. 

It is our primary purpose to show that e Q , in the equation below, is insig- 
nificant. 
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e = Sr v - 8r Q = mX ( 1 - ~ ^A (18) 

w w \ cos sin a/ 

To evaluate this quantity a brief digression occupied with determination of 
the trigonometric functions involved in the geometry of rays in Fig. P-8 is 
necessary. 

First, we consider APQN and apply the law of sines, remembering that 5, 
the difference between a and 8, will be a very small angle. 

smJJ _ Sm \2 ~ d + & J = sin X 5 + cos 
p ~ R R 

And, considering APSN, again applying the law of sines, 



(Hi 



5 _ t^± — v ' " x " ^ ^ (1 - cos 0) tan j8 ^ 2 tan ^ 



sin a _ sm 
p R cos 72 

Therefore, combining these expressions in Eq. 18, 

e<2 = — m\5 tan = — m\05 
From Fig. P-8, when is small, 

fi(l — cos 0) sin 

r 9 

since r e = R cos /3 (since is small). 

7M0 
We take a path difference over A91 = -j— grating grooves and then sum 

over all 91 grooves: ]P e A 3i = — / — — ^ 3 dd. On integrating from = 

out to O , the total accumulation of path retardation between the welded 
Huygens wavelets wave front, and a spherical arc about P through V becomes 

m\R tan 8 . . 
Ar = 8a e ° 

For a typical case of a nominal six-inch grating, with five inches of ruling, 
using R = 21 feet, and tan 8 = \ for the m = 1.0 order, we get O = 10~ 2 , 
giving 

a _ A_ 
400 

Although this deviation is completely insignificant, compared with a Ray- 

leigh tolerance of Ar = -» even this t^ can be reduced fourfold by a slight 

change of focus, as Problem 13-7 taught us. This reduction results because 
the path difference has the character of a spherical aberration, 
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Wadsworth Mounting 

In 1906 F. L. O. Wadsworth 6 described a use of the concave diffraction 
grating in parallel light. This Wadsworth arrangement gives stigmatic images, 
as contrasted to the astigmatic ones that are obtained with lines on Rowland's 
circle. The excellence of this arrangement was recognized and developed by 
W. F. Meggers and K. Burns. 7 They used a mirror collimator to make the 
light from an entrance slit parallel. 

As a further exercise in geometrical optics, and one particularly suited for 
application of our "mathematics of modest rigor," we shall show that the 
Wadsworth arrangement, represented in Figs. P-9 and P-10, gives excellent 
stigmatic spectra for lines lying on the central normal to the grating. 

We first determine where parallel rays incident at the top of the grating 
at angle a are reflected down and diffracted onto the central normal from a 
point M that is on both the grating and the meridional plane (perpendicular 
to the plane of Fig. P-8 and containing V and N). Then, with this point as a 
focus, we show that the convergence error for the Huygens wavelets diffracted 
along the equatorial arc VQ (of Fig. P-10) onto this point is, indeed, small. 

Fig. P-9 represents the above meridional plane, and the line with dots 
represents the projection of a ray incident at M . This incident ray is one that 
makes the angle a to the plane of Fig. P-9. It is indicated, by a dashed line, 
in Fig. P-10. Consider the intersection of a plane perpendicular to Fig. P-10, 
that contains the dashed line to M, and the plane perpendicular to Fig. P-9, 
that contains the line MN. If ao = 0, this intersection lies at the angle <p below 

a plane MT. On the other hand, if a = ~, that intersection lies in a plane 



FIG. P-9 Ray in the meridional plane from facet M to stigmatic focus F. 
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M T perpendicular to Fig. P-9. Intermediately, as the application of a little 
geometrical imagination will reveal, the intersection line makes an angle 
<p' = <p cos a with the plane MT. 

Now the ray diffracted at M into the meridional plane will be reflected 
down there, below the plane MN by this same angle r = <p cos a . Here we 
consider reflection in one plane and the diffraction in the other. With this 
fact we calculate v, the distance from M to the focus F. If all angles are small, 



f = r + <p; -=$) 



= <P 



givmg 



v = 



R 



1 + cos a 



FIG. P-10 Grating focal properties with incident parallel light — Wadsworth mount- 
ing. 



\\ 
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It is interesting to derive this formula also by the method of sagittae of 
§ 13-4: Fig. P-10 shows the projection of the point M, for the ray striking the 
grating at the height h above the plane of the figure. It is diffracted and re- 
flected into the meridional plane there. At the instant when this ray is dif- 
fracted and reflected, the ray in the wave front at W, in the plane of Fig. P-10, 
that is also diffracted into the meridional plane at V, has yet the distances 
WV + VM to go before it will be under the point M. We set this distance 
(by the method of sagittae) equal to the sagitta of a meridional circle centered 
on the focal point F. The resulting equation gives the image distance v that 
we desire. 

h 2 h 2 h 2 

|- = WV + VM = ^ (1 + cos a ) since VM = ^ 

and 

R 



v = VF = 



1 + COS «o 



Before we proceed to demonstrate the error of diffraction for rays from the 
equatorial arc VQ, at this focus F, let us establish several necessary geomet- 
rical relationships. 

First, from our expression for v we get the distance between F and C, the 

n 

center of Rowland's circle of radius x-> as 

vri _ ^ / l — cos ap \ 
~ 2 \1 + cos «o/ 

The angles of incidence and diffraction at Q, a, and jS', their difference, and 
the angle /3 at C, all as functions of 6, are : 
From AUQN: 

sin a = sin («o — 8) = sin a cos 8 — cos a sin 8 

From ACNQ, since CN = |: 

R R . . , . sine 

giving tan /3 = 



2 sin j8 sin (0 + 8) & & ^ 2 - cos 8 

And, considering the numerator and denominator of this tangent to be legs 
of a right triangle, and solving for the sine, 

. sin 8 ^ sin 8 

Sm P ~ V5 - 4 cos 8 = l+8 2 -&8 i 
From ACQN, the side CQ is 

fi sin 8 
2 sin/3 
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(0 _ £') = FC sin & + 0) = / l - cos g \ sin (/?' 
CQ \1 + cos a / sin 



From ACQF, using our expression for FC, we get (j3 — /3'), in terms of 6, 
as follows: 

"" ±&) 

sin jS 
And, invoking the series expansions that are characteristic of our "mathe- 
matics of modest rigor," which has more than abundant quantitative precision 
here, we get 

0' = (cos a ) X 6 

We are now ready to continue with our demonstration of the errors of dif- 
fraction along the arc VQ. We proceed exactly as before, except now 

m\ = 8r v = a sin a (16') 



and 

? 

COS 



mX = 5r « = dh ( sin a + sin i 8 ') ( 17 ') 



making 

t * > (~i 1 /sin a + sin /3'\~| ,._,. 

e Q = dr v - Sr Q = mX 1 ( ^ =- J (18') 

L cos 8 \ sm a / J 

Substitution for sin a and sin j8' gives 

s s . COt OtQ „ 

e<3 = 5r v — 5r Q = mX — - — 3 

On taking the aggregate for -r- grooves and integrating, as before, we get 

. . D cot a (cos 2 a Q — 2) n . 

Ar = m\R — O 4 

24 

which yields the same type of inconsequential error that we got before on 
the Rowland circle. 
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Appendix Q 

Mathematical Review 

by Trevor Williams^ 



Complex Numbers 

It is in solving the general quadratic equation that complex numbers are first 
encountered. The quadratic formula states that the two roots of the equation 

ax 2 + bx + c = 

are given by 

Xl = J- {-b + Vb* - 4ac) and x 2 = ^ (-6 - V& 2 - 4oc) 

The quantity 6* — 4ac is called the discriminant of the quadratic, and when 
it is negative we are faced with the problem of attaching a meaning to the 
square root of a negative number. For example, the roots of the equation 

x 2 - 2x + 5 = 
are 

Xl = 1 + V^i and x 2 = 1 - V-4 
But, since 

(+2)-(+2) = +4 and (-2)-(-2) = +4 
also, it looks as if —4 did not possess a square root. Indeed, the Rule of Signs 
of algebra states that the product of like signs is always positive, and hence 
the square of any number must be positive. Therefore the square root of a 
negative number cannot exist, for, if it did, it would be a number which when 
squared produced a negative number. 

But, for that matter, negative numbers "cannot" exist either. Nobody has 
ever held in his hand — 1\ apples. All numbers are mathematical abstractions 

t The Johns Hopkins University. 
616 



Mathematical Review • 617 

of varying degrees of sophistication. When negative numbers were needed to 
facilitate calculations, they were invented; and so, in their turn, were negative 
squares when they were needed. A so-called imaginary unit was denned, 
privileged in that its square was equal to —1, but satisfying the rules of 
algebra in every other respect. This new number was called i, which is what 
it is still known as in the mathematical literature; but physicists generally 
refer to it as j, reserving * as the symbol for electric current. If, then, we write 
f= _i 

we have immediately 

V^4 = V(-l).(+4) = V^T- V+4 = 2/ 
and the solutions of the above quadratic become simply 

x = 1 +2j and x = 1 — 2j 

These are typical complex numbers. Here both have a real part of +1, and the 
imaginary parts are, respectively, +2? and —2j. It is because these numbers 
consist of two parts that they are called complex, not because they are com- 
plicated. As for,;, it is no more imaginary than any other kind of number; all 
numbers are equally products of the human imagination. 

Exercise 1 What does V— x equal when x > 0? 

Exercise 2 Solve the equation x 2 + x + 1 = 0. 

Exercise 3 It is readily seen that if the sum of two real numbers is 10, their product 
cannot be greater than 25. Find two numbers whose sum is 10 and product is 50. 

Exercise 4 Show that f = -j, f = +1, j 5 = j, f = -1, and so on. 

Exercise 5 By first squaring and then cubing each of the solutions to Exercise 2, 
show that both these numbers are cube roots of unity. How many cube roots of unity 
are you now aware of the existence of? 

It is a familiar fact that the real numbers may be represented as points on 
a straight line extending to infinity in both directions. Since we have seen that 
imaginary numbers, having negative squares, cannot be real, this means that 
they will not "fit" anywhere on this straight line, among the real numbers. 
Now multiplication of a real number by j has the property that when it is 
done twice in succession it has the same net effect as a single multiplication 
by —1. But, geometrically, multiplication by —1 is the same as a rotation 
of 180° about zero. Therefore we are led to interpret multiplication by j as 
a rotation of 90° about zero. Hence the real multiples of j all lie on a line 
perpendicular to the real axis and intersecting it at O. Such numbers are called 
pure imaginaries, and the line is called the imaginary axis. If these real and 
imaginary axes are used to define a Cartesian coordinate system, any complex 
number a> = x + jy may be represented as the point (x, y), as indicated in 
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FIG. Q-l Complex plane. 
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Fig. Q-l. The x,?/-plane is most often referred to in this context as the complex 
plane. Zero, lying on both axes, is the only number which is both purely real 
and purely imaginary; it is usually spoken of as the origin when it is con- 
sidered as a point in the complex plane. 

The distance, r, from the origin to the point iD is called its absolute value, or 
modulus. The angle, 0, which the line from v) to the origin makes with the 
positive real axis is called the argument of M. These two quantities are written, 
respectively, |#| and arg H). The number x — jy is the reflection in the real 
axis of the number x + jy and is called its complex conjugate. The negative 
of w = x + jy is defined by the equation — w = —x — jy and is the "re- 
flection" of w through the origin. 

Exercise 6 Bearing in mind the fact that the customary algebraic rules all carry over 
to calculations with complex numbers, with the single additional fact that j 2 = — 1, 
show that, if Wi = xi + jyi and w 2 = x 2 + jyi, then 

wi + v>2 = (xi + x 2 ) + (2/1 + y 2 )j 
and 

wiw 2 = (Z1Z2 — ym) + (xiyt + x 2 yi)j 
Exercise 7 Interpret the results of Exercise 4 as rotations of the complex pla?ie. 

Exercise 8 Show, algebraically and geometrically, that if Wi is the complex con- 
jugate of w 2 , then w 2 is the complex conjugate of w t . (Since the relationship is reciprocal, 
such pairs are usually referred to simply as complex conjugates.) 

Exercise 9 Show that the product of two complex conjugates is equal to the square 
of their (common) absolute value. 

Exercise 10 Using the results of Exercises 6 and 9, show that the quotient of two 
complex numbers is a complex number: 

xi + jyi _ S1S2 + yiy 2 
x t + jy 2 
Exercise 11 Show that there are no new "complex-complex" numbers, i.e., that 

(xi + jyi) + (xt + jy 2 )j 
is itself merely a complex number. 



, x 2 yi — xjy 2 . 
x 2 * + y 2 * + x 2 * + y 2 * 3 
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Exercise 12 Show, by squaring ^V2(l - j), that this number is a square root of -j. 

Hence there are no "hyper-complex" numbers based on V^j. What is the other value 

of V^j? 

Exercise 13 Prove that the complex conjugate of a product is the product of the 

complex conjugates of the separate factors. 

Exercise 14 From the results of Exercises 2 and 5, show that there are three cube 

roots of unity, all equal to 1 in absolute value, and having arguments of 0°, 120°, and 

240°, respectively. Interpret this geometrically in the complex plane. 

It may well seem at this point that the only thing complex numbers are 
good for that real numbers are not is the solution of quadratic equations. They 
are, however, of much more basic importance than that. The so-called Funda- 
mental Theorem of Algebra states that every algebraic equation of degree n 
has precisely n roots in the complex plane. This very important and difficult 
theorem was first proved rigorously in 1797 by the great German mathemati- 
cian Gauss. He was eighteen at the time, and this proof was his doctoral dis- 
sertation ! 

What the mathematician terms analysis, the enormous discipline that stems 
from the differential and integral calculus, has its roots deep in the wonderfully 
fertile soil of the complex plane. It is only here that analysis finds its most 
natural expression, and the interplay between apparently unrelated phenom- 
ena is laid bare. Thus, if we recall the power-series expansion of e w , 
, w 2 , w 3 . w 4 . w 5 . 

^ = 1 + w , + _ + _ + _ + _ + ... 

and write w = j8, we find 






Now 



cos e = l ~ 2! + 4! " 



and 

3 ■ & 
sm 6 = 6 " 31 + 5! " ' * ' 

Upon combining these results, we find that 

e i B = cos 8 + j sin 6 
In the complex plane the exponential and trigonometric functions merge to- 
gether, so to speak. In this identity, B is, of course, measured in radians, and 
the special case 6 = ir yields 

e i* = — 1 
Euler, the celebrated Swiss mathematician who discovered this relation, 
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FIG. Q-2 Unit circle. 
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rightly considered it one of the most wonderful in all of analysis, connecting, 
as it does, the four most important numbers of mathematics: e, ir, j, and 1. 
Since the real part of e 3 ' e is cos and the imaginary part is sin 0, its absolute 
value is Vcos 2 + sin 2 = 1; and its argument is 0. Thus, e 3 ' 6 is a number 
making an angle with the positive real axis and lying on the circumference 
of the unit circle, i.e., the circle centered at the origin and having unit radius 
(see Fig. Q-2). This leads to another representation of complex numbers, for 
the number 

re 3 ' e = r cos + jr sin 

has an absolute value of r and an argument of 0, and hence is nothing but the 
number w = x + jy of Fig. Q-l. The product of two complex numbers, 

Wi = ne 3 ' 61 and w% = rtf 3 ' 6 * 
is merely 

W1W2 = rir& }( - 9i+e2) 
I.e., to multiply two complex numbers, multiply their absolute values and 
add their arguments. 
Exercise 15 By actually multiplying out the right-hand side, show that 

x* - a 2 + 2x + 2 = [x - (1 4- j)][x - (1 - j)](x + l) 2 

Hence this quartic has four roots: the complex conjugate pair 1 ± j, and the "double" 
root —1. By forming a table of the first four powers of 1 + j, show directly that 
x = 1 + j satisfies the given equation. Do the same for — 1 and 1 — j. 

Exercise 16 Prove that e w is a periodic function of w, with period 2rj. 

Exercise 17 By writing the equation that the nth root of k must satisfy, and using 
the Fundamental Theorem of Algebra, show that every number has exactly n nth 
roots in the complex plane. Show in fact that the nth roots of unity are the numbers 



2irm , . . 2irm 

cos 1- 1 sin 

n n 



(m — 0, 1, . . . , n — 1) 
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Exercise 18 Prove the identities 
cos = \ (e* + e-> e ) 

sin = }r. (e> d - e-' e ) 
2 J 

Exercise 19 Two complex numbers are equal if and only if their real parts are equal 

and their imaginary parts are equal. Hence, by multiplying the equations 

e ie = cos + j sin and e j<t > = cos <£ + j sin <f> 
together, prove (simultaneously!) the addition formulas for the sine and cosine. 
Exercise 20 Derive, similarly, the "triple-angle" formulas, 

cos 30 = cos 3 - 3 cos sin 2 

sin 30 = 3 cos 2 sin - sin 3 
Exercise 21 Recalling the formula for the sum of a geometric series, 

a + a+ • • • + a n_1 = ~ 

a — 1 

show that 

e (n-i)j6 _ e ij9 

and hence that 

sin — - — cos - 
cos + cos 20 + • • • + cos (n - 1)0 = - 



sin 10 



and 



• n - 1 /i • n 
sin — - — sin - 

sin + sin 20 H h sin (n - 1)0 = r— -7 



Exercise 22 By breaking the left side down into its complex factors, and regrouping 
these four factors before multiplying out again, prove that 

(a 2 + 6 2 )(c 2 + d?) = (ac - 6d)« + (ad + be) 2 

Check directly also. (The efficacy of complex notation here is clearly not in proving 
the result, but in discovering it. The above identity is important in the theory of num- 
bers, the branch of mathematics that deals with properties of integers. It shows that 
if A is a sum of two squares and B is also, then so is A B.) 



Fourier Series 

Periodic functions are extremely common in physics and arise whenever any 
kind of wave motion is considered. A function f(x) is said to be periodic with 
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FIG. Q-3 Arbitrary periodic function. 



period 21 if f(x -f 21) = f(x) for every value of x. Fig. Q-3 is the graph of an 
arbitrary periodic function. The abscissa, x, might, e.g., represent time, and 
the ordinate, y, stand for the displacement of some relatively complicated 
linear oscillator. 
The simplest example of a periodic function is 



f(x) = Ai COS ( — + <M 



the mathematical equivalent of simple harmonic motion. Here Ai is the ampli- 
tude, 21 the period, and fa the phase angle. The curve shown in dashes in Fig. 
Q-4 is typical; one complete period has been graphed. The function 



f(x) = A 2 cos I-—- + <f> 2 ) 



is similar to the former except that its period is I. It also repeats itself with a 
period 21, however, as can be seen from the fact that when the first curve 



FIG. Q-4 Superposition of two sine waves, 
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makes one complete oscillation the second makes two and is again back at 
its starting place (see the dotted curve in Fig. Q-4). Hence the sum of two 
such functions (the solid curve) is also a periodic function with period 21. It 
corresponds physically to the superposition of two vibrations, and musically 
to the sounding together, out of phase, of a fundamental tone and its octave, 
or first harmonic. 
In general, then, the function 

/Or) = A n cos (^f- + 4> n \ (n = 1, 2, 3, . . .) 

has period 2l/n and therefore certainly the period 21 as well. By the addition 
formula for the cosine, this function may also be written as 

,, . nirx , , . nirx 

f(x) = a n cos —j — |- o n sin —j— 

where 

a n = A n cos <f> n and b n = —A„ sin <£„ 

(Notice that there were two degrees of freedom, A n and 4> n , in the original 
representation, and there are also two degrees of freedom, a„ and b n , in the 
new representation, so that nothing has been lost or gained by the transforma- 
tion.) The superposition of terms of this sort, 

! . irX , , . irX , 2irx , 7 . 2irX , 

%a + ai cos — + 6i sin -r + a 2 cos — j — 1- 02 sin -r- + • • • 



+ a n cos — j— + b n sin —j— 



+ 



will yield in general a very complicated function of x, but one which, neverthe- 
less, is periodic with period 21. The constant |«o allows one to adjust the height 
of the graph and corresponds to the term n = 0; the reason for the factor § 
will become apparent later. 

Now the inverse operation to superposition, namely, analysis into compo- 
nent tones, is equally familiar in acoustics and optics. Indeed, the problem 
usually faced in practice is: given the curve of Fig. Q-3, or the solid curve of 
Fig. Q-4, what harmonics are present and with what amplitudes? In other 
words, given the function f(x) which is known to have the period 21, what 
are the coefficients, a , Oi, 6i, a%, & 2 , etc., in the following trigonometric expan- 
sion? 



f(x) = |a + a\ cos -r + 6i sin -r- + • • • 



nirx . . nirx 



■+- a„ cos — — t- o n sin — r- + 
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The task of determining these coefficients seems at first sight virtually hope- 
less, and yet it turns out to be surprisingly easy. For we have only to multiply 

both sides of the equation by cos — j— and integrate from — I to I. Notice that, 

if m 5^ n, 



I. 



1 mirx nirx , 
cos —j— cos — j— dx 



*£{■ 



(m — n)irx . (m + ri)vx\ , 
cos * 7—^ 1- cos - j-^- — y ax 



I T 1 . (m — n)irx , 1 . (m + n)rx~\ l 

— sin * t- 1 1 ; — sin * — ' 



2t \_m — n I m -\- n I 

whereas, if m = n, we have 



L- 



/ TlTTX 1 / f 

cos 2 —j- dx = « / < 1 + cos 

It may similarly be shown that 



2mrx~) , 7 
— j — >dx = I 



I. 



1 mirx . nirx 7 _ 
cos —j— sin — — ax = 



without any restriction at all on m. These are known as the orthogonality 
relations for the sine and cosine, and they show at once that 

1 f l mirx ., . , 
a m = y I cos —j—j{x) dx 

since all the other terms in the expansion of f(x) integrate out to zero. This 
formula holds good even for m = 0, as the student may readily check; this is 
why the first term was written with the factor of §. There is one more or- 
thogonality relation, 



f. 



. mirx . nirx , n/ . 7/ . 

sin —j— sin —j— dx — 0(m t* n), = l(m = n) 



and by virtue of it one finds that 

X / TYhTCOO 

b m = y / sin —j—f(x) dx 



These formulas were derived and used extensively by Fourier in his Analyti- 
cal Theory of Heat. For this reason, such trigonometric expansions of periodic 
functions are called Fourier series. The possibility of such an expansion, and, 
indeed, even the formulas for the coefficients, were, however, known to Euler 
and the French mathematician Clairaut considerably before Fourier's time. 
The Fourier expansion, for all its apparent naturalness and simplicity, was an 
incredibly rich and far-reaching find. The mathematicians of the eighteenth 
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century were accustomed to thinking of a function of x only as something that 
could be written down in a single equation. As we shall see in a moment, a 
Fourier series is capable of representing functions which result from "piecing 
together" several different equations. Thus the mathematicians had the neces- 
sity thrust upon them of re-evaluating and broadening their thinking, and the 
importance of this to the history of mathematics can scarcely be overesti- 
mated. 

Before we proceed to examples of Fourier series, two special cases of 
Fourier's Theorem deserve attention. If f(x) is an even function of x, i.e., if 

/(-*) = fix) 
for all x, then it is readily seen that the first half of the integral for b m (the 
part from — I to 0) exactly cancels the second half, so that b m = 0; whereas 
the first half of the integral for a m is equal to the second half. Therefore, we 
may expand an even function in the form 

f(x) = |a + a x cos -r -j- o 2 cos —, — H • • • 



where 



_2_P 

1 JO 



cos —j— fix) ax 



Such an expansion is usually referred to simply as a "cosine series." 
Likewise, if f(x) is odd, i.e., if 

then it may be expanded in a "sine series," 



f(x) = bi sin -y- + b 2 sin —j- + 



where 



b m = j- I sin ^j£f(x) dx 



I 



It is very easy to remember which functions can be expanded in a cosine series 
and which in a sine series. For example, since 

sin (— x) = —sin x 

the sine is itself an odd function. Thus a series of sines will be an odd, periodic 
function, and vice versa. Similarly, it is because the cosine is an even function 
that it may be used to expand even functions. 

Let us find, now, the Fourier series for the following function, assuming that 
it has the period 2t: 

f(x) = +1(0 < X < *), = -1(-7T < X < 0) 
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We find ourselves in a quandary as to what to call/(0), but, as we shall see, 
the series settles this question for us automatically. 

Clearly, f(—x) = —f(x), and we may limit our attention to a sine series. 
Since I = r, and f(x) = 1(0 < x < ir), the formula yields at once 



2 f* . 
= - / si 

* Jo 



sin mx dx = cos mx 

W7T 



T 

Jo 



When m is odd, cos rmr = cos ir = — 1 ; when m is even, cos m7r = + 1 ; hence 
we find that 

4 
b m = (m even), = — (m odd) 

and the series for f(x) is 

f(x) = - f sin x + - sin Zx + ^ sm 5« + • ■ • ) 

When x = 0, every term in the series vanishes. Now, looking at Fig. Q-5, 
we see that, as x approaches from the right, f{x) always remains equal to 
+ 1 ; or, as it is usually written, 

/(0+) = +1 

Similarly, as x approaches from the left, f(x) = — 1 : 

/(0-) = -i 

Thus we see that the value to which the series actually converges is the aver- 
age, 

*[/(0+) +/(0-)] 

of the right and left limits at the discontinuity of the function being expanded. 
The same is true for any Fourier series. 

Suppose we write x — \tt in the series just derived. It is readily seen that 

sin \-k = +1, sin|Tr = — 1, sin fir = +1, sin |tt = — 1 
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and so on. Also we clearly have, from Fig. Q-5, 

Therefore, the series yields 

3^5 7^ 4 

This beautiful result is generally known as Gregory's Series. There are other 
ways of deriving it, but it is typical of Fourier series that they easily give 
rise to identities of this sort. 
Exercise 23 Show that the function 

f(x) = X( — T < X < IT) 

has the Fourier series 

f(x) = 2[sin x — \ sin 2x + i sin 3x K . •] 

By setting x = %x, show that 

1_l4.l_l4.l_l4.l_l4.- _-£- 
2 _r 4 5^7 8 T 10 11 T '" 3\/3 

Exercise 24 The parabola 

y = - x(t - x) 

7T 

is tangent to the curve y = sin x at x = and x = ir. (Prove this.) How much do they 
differ at x = \irt Show that the Fourier sine series for the parabola is 

8 T. . 1 • „ . 1 ■ r , 1 

y = — sin a; + — sin 3a: + — sin 5x 4- . . . 
Setting x = \ir, evaluate the infinite series 

1 _L + L_L + _... 

3 3 5 3 7 3 
Exercise 25 Letting x = \ir and \ir in the example worked out in the text, prove 
the identities 

14-I-I-I4-I4-I-I-4- + - =- 
^~ 5 7 11 13 17 19 " ' 3 

!_! + !_! + !_+ _-*- 
5^7 11 ^ 13 T "" 2V3 

Exercise 26 A sine-wave with the negative lobes missing may be analyzed by ex- 
panding the function 



f(x) - cosaYo < x < |Y - 0^1 < x < irj 



in a cosine series. (Describe the resulting graph, to make sure.) Show that this ex- 
pansion is 
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f(x) = - + - cos x + - 22 _ l cos 2x - 42 _ cos 4a; + _ cos 6x - +. . . 

Exercise 27 A sine-wave with the negative lobes inverted may be analyzed by ex- 
panding the function 

f(x) = sin x (0 < x < t) 

in a cosine series. (Why?) Show that the expansion is 

2 4 T 1 1 1 1 

f(x) =- — cos 2x + — cos 4x + — cos 6x + . . . 

T 7T [_2 l — 1 4 2 — 1 6 2 — 1 J 

Exercise 28 Assuming that a is not an integer, expand the function 

f(x) = sin ax ( — ir < x < it) 

in a Fourier series and thereby show that 

7r sin ax _ sin x 2 sin 2a; 3 sin 3a; 
2 ' sin «tt ~ l 2 - a 2 ~ 2 2 - a 2 3 2 - a 2 ~ 

Setting x = |a, derive the "partial fractions expansion," 

v xa 1 3 5 

4 S6C 2 = l 2 - a 2 ~ 3 2 -a 2 + 5 2 - a 2 ~ + ' " * 

Exercise 29 Expand f(x) = cos ax similarly and find the partial fractions expansion 
of cotan ira. 

Exercise 30 Prove the orthogonality relationships stated without proof in the text. 

Exercise 31 Suppose that, when — I < x < I, two arbitrary functions, f(x) and 
F(x), have Fourier expansions 

'W = - oo + a x cos — + 6i sin — + . . . 

F{x) = - A Q + At cos — + Bi sin — + . . . 

To multiply these two together, every term in the first must be multiplied against 
every term in the second, and all the products added. Show that, if the result is in- 
tegrated between — I and +1, "most" of the terms vanish on account of the orthogonal- 
ity relationships, and those that are left yield Parse val's Theorem, 



rf. 



f(x)F(x) dx = - aoAo + «iAi + biBt + aiA 2 + b 2 B 2 + . . . 
i z 

Exercise 32 Deduce, as a special case of the previous exercise, that 



f/: 



l , [/(s)P dx = | oo 2 + ax 2 + 6i 2 + aa 2 + & 2 2 + 



Applying this to Exercise 22, prove that 

1+ l + L + L + ..._«? 

^ 2 2 T 3 2 4 2 T 6 

Our discussion has been of a purely formal nature and has ignored the many 
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subtle issues involved in the theory of Fourier series. There is, however, one 
point which should be cleared up. We have produced a formula for computing 
coefficients, a m and b m , in a certain infinite series, but we have no guarantee 
that the resulting series converges. We should like to be able to say that, 
owing to some property or other of the function f(x) being expanded, the re- 
sulting Fourier series must converge for every value of x and, furthermore, 
converge to the corresponding value of f(x). Fortunately, there is such a 
property, and most of the functions that arise in practice possess it. 

A function is said to be piecewise continuous in an interval if it is continuous 
throughout the interval except for possibly a finite number of finite jumps. 
If its derivative is also piecewise continuous in the interval, the function is 
called "piecewise smooth" in the interval. This is the desired property. Piece- 
wise smooth functions have convergent Fourier series, and the series is always 
equal to the functional value. 

Although the above property is sufficient, it is by no means necessary, for 
functions can be exhibited which are not piecewise smooth, but still have 
decent Fourier series, i.e., series which converge and yield the appropriate 
answer. On the other hand, necessary conditions are known, but they are 
also known not to be sufficient, for examples of functions satisfying them but 
not possessing decent Fourier series have been constructed. At present, mathe- 
maticians do not know (although they would greatly like to) any condition 
which is both necessary and sufficient for a function to possess a decent 
Fourier series. Such a condition would be completely equivalent to the prop- 
erty of possessing a decent Fourier series. Since no such condition is known, 
all we can say at present is that the property of possessing a decent Fourier 
series seems to be separate and distinct from any other known properties of 
functions. 
Exercise 33 Show that, if a function f(x) of period 21 is expanded in a series, 

00 

/(*) = ]C a * en ' jx/l 

— 00 

(2 is capital Greek sigma and stands for a summation taken over the indicated range 
of values of n), then the formula for the coefficients is 



ttn = 2f /_ 



+ l 

f(x)e- nr ^ 1 dx (n = 0, ±1, ±2, . . .) 

-i 



From this result deduce the familiar sine-cosine expansion by pairing off certain terms 
in the series. 

Exercise 34 Let 

s n (x) = sin x — \ sin 2x H . . . + ( — l)"- 1 - sin nx 
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[Cf. Exercise 23; a sum like s n (x) is often called a partial sum of the infinite series in 
question.] Plot s h s 2 , s 3 , and s 4 in different colors on the same sheet of graph paper. 
(Since they are odd functions, it is enough to show only the portion between 0° and 
180°. Taking x in steps of 15° and working with three or four decimals is sufficient.) 
Also plot on the same graph the line y = \x. (Note that x is measured in radians here.) 
Using Exercise 21, show that 

n+ 1 , s ■ n , x 

cos — - — {x — ir) sin -(x — ir) 

Sn '(x) - ; 

cos^x 

Show that there are always n extrema of s n (x) in the interval ^ x ^ r. What is 
s»/0r)? s n '(0)? What is the difference between odd n and even n in the ways the 
curves leave the origin? How can increasing n make the partial sums approximate 
better to the straight line when they always start from the origin in the wrong direc- 
tion? 

Exercise 35 Show that at its maximum at x = 



n+ 1 



/ \ • * _l l ■ 2r . . 1 . nir 

s n (z) = sin — — + - sin — — + ... + - sin 



n + 1 2 n + 1 n n + 1 

and, invoking the definition of an integral, show that this approaches the limiting 
value 



Jo 



sin x , 
ax 



as n — > oo . Sketch the graph of the integrand and note its behavior at x = 0. The 
value of the integral is about 1.852, which is 18% larger than ir/2. The fact that the 
partial sums overshoot the top of the jump and undershoot the bottom is known as 
Gibbs' Phenomenon, in honor of J. Willard Gibbs (1839-1903), the famous Ameri- 
can scientist who was one of the first to notice it. It is typical (even to the factor of 
18%) of the behavior of a Fourier series at a discontinuity. 

There is a great body of ideas closely related to the concept of a Fourier 
series. One of the most important of these is the so-called Fourier integral. 
The Fourier series may be said to be discrete, and the Fourier integral its 
continuous analogue, in much the same way that a spectrum may consist either 
of a series of discrete lines or of a continuum. The meaning of this will become 
clear in the following discussion. 

We saw, in Exercise 33, that a function f(x) , of period 21, may be expanded 
in a series of exponentials, 

/(*) = Z) a * enrix/l 

— 00 

where 



-i r 

an ~2Zj_ i 



+i 
f(x)e~ **>'*/* dx 
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The restriction of periodicity may be lifted by letting I — > °o ; any aperiodic 
function may be thought of as a periodic function of infinite period. The 
mathematics involved in the passage to the limit is relatively straightforward. 
The final result is the representation 

f(x) = / F(u)ei xu du 
where 

F(u) = 7T I ™ f{x)e-' xu dx 



2* J- 



Notice that the Fourier series tells how to break /(x) down into its harmonics, 
e nw/i f an( i the formula for a n tells what the amplitude of the nth harmonic is. 
These harmonics go by steps of it /I and, when I -> oo , the steps get smaller 
and smaller and the arguments of the harmonics go over into the continuous 
variable, u, of the Fourier integral representation. The Fourier integral is thus 
indeed the continuous analogue of the Fourier series. The Fourier integral 
tells how to break down any function into its harmonics, e^ xu , and the formula 
for F(u) tells what the amplitude of the wth harmonic is. 

The functions f(x) and F{u) are said to be Fourier transforms of one another. 
It is an unexpected and striking development that, aside from the factor of 
2?r and the differing signs in the exponential, the two equations are quite 
symmetric in u and x. Some authors strive for still more symmetry by inserting 
a factor of 1/V2* in front of both integrals. This amounts, of course, to a 
slight redefinition of what is meant by a Fourier transform. 

Wave trains afford the most graphic means of picturing Fourier transforms. 
The actual physical amplitude is a function of time, A(t). The so-called spec- 
tral amplitude is a function of angular frequency, /(»). The intensity is 
given by 

J(«) = l/MI 2 + l/(-«)| 2 



FIG. Q-6 Gaussian pulse and its amplitude spectrum. 
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The physical and spectral amplitudes are Fourier transforms of each other: 

E.g., suppose we have a Gaussian pulse, with (see Fig. Q-6) 

A(t) = eWe-*/* 

Here, small t means a narrow pulse and large r a broad pulse. The spectral 
amplitude is given by 

27r/(a>) = f x e-K+^-^Ode 

/oo r~t i ~| 2 1 

e-l~r + 2 M °'-^ j -l*»-»<Pdt 

upon making use of the familiar algebraic device of completing the square. 
Introducing a new variable, 

y = - + ^JT{oi - wo), dt = rdy 
the integral becomes 

Te -jT*(«-« )« / e~ v * dy 



(Actually, y should run from |jr(w — w ) — » to lir(a) — w ) + » , and a 
proper justification for replacing this by an integration along the real axis, 
as we have done, requires arguments from the theory of functions of a complex 
variable which are outside the scope of this discussion.) This last integral is 
familiar from statistics ; its value is V t. Hence, 

and 

7(c) = I- [ e -4(«-« )v _j_ e -i(„+„ )M] 

As a check on the reasonableness of this result we note that when r — > oo the 
wave train becomes one of monochromatic light of infinite duration, and the 
spectral frequency becomes zero everywhere except at co = co , where it be- 
comes infinite. The latter is a Dirac 6-function and informs us that the only 
frequency present in the spectrum is w , which is as it should be. A typical 
intermediate case is shown in Fig. Q-6 (note that we have written w = 2wv, 
as is customary). 
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Exercise 36 Calculate the distribution of intensity of frequencies for a damped wave 
train where 

A(<) = eWe-'/ T (0^*<°o) 
Discuss the behavior of the solution for large and small t. Graph a typical example. 
Exercise 37 Do the same for a monochromatic train of finite duration: 

A(t) = &<** (0 ^ t ^ 1), =0 (otherwise) 

Note the interesting fact that even monochromatic light must be thought of as con- 
sisting of a distribution of frequencies unless it is of infinite duration. 

Exercise 38 Assuming that fix) is an even function, show that its Fourier transform 
is given by 






F(u) = — / fix) cos xu dx 
* Jo 

Hence show that F(u) is also even and that therefore 

/•• 
f(x) = 2 / F(w) cos xu du 
Jo 

Write F e (u) = 2F(u). This is called the Fourier cosine transform of fix). What are the 
two equations relating fix) and F c iu)? Assuming that fix) is an odd function, define 
its Fourier sine-transform analogously, and find the corresponding pair of equations 
in this case. 

Exercise 39 Find the Fourier sine- and cosine-transforms of the following functions : 
er x , xe~ x , and fix) [assuming that the transform of fix) is already known]. 

Vector Analysis 

Numbers answer the question "How much?" but when we ask "How much 
and in what direction?" the answer is given by a vector. The statement that 
I ate two apples provides a complete quantitative description; but the state- 
ment that I walked two miles becomes complete only when I specify that I 
was heading east, say. Vectors supply the geometric context of measurements, 
and this accounts for their special usefulness in physics. 

Now, merely defining numbers is of no use until we have also defined the 
operations of arithmetic, which permit us to calculate with them. By the same 
token it is not enough merely to define vectors as "directed numbers"; we 
must also define appropriate operations on them. As we shall see, there is an 
unexpectedly rich and varied assortment of vector operations, making them 
a particularly powerful tool for the physicist. 

A vector may be drawn as an arrow with a given length and direction, but 
no absolute location in space. Thus it tells me that I walked two miles east, 
but not where I started from. Hence any two vectors which are equal in length 
and parallel may be considered identical. We may remove the redundancy by 
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FIG. Q-7 Three-dimensional vector. 



picturing our vectors as all having their tails tacked down at the origin; then 
there is only one which has length 2 and points to the east. (Technically, such 
vectors are called "bound" vectors, to differentiate them from "free" vectors, 
which may originate from any point in space; but the distinction is primarily 
of academic interest.) Actually, the vectors we shall be considering will all 
be three-dimensional — or, as a particular case of this, two-dimensional — and 
may therefore be described by three numbers, e.g., length, azimuth, and 
elevation. 

Now, since the tail is pinned down, we can equally well specify the vector 
A by giving the Cartesian coordinates (A x ,A y ,A z ) of the head (see Fig. 
Q-7). These are called the components of the vector. When A z — 0, the vector 
lies in the (x,y) -plane; if we are thinking of it as a two-dimensional vector, 
we write it simply A = (A x ,A y ), but if we mean to consider it in three-space 
we write it A = (A x ,A y ,0). Any vector equation may be reduced ultimately 
to three regular equations in the components, and any vector operation may 
be described in terms of arithmetic operations on the components. 

A vector is like a "three-dimensional number," and an ordinary number 
is the same as a "one-dimensional vector." Ordinary numbers are referred to 
as scalars when vectors are under discussion. The simplest vector operation 
is multiplication by a scalar. If A is a vector and c is a positive scalar, we 
define cA as the vector with the same direction as A and c times as long. If c 
is negative, then, of course, the direction of the vector must be reversed. In 
particular, when c = — 1, we have the vector —A, which has the same length 



{fA x , CAy) 




FIG. Q-8 Multiplication by a scalar. 
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FIG. Q-9 Vector addition. 




as A, but points in the opposite direction. It is clear that the components oi 
cA are (cA x ,cA y ,cA z ) ; see Fig. Q-8, where this is shown in two dimensions. 
If I walk one mile east and then one mile north, I wind up 1.414 miles 
northeast of where I started. This suggests the following rule for the addition 
of vectors (see Fig. Q-9). To add A and B, translate B parallel to itself so 
that its tail coincides with the head of A ; then A + B is the vector with its 
tail at A's tail and its head at B's head. This is often called the parallelogram 
law, for if A and B are thought of as adjacent sides of a parallelogram, then 
A + B is the diagonal from their common vertex. It is obvious (Fig. Q-9) that 
we may equally well add vectors by adding their corresponding components, 
i.e., 

(A x ,A y ) + (B x ,B y ) = (A x + B x , A y + B y ) 

A vector of unit length is called, a unit vector. The unit vectors in the x-, 
y-, and z-directions are designated as i, j, and k, respectively. We thus have 

i = (1,0,0) j = (0,1,0) k = (0,0,1) 
By application of the rule for multiplication of a vector by a scalar and the 
rule for addition of two vectors, we find at once that 

A = A x i + A y ] + AM 
This is also clear geometrically. 
Exercise 40 Prove the last two statements. 

Exercise 41 Which of the following are vectors and which scalars? Velocity, ac- 
celeration, mass, force, momentum, energy, electric intensity, magnetic intensity, 
wavelength, time, density. 

Exercise 42 What is the length of a vector in terms of its components? What is the 
length of the sum of two vectors in terms of their separate lengths and the angle be- 
tween them? 

Exercise 43 Show geometrically, and by examining the components, that A -\- B is 
the same vector as B + A. (I.e., vector addition is "commutative.") In the same two 
ways, show that if C is added to A + B, the result is the same vector as when B + C 
is added to A. (Vector addition is "associative.") Finally, in like fashion show that 
if the vector sum of A and B is multiplied by a scalar c, the result is cA + cB. (Multi- 
plication by a scalar is "distributive.") 
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FIG. Q-10 Proof of distributive law for dot 
product. 



Suppose that two vectors, A and B, of length A and B respectively, make 
an angle with one another. Then, their dot product, A-B, is defined as 
AB cos 0. Contrary to the operations discussed above, which resulted in a 
vector, the dot product gives rise to a scalar. Clearly, A-B = B-A, so that 
the operation is commutative. Furthermore, B cos equals the projection of 
B upon A. Now it is apparent that the projection of B + C upon A is the sum 
of the projection of E on A and the projection of C on A (cf. Fig. Q-10). But 
A times the projection of B on A equals A times B cos 0, which equals A-B, 
by definition. Similarly for A times the projection of C as well as A times the 
projection of B + C. Therefore 

A-(B +C) = A-B + A-C 

I.e., the dot product is distributive. The dot product is sometimes also called 
the "inner product" or "scalar product." 

Exercise 44 Show that A- A = A 2 , where A is the length of A. 

Exercise 45 What does it mean if the dot product vanishes and neither A nor B 
is a null vector (vector of length zero)? 

Exercise 46 Show that ii = jj = kk = 1 and ij = jk = ki = 0. By repeated 
applicationjof the distributive law show that (A + S) • (C + D) = A-C + AD + 
BC + BD. How does this generalize to more terms? Using the results proved here 
and in Exercise 40, prove that A-B = A X B X + A y B v + A Z B„ Compare with Exercises 
42 and 44. 

Exercise 47 What is the dot product of force by the displacement through which 
it acts? 

Exercise 48 Compare A(B-C) with (JM?)(7. What is the easiest way to see that 
they are different? 

The cross product, A X B, of two vectors, unlike the dot product, is a vector. 
Its magnitude is, using the same notation as before, AB sin 6, which is readily 
recognized as the area of the parallelogram which has A and B as concurrent 
sides. Its direction is perpendicular to the common Diane of A and B , and so 
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FIG. Q-ll Cross product of two vectors. 



Ax 




oriented that a right-hand screw would advance along it if the screw were 
rotated from A to B (Fig. Q-ll). Hence interchanging A and B has the effect 
of reversing the direction of the cross product, and we have 

A X B = -B X A 
The cross product is also referred to as the "outer product" or "vector prod- 
uct." 

The real wonder is not that the cross product fails to commute, but that 
people are as perennially surprised by it as they are. It is the rule rather than 
the exception for the outcome of several operations to be sensitive to the order 
in which they are performed; e.g., your mother's father is surely not the same 
person as your father's mother. 

It may be shown that, like the dot product and the scalar product, the cross 
product obeys the distributive laws, i.e., 

AX(B+C)=AXB+AxC 
and 

(B+C)X4=5Xi + Cxi 

The proof is a little involved, and we omit it. 

Exercise 49 What does it mean if the cross product is a null vector but neither A 
nor B is a null vector? 

Exercise 50 Show that iXi = jXj = kXk = and that i X j = k, j X k = i, 
and k X i = j. (Note that the last tliree equations, e.g., may be obtained from one 
another by cyclic permutations of i, j, and k, i.e., by replacing i by j, j by k, and k by i. 
This is typical of all vector identities.) Proceed as in Exercise 46 and obtain the result 

A X B = (A y B z - A,B y )i + (A,B X - A x B,)j + (A X B V - A v B x )k 

which expresses the cross product specifically in terms of its components. (Note again 
how x, y, and z permute cyclically between the three components.) 
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Exercise 51 What is the cross product of distance (lever arm) by momentum? How 
does Ampere's law read in vector notation? 

Exercise 52 Three bound vectors, A, B, and C, may be considered the edges of a 
parallelepiped. By recalling the magnitude and direction of A X B, determine what 
A X B^C represents. (Why is it unnecessary to write this as (A XB)-C? Does 
A X (B-C) have any meaning?) Show from this result that A X B-C remains un- 
altered when the vectors are permuted cyclically, and when the dot and cross are 
interchanged. (This is sometimes called the box product, or triple scalar product.) 

Exercise 53_ Show that three vectors are coplanar if and only if their box product 
vanishes, a A + bB is said to be a linear combination of the vectors A and B. Show 
that it is coplanar with them. Interpret geometrically, and show (also geometrically) 
how any vector in the plane of A and B may be expressed as a linear combination of 
them. 

Exercise 54 Note that the plane perpendicular to A X B is the plane containing A 
and B. Note also that, whatever C is, (A X B) X C must be perpendicular toixB 
and must therefore lie in the plane of A and B. Hence show that (A X B) X C must 
be of the form a A + bB, where a and b are scalars. In fact, 

(AXB) XC = (A-C)B - (B-C)A 

Prove this by computing the ^-component on each side; if these are equal, so are the 
y- and z-components, for they are cyclic permutations of it. (Draw a diagram.) 

The position of a mass point may be specified by a vector drawn to that 

point from some arbitrary origin. Such a vector is traditionally called a radius 

vector and denoted by f in mechanics. If the particle is moving along some 

trajectory, the radius vector is a function of the time in the usual sense that, 

once the time is known, the position is uniquely given in terms of it. We write 

f = f(t) 

This is a typical example of a vector (f) which is a function of a scalar (t). 
Now we are accustomed to think of velocity as the time derivative of position. 
Can this definition be made to carry over to the present case, where the po si- 
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tangent 



FIG. Q-12 Differentiating a vector. 
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tion is a vector? To do so requires being able to differentiate a vector with 
respect to a scalar. Does this make sense? 

Fig. Q-12 shows two positions of the particle which are separated by a time 
interval, At. The derivative should be the limiting value of the change in f, 
divided by the change in t : 

df f 2 — h .. Af 
-t = lim = hm — - 

« f <2-»<i £2 t\ A«— >o At 

But Af is the difference of two vectors, which, as we have seen, is a vector; 
and At is a scalar. Also, dividing a vector by a scalar means multiplying by 
the reciprocal of the scalar, and we know that the result of such a scalar multi- 
plication is a vector. Hence, in the limit, we find that the derivative of a vector 
is itself a vector. It is not hard to show (in fact, the geometry suggests so 
forcibly) that the derivative is always tangent to the trajectory and equal in 
magnitude to ds/dt, the speed at which the mass point is tracing out the arc 
length along the trajectory. 

Having defined the derivative of a vector, it is natural to ask how the vari- 
ous vector operations we are acquainted with behave under differentiation. 
Suppose, e.g., that we have two vectors, A(u) and B(u), which are functions 
of a scalar, u; can we write down a simple expression for the derivative of their 
cross product? Well, the change in A X B is given by 

(A + AA)X(B+AB)-AXB=AXB+AX (AB) 

+ (AA) X£ + (AA) X (AB) - AXB 
= Ax (AB) + (A A) X5+ second-order differential 
This is a direct application of the distributive law for the cross product. 
Dividing this equation by Au, we find that 

In other words, the cross product differentiates in exactly the same way as 
the product of two scalar functions. It is important to observe that the order 
of the two factors must be maintained in performing the differentiation of the 
cross product; i.e., in the above identity A stands before B in the expressions 
occurring on both sides of the equality sign. An interchange of order anywhere 
would, of course, introduce a minus sign. We may write down the same proof, 
word for word, merely replacing the cross by a dot, to show that the dot prod- 
uct also differentiates according to the familiar rule, and likewise for the scalar 
product. 

The most elegant and satisfactory treatment of Newtonian mechanics is by 
way of vectors. Once the equations of motion are set down in vector notation, 
the important relationships drop out almost automatically. Unfortunately, 
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there is no room in a brief introduction like this for a fuller discussion, and the 
student is referred to the standard texts for the details. 

Exercise 55 Show from Fig. Q-12 that Af = AsT, where As is the change in arc 
length along the trajectory and T is a unit vector in the direction of the tangent. Hence 

prove that — = — T, as stated in the text. 
at at 

Exercise 56 Carry through the proofs of the laws for differentiating the dot and 
scalar products alluded to above. Upon what, precisely, do they hinge? 
Exercise 57 The radius vector of a particle lying always on a circle of radius r 
satisfies the vector equation 



Prove this. Show that therefore 

f.f = 

I.e., the velocity vector stands in what relationship to the position vector? Show that 
r may be written 

f = r cos di + r sin 0j 

Calculate f and show that it satisfies the last equation. Assuming that the angular 
velocity, 6, is constant, calculate f and show that the acceleration is centripetal (directed 
along the inward normal). 

Exercise 58 A helix is a space curve having the shape of a spring (or screw thread). 
Show that the vector equation of a mass point describing a helix with constant veloc- 
ity is 

f = r cos (at)i + r sin (at)} + btk 
Calculate the velocity and acceleration. 

Exercise 59 Under the influence of external forces, a particle describes a certain 
trajectory. A switch is thrown, cutting off the external field. How does the particle 
move? What is its velocity vector? What does the field supply to the particle when it 
is turned on? 

Let us take a vacation from vectors for the moment, and consider a function 
of two independent variables, x and y. Call it/(x, y). One way of depicting it 
would be to draw a locus in the x,i/-plane of all those points for which f(x,y) 




FIG. Q-13 Level lines and gradient of a 
function. 
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is equal to some constant. By taking different values of the constant, we would 
obtain a series of loci, and each locus might be labeled with the appropriate 
value of/. Such a series of loci is called a relief map; the term is borrowed from 
geography, where the various loci represent places of equal elevation. 

Let us consider now an arbitrary point, (x ,yo). It will lie on one of these 
loci (see Fig. Q-13). Draw any straight line through the point. Along it the 
function, /, will assume a series of values. We could plot / as a function of 
position along the line, and therefore we could find the rate of increase (de- 
rivative) of / at the point (x ,yo), in the direction of this line. Consider now a 
"near-by" locus of constant / differing only slightly from the value of / at 
(x ,yo)- If we look at a small region around the point (x ,yo), these two loci 
will be roughly parallel. Hence the normal to the locus through (x ,yo) will be 
the shortest distance between the two loci. Thus/ increases most rapidly along 
the normal, where it accomplishes the increase in value from one locus to the 
next in the shortest possible distance. If we mark off along the normal a length 
equal to the derivative of / in that direction, we obtain a vector (our vacation 
was certainly brief!) which is called the gradient of / at the point (x ,yo). The 
gradient of a function of any number of variables is defined in a completely 
analogous fashion. 

Now a derivative in a fixed direction is known in the calculus as a directional 
derivative. Let us consider the directional derivative in an arbitrary direction, 
making an angle 8 with the gradient (Fig. Q-14, an enlargement of part of 
Fig. Q-13, shows this). Along the gradient, the distance between the two 
near-by loci is As, say; but along the other direction the distance is As/cos 6 
(remember that the loci are almost parallel) . Since in both cases we are moving 
from one locus of constant / to another, A/ is the same for both. Thus the 
derivative in an arbitrary direction is 



FIG. Q-14 Finding rate of increase in arbi- 
trary direction. 
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Af Af , — r , , 

-—r — - = cos -^ = cos grad / 
As/cos As ' & ' 

In other words, it is the projection of the gradient in that direction; or, if u 
represents a unit vector in the given direction, the partial derivative in that 
direction equals u • grad /. 

The derivatives in the directions of the coordinate axes are customarily 

designated as — > -t~t etc. Hence a particular consequence of what we have just 
dx dy 

shown is that the projection of the gradient in the ^-direction is — > its projec- 
tion in the w-direction is -^-i etc. But these projections are, by definition, its 

dy 

components. Therefore, 



grad/ = ^i + -j 
in two dimensions, while in three dimensions 

sa'-i' + lj + K* 

In one dimension the gradient reduces to the derivative. 

Exercise 60 Consider f(x, y) = — + TV What are the loci of constant /? Sketch out 

a few (say, / = 0, 1, 4, and 9). What are j-> -^-> and grad /? Draw the last to scale 

for a point on each of the loci. 

Exercise 61 We say that we have a force field if at every point of the space a unit 
test body would experience a certain force if placed there. This force, F, is said to be 
derivable from a potential, V (which is a scalar function of position), if 



F = grad V 

Note that the work done in moving this test body a distance dr is given by F-dr. 
(Why?) But dr = dxi + dy) + dzk. (Explain.) Show therefore that the work done is 
equal to 

dV, dF, ,dV. 
— dx + —dy + ^—dz 
ox dy oz 

What is such an expression called in the calculus? Interpret. 

Exercise 62 In the notation we have been using, the potential function of a gravita- 
tional field is given by 

V(r) = - = 1 



r Vx 2 + 



r 
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dV x 
Show that — = — — and similarly for the other partial derivatives. Prove therefore 
dx r 3 

that 



grad V = —f/r 3 

Show that this is the inverse-square force law. (Pay attention to both the magnitude 
and the direction of the vector.) Because of the minus sign in the last expression, the 
force is often defined as the negative of the gradient of the potential. 

Exercise 63 Show that if the various derivatives olf(x,y) are plotted along all direc- 
tions through (x ,yo), the locus is a circle with the gradient as diameter. Extend to 
3-space. 

Exercise 64 Show that 



grad (fg) = / grad g + g grad / 

Exercise 65 A field is said to be conservative if no work is done in moving a body 
around a closed path (one which ends where it started). Using Exercise 61, prove that 
a force derivable from a potential has a conservative field. 

Exercise 66 If a function of two variables is expressed in terms of polar coordinates, 
it is natural to set up a local coordinate system at the point (r,d), with unit vectors, u r 
and ue, pointing in the directions of increasing r and respectively. Since these vectors 
are perpendicular and make an angle 9 with the x- and ?/-axes, show that 





U r = 


= cos 0i -f- sin 0j 








and 














Ufl = 

aw a 


= — sin0i + cos0j 
picture.) Noting that 


r = Vx* 






(Dr 


+ y 2 


and = 




dr 
dx 


X 

= - = cos and 
r 


dd _ 

dx 


y 

r 2 


sin 
r 



and find dr/dy and dd/dy similarly. Recalling that 
JTr dV , , dV in 

dV = dT dr + de de 

show that 

5F 3F a 1 . Q dV 

— = — cos sin — - 

dx dr r dd 

and find the corresponding expression for dV/dy. Hence prove that 

— r T , dV 1 dV 

grad V = —u r + - — ue 
dr r dd 

This is the representation of the gradient in polar coordinates. 

Exercise 67 Clarify the reason why it is unimportant to distinguish between fixed 
and local coordinate systems in setting up the gradient in Cartesian coordinates. 

We have just seen that the gradient of a scalar function is a vector function 
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of position; i.e., every point of space has a certain vector "attached" to it. 
Whenever the latter is the case, we say that we have a vector field. Thus a 
force field is a vector field, for, at every point of it, a test body is, by definition, 
acted upon by some definite force, and force is a vector. Now we are familiar 
from the calculus with the many ways in which a scalar function of position 
in space of several dimensions may be differentiated and integrated. It is 
reasonable to expect that a vector function of position will have an even richer 
variety of such properties, and this is indeed the case. We shall now sketch 
out the most important of these. 

We take for our first illustration the motion of an ideal fluid. If we look at a 
fixed point of space at a given instant, we will find a certain fluid density and 
fluid velocity. We say that we have a steady state if the velocity and density 
of matter flowing past any point do not change with time. In other words, 
whenever we look at it, the motion of the fluid appears the same. The flux 
at any point is defined as the product of the velocity and density at that 
point. The flux is thus a vector (why?) and we have another realization of a 
vector field. 

Consider a region of space bounded by a given surface. Matter is flow- 
ing through, and the net efflux is the difference between the total amount 
entering the region and the total amount leaving. Let us confine our atten- 
tion to an infinitesimal rectangular parallelepiped of dimensions dx, dy, and 
dz, centered at (x,y,z) ; see Fig. Q-15. Its vertices are located at the points 
(x ± %dx, y ± \dy, z ± \dz). We define 

u(x,y,z) = p(x,y,z)v(x,y,z) 
where u is the flux, p the density, and v the velocity, and all are functions of 
position. The net efflux is the algebraic sum of the fluxes across the six faces; 
we consider them in opposite pairs. By an argument familiar from the kinetic 
theory of gases, the only particles flowing through a given face, say ABCD, 
in unit time, will be those which lie within the parallelepiped that has ABCD 




FIG. Q-15 Volume element in rectangu- 
lar coordinates. 
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FIG. Q-16 Flux through one face. 




as its base and v as its slant edge (c/. Fig. Q-16). Plainly, the altitude of this 
parallelepiped is v x , the ^-component of the velocity; hence its volume is 
v x dy dz. Thus the mass of fluid passing through ABCD in unit time is 

pv x dy dz = u x dy dz 
Now u, and hence also u x , is not constant across ABCD, but varies slightly. 
We may, however, approximate to it by its value at the center of ABCD, the 
coordinates of which are (x — \dx, y, z). Retaining the first two terms in the 
Taylor series expansion, we find for the flux across ABCD the value 



I u x (x,y,z) - ^ dx — u x {x,y,z) J dy dz 
Similarly, the flux across EFGH is given by 

I u x (x,y,z) +2 dx fo U *( X M& J d V dz 
and the net contribution of the two faces is 



— — dx dy dz 

[We suppress the argument (x,y,z) as superfluous from now on.] In like manner, 
the net efflux across ABFE and DCGH is 

— — dx dy dz 
dy 

and the net efflux across ADHE and BCGF is 

-r 1 dx dy dz 
dz 

Thus the over-all net efflux, per unit volume, at (x,y,z) , is 

du x . du y dUz 



dx 



dy 



dz 



This quantity is called the divergence of the vector field at the point in ques- 
tion. It is obviously a scalar, and it measures the rate at which the field is 
"coming apart." It is written "div w." 



646 • Appendix Q: Trevor Williams 

If matter is being neither created nor destroyed at (x,y,z), in other words, 
if it is neither a source nor a sink, then we must have 

div u — --^ 
at 

This is called the equation of continuity. In particular, if the fluid is incom- 
pressible, then p is constant and the equation becomes simply 
div u = 

Exercise 68 A rigid body is rotating about an axis with angular velocity o>; this is 
indicated by a vector, co, of length co, directed along the axis according to the right- 
hand rule. Take as the origin of position vectors f an arbitrary point on the axis. If 
we "freeze" the system at an instant of time, every point in the body will have a 
certain instantaneous linear velocity v. Show that v = co X f. Which is the position 
vector? Which the field vector? What does the vector field look like? Show that it has 
zero divergence. (Use Exercise 50.) 

Exercise 69 The inverse-square field was seen in Exercise 62 to be of the form — f/r 3 . 
Identify the position and field vectors. What is the appearance of the field? Show that, 
considered as a three-dimensional field, its divergence vanishes everywhere, but that 
this is not so when it is considered as a field in the plane. What is its divergence in the 
latter case? (What is the general expression for the divergence in two-space? Would 
the proof differ materially from the one given here for three-space?) 

Exercise 70 Prove that, if V(x,y,z) is a scalar function, then 

,. — -, T/ dW , d*V , d*V 

div grad V = t — + + 

* dx* ^ dy* ^ dz* 

This is referred to as the Laplacian of the function. (Before you begin calculating, 
examine the left-hand side of the equation to see whether the indicated order of opera- 
tions is meaningful.) What is the Laplacian of the following function? 

cosh x cosh y cosh z 

Exercise 71 Suppose we have a two-dimensional vector field whose field vectors, 
u = u(r), have components u x , u v in a rectangular coordinate system, and u r , u e in a 
polar coordinate system (cf. Exercise 66). Show that 

u x = u r cos 6 — ue sin 6 

u y = u r sin 6 + ue cos 

(Why does r not enter explicitly in these equations?) Using the "chain rule" for partial 
differentiation, and the expressions for dr/dx etc., already obtained in Exercise 66, 
prove that the divergence is given by 



1 [~ d duel 

~r\jr {rU;) + ~b~e\ 



in polar coordinates. 

Exercise 72 Consider w n , where IP is a complex number and n an integer. Note that 
a complex number may be thought of as a vector by considering its real and imaginary 
parts as components. Thus w n may be regarded as a vector associated with the point 
W in the complex plane. We therefore have a vector field. Show that its components 
in a local polar coordinate system are, say, z r and ze, where 
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z T = r" cos (n — 1)0 
and 

z$ = r n sin (n — 1)0 
and that hence the divergence of the field is 

2nr n ~ 1 cos {n — 1)6 

Suppose now that we have a function, f(w), that may be expressed as a power-series 
in W. Show, from the last result, that the vector field formed by it in the sense just 
discussed has a divergence equal to twice the real part of its derivative, f'(w). 

Exercise 73 Prove, by an easy application of Exercise 71 to Exercise 66, that the 
Laplacian (introduced in Exercise 70) is given by the expression 



r dr\ dr ) 



+ r 2 d6* 



in polar coordinates. Apply this to the two-dimensional case of the potential, V, of 
Exercise 62 and compare with Exercise 69. 

We shall consider two important ways in which an integration may be per- 
formed over a vector field. The first results in a surface integral and arises most 
naturally from the idea of the divergence of a fluid discussed above. In fact, 
let Sbea closed surface and dS an element of area (see Fig. Q-17), and let 
p, v, and u have the same meaning as before. We again see that the only 
particles flowing through dS in unit time will be those lying within the "cylin- 
der" which has dS as base and v as slant height. But the altitude of this cyl- 
inder is merely the component of v normal to dS. This suggests that we ought 
to represent the size and orientation of dS by a vector of length dS, normal 
to dS. Calling this vector dS, the volume of the cylinder is then simply v-d§ 
(why?), and the flux at the point in question is u-dS (why?). To obtain the 
total efflux through S, we sum over all such elements of area; in the limit, 
this becomes the surface integral 



//■ 



u-dS 



A famous theorem of Gauss states that this is identically equal to 
/ / / div u dx dy dz 



FIG. Q-17 Flux through area element of surface. 
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Clearly, both integrals express the same quantity, viz., the total efflux through 
the surface, and their equality is thus obvious, although the theorem may be 
proved without recourse to physical intuition. 

The second integral we want to consider is the so-called line integral. Sup- 
pose we have a force field and we move a test body through a closed loop 
inside the field. Now, if the field were conservative, the net work done in this 
manner would be zero, but not all fields are conservative, as anybody who 
has run round the block before breakfast knows. (What keeps the field at the 
earth's surface from being conservative?) The work in question is merely the 
work done in moving the test body along an infinitesimal arc length, dl, 
summed over all such arc lengths. If we let dl be a vector whose length and 
direction are those of the arc dl, the element of work is F-dl, and the total 
work round the loop is written, for obvious reasons, as the line integral 



/ 



F-dl 



Let us examine this in Cartesian coordinates, as we did the divergence. 

For ease of calculation we confine our attention to an infinitesimal rectangle 
in the z,?/-plane, with vertices (x ± \dx, y ± \dy) ; see Fig. Q-18. Along the 
lower edge we are only working against F x , the ^-component of the force, and 
the work done is 



F x {x,y - %dy) dx = F x (x,y) - \dy — F x {x,y) dx 



The expression for the work done along the upper edge is similar, except for 
a minus sign which enters because the path is described backwards: 



-[^*(z,2/) + \dy ^ F x (x,y) j dx 



The net contribution of the horizontal edges is therefore 

— -r- 5 dx dy 
dy 

and, by the same reasoning, the net contribution of the vertical edges is 




FIG. Q-18. 
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(Why is this quantity not negative like the first?) Thus the net work round 
the path is given by 



\_dx dy J 



dxdy 



The expression inside brackets is known as the curl of the two-dimensional 
vector field, F. 

The extension of this notion to three dimensions turns out to be rather in- 
teresting, for it develops that the right way to define the curl is as a vector. 
Its z-component is the quantity we have just derived, and its x- and y-com- 
ponents are, as usual, obtained by cyclic permutations of the 2-component: 

—.# /dF, dF y \.,/dF x dFA (dFj, dFA 

It may be shown, e.g., that the work done in moving a test body round the 
perimeter of any element of surface area, dS, however oriented, is given by 

dS-cmlF 
where dS is the "surface" vector denned above in connection with surface 
integrals. (Check that this gives the result we calculated for the two-dimen- 
sional curl.) 

There is an integral theorem, due to Stokes, for the curl, which is quite 
analogous to Gauss's theorem for the divergence. It states that 



ff curl F-dS = £ F 



dl 



Here S is a "cap" rather than a closed surface, and the line integral on the 
right side of the identity is taken along the boundary of S (cf. Fig. Q-19). 

Exercise 74 Indicate how Stokes's theorem may be proved by breaking S up into 
a large number of small areas. Write down two expressions for the work done in moving 
round the perimeter of any one of these elements of area. Note that in the line-integral 
form for the work, the common boundary of any two adjacent elements of area is 
described twice, in opposite senses, and so leads to cancellation, except along C, which, 
is a free edge to all areas of which it forms part of the boundary. Sketch out a similai 



FIG. Q-19 Surface S with free boundary C. 
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proof of Gauss's theorem for the divergence, and state explicitly the cause of the cor- 
responding cancellation when the efflux is summed over elements of volume. 

Exercise 75 The vector differential operator, V (pronounced "del"), is defined as 

v = i A + j A + k | 

ox dy az 

Show that 

i?ad V = VF 

div u = V ■ u 

curl u = V X u 

and the Laplacian, defined in Exercise 70, = V- VF = V 2 F, as it is usually written. 
(The V-notation is systematic and compact and throws light on the various identities 
covered in the following exercises. Considerable caution, however, must be observed 
in using V in any of the vector identities we know, involving repeated application of 
the dot and cross products. For V must operate on everything that follows it, and hence 
it is not permissible to permute its position according to the familiar rules. The only 
sure procedure is always to go back to the fundamental definitions in terms of the 
components.) 

Exercise 76 Using Stokes's theorem, prove that a field is conservative (Exercise 65) 
if and only if its curl vanishes. Write down the three scalar equations that this condi- 
tion yields. Prove the identity 

curl grad V — 
and deduce the result of Exercise 65. 
Exercise 77 Prove that 

div (Vu) = V div u + it -grad V 
and 



curl (Vu) = V curl it + u X grad V 

(The latter, a vector identity, may be proved by establishing the equality of the 
^-components on both sides, and permuting cyclically, as in Exercise 50.) 

Exercise 78 Prove, similarly, that 



div (AXB) = 5-curl A 


— A • curl B 


and 




curl (I X B) = A div B 


HA' A (a ^ - A aS . A dB \ 

-Bd l vA-(A x - + A v - + A z -) 




+(*£+*g+*£) 



(The latter identity cannot be expressed without explicit use of the vector components 
unless one has recourse to what are called "dyadics." We shall not consider them here.) 

Exercise 79 Consider the vector field introduced in Exercise 68. Note that div f = 3. 
(Why?) Using the last result of the previous exercise, show that the curl of the linear 
velocity at any point is equal to twice the angular velocity. (Hence the name "curl.") 
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Exercise 80 Prove that the curl of a two-dimensional vector field is given by 

in polar coordinates. (Refer to Exercise 71.) 

Exercise 81 Show that the curl of the vector field defined in Exercise 72 is equal to 

2nr n ~ 1 sin (n — 1)0 
and generalize to the case of an arbitrary function, f(w). 

The Second-order Differential Equation 

If we have a particle of mass X, attached to a spring of compliance y, moving 
against a resistance p, and acted upon by a driving force f(t), its equation of 
motion will be 

We have here a relationship connecting a dependent variable, x, and its de- 
rivatives with an independent variable, t. What is desired is a solution display- 
ing x as a function of t, and involving, presumably, certain initial conditions. 
Such an equation is called, of course, a differential equation, and its order is 
denned as the order of the highest derivative involved. Thus the above is a 
second-order differential equation. It is further said to be linear, because x 
and its derivatives do not enter in powers higher than the first, and ordinary 
(rather than partial), because there is only one dependent variable. If, in addi- 
tion, f(t) = 0, the equation is called homogeneous. This case is of fundamental 
importance both mathematically and physically, and we shall begin by re- 
stricting our attention to it alone. 
Our equation is now simply 

x d?x dx 1 _ 

which, as we know, describes the motion of a particle vibrating under the 
influence of internal forces alone. We know that such a particle moves sinusoi- 
dally when p = 0; we have only to substitute x = A cos iot or x = B sin ut in 
order to see this. When p^O, however, the presence of the first derivative 
rules out this simple solution. Still, the trigonometric functions must be hidden 
somewhere in the more general solution if it is to reduce to the familiar one 
when p = 0. But let us recall the beautiful identity 

e ju>t _ cog ^l _J_ j gul u t 

connecting the trigonometric and exponential functions. This suggests that it 
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might be a good idea to consider possible exponential solutions to our equa- 
tion. Indeed, if we write 

x = Ae jat 

where A and o> are as yet undetermined constants, we find at once that 

dx d 2 x 

-jr = jo)Ae jut and 3-r = — u?Ae iu,t 

dt dv 

and, substituting these back into the differential equation, it becomes 
( -Xco 2 + jpa> + -J Ae'* = 

Now one way of satisfying this equation is to set 

Ae'" = 

In other words, the solution we assumed turns out to be identically zero. This 
is just another way of saying that one physically possible situation is for the 
particle to remain eternally at rest in its equilibrium position. This is hardly 
what we were looking for, however, and we rule it out as trivial. The only 
other way, then, of satisfying the above equation is if we set 

— Xco 2 + jpw -\ — =0 

Since we have not yet put any restrictions on co, this is plainly possible. But 
the interesting situation arises that, since this is a quadratic in to, there are 
two values of co which will satisfy it. We started out by looking for one solution 
and have wound up with two! This, however, is completely in agreement with 
the situation we had with p = 0, where the sine and cosine both turned out 
to be solutions. 

We are not yet finished, however. It is true that we have the two solutions, 
say 

x+ = A + e ja+t and X- = A-e'"-* 

where 



«+ 



and 



2X ~ -2X 



(by the quadratic formula). In other words, x+ and X- each satisfy the original 
equation : 



X 


d?x+ 
dt 2 


+ 


dx + 

p ~d7 


+ 


1 

-x+ 
7 


= 


X 


dP 


+ 


dx- 

p ~dT 


+ 


1 

- X- 
7 


= 
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But, if we add these two equations, we see immediately that 

X ^ (x+ + x-)+ p j t (x+ + x_) + - (x+ + x-) = 

I.e., x + + x_ is also a solution. We have thus arrived at the most general 
solution of the equation we set out to solve, viz., 

x = A+e'"** -j- A-e' -* 
Here co+ and co_ are given explicitly in terms of X, p, and 7 by the equations 
we have already written down, and A + and A- put two degrees of freedom 
at our disposal with which to meet the initial conditions. E.g., we can start 
the particle off from any position we like with any preassigned velocity. This 
checks with physical intuition; mathematically, it is true in general that the 
number of degrees of freedom in the complete solution of a differential equa- 
tion is always equal to its order. 

It seems at first sight a little strange that the solution to our equation should 
come out in terms of complex numbers, when it must obviously be real. The 
paradox is easily explained, for A + and A- turn out in practice to be complex, 
and their net effect is such as to make the imaginary part of the solution 
vanish. 

Exercise 82 Assume the initial conditions x = x , v = v , when t = 0. Show that 
they require 

A + + A- = Xo and u+A+ + o>-A- = —jv 

and, solving for A + and A-, derive the solution 

co_ — C0+ 

From this find the corresponding expression for v. Check that these two solutions do 
indeed satisfy the initial conditions. 

Exercise 83 In the preceding exercise substitute for co + and co_ their values as given 
by the quadratic formula, and assume that p < V\/y (small damping). Show that 
the solution becomes 



_ e pt/2\ Xq CQS 



ik^+*f^;<i^)\ 



and find the expression for v. Check the initial conditions. Do the same for the case 
where p > VX/7 (over-damping). 

Exercise 84 When the modes, co+ and co_, are equal, the solution given in the text 
reduces to 

A+e*»+* + As?** = (A+ + AJ)ei<°J 

I.e., the two constants, A+ and A-, coalesce into a single constant, A = A+ + A— 
We have apparently lost a degree of freedom, which seems very strange. Exercise 82 
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shows, however, what is happening in this case, for, when co+ = a>_, the solution ob- 
tained there reduces to the indeterminate form 0/0. Assume that co+ is fixed, and let 
co_ — » co+. Using l'Hopital's Rule from the calculus, show that the solution of Exercise 
82 approaches the limit 

x — (x -\- (v — juoXoWe^o 1 

where we have written co in place of o>+ to emphasize the fact that when co+ = co_ the 
discriminant of the quadratic is zero. Find the expression for v and check the initial 
conditions. (Another way of stating the above result is that, for equal modes, w + = a>_ 
= wo, the most general solution of the equation has the form (A + Bt)e iu a l .) 

Exercise 85 Note that in the previous exercise we must have p = VX/7 (critical 
damping) and that hence co = j/2V\y. (Why?) Substituting, find the expressions for 
x and v in terms of x , v , X, and 7. 

Exercise 86 Consider the nth-order differential equation 

d n x dx 

a » 3IT + • • • + a i ~j7 + a ^ = ° 
dt n dt 

Try the solution x = A&* 1 (the factor j would complicate the algebra unnecessarily in 
this case). What equation must co satisfy? How many roots has this equation? What is 
the most general solution of the differential equation? Does this solution have the 
proper number of degrees of freedom? What do you conjecture happens to this solution 
when one of the modes is double? When one is triple? 

We turn back now to the inhomogeneous equation with which we began 
our discussion. Suppose that, by some means or other, we happen to know 
a solution of it. Such a solution is called a particular solution and often written 
x p . We thus have 

Suppose also that we know the complete solution of the homogeneous equa- 
tion obtained by replacing f(t) by zero. This is called the complementary solu- 
tion, and written x c : 

(I Xc 1 CLXc 1 1 /■* 

X lF + P "a7 + y X ° = ° 

Adding these two equations, we find that 

d? d 1 

X dt 2 ( Xp + Xc ^ + p dt ^ Xp + Xc ^ + y ^ Xp + X °* = *® 

I.e., the sum of a particular solution and the complementary solution is itself a 
solution to the original equation. It is, in fact, the most general solution, for 
it contains in the complementary part two arbitrary constants, which is pre- 
cisely the number of degrees of freedom that should be associated with the 
equation. We have not, it is true, said anything about how we are to find a 
particular solution, but, before we consider that problem, let us give some 
thought to the physical meaning in back of what we have been saying. 
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The particular solution is just the steady-state solution. It describes the mo- 
tion of the particle after the driving force has been acting on it for a long 
while. Clearly, if the system is stable, the particle will ultimately move in the 
same manner, no matter what its position and velocity when the force was 
first applied may have been. The complementary solution, on the other hand, 
describes the transient response of the system. This will obviously depend on 
the initial conditions; hence we need our two degrees of freedom here. The 
over-all motion of the particle is the superposition, or sum, of the transient 
(complementary) and steady-state (particular) motions. Thus the physics and 
the mathematics each say the same thing in their own way. 

Next let us suppose that we have a solution, x h corresponding to the func- 
tion /i(£), and also a solution, x i} corresponding to the function f 2 (t). Then 



d 2 x x dx! 1 



and 

d 2 Xi dx2 1 ... 

X ~dF + p -dt+y X > == W 

and, adding these two equations, we find 

x d& (xi + x ^ + p It ( Xi + Xi) + 7 (a;i + X2>) = ^ + f*® 

In other words, Zi + x 2 is a solution corresponding to fi(t) +f 2 (t). This is a 
very important property because, in effect, it allows us to "build up" solutions 
to the equation. Specifically, the driving force f(t) is in practice always a 
periodic function of /. This means that we can expand it in a Fourier series: 

oo 

where <o n = mc/l. (How do you know we can?) Thus the problem reduces to 
solving the equation 

. d 2 x , dx , 1 

*d¥ + p dl + y x = a » e ^ 

Once we know the solution to this, we may sum over all values of n to obtain 
the solution to the original equation. (Why?) But physical intuition tells us 
that the steady-state solution to this, which is what we are looking for, must 
have the same frequency as the driving force, for ultimately the particle must 
have that frequency forced upon it. Hence we try a solution of the form 
x = Ae^ nt and find that the equation becomes 



I — X&j n 2 + j P o} n + - J Ae ju " ( = ane**"* 
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In order to satisfy this we must set 

A = ^ i 

— Xco„ 2 + jpa) n + - 
7 

Thus the particular solution of our original equation is given by 

J2 ^ e**« 

7 
and the most general solution is, as before, obtained by adding to this the 
complementary solution already discussed. 

Exercise 87 Assuming a driving force of J cos ut, obtain the results for x and v de- 
rived in Chapter I of the text. (What is the "Fourier series" of imaginary exponentials 
that produces cos co f?) 

Exercise 88 A ball with coefficient of restitution equal to 1 is dropped from height h 
onto a table. Show that the force it is subject to is similar to the graph shown in Fig. 
Q-5. Hence write down and solve the equation of motion of the ball. 



Problems 



CHAPTER I 



1-1. 



Show that the velocity of water waves, of wavelengths longer than 12 
cm or less than 2 mm, can be expressed with error no greater than 1% 
by one term or the other in the last equation of Chap. I. Take g = 980 
cm sec -2 , a = 70 dynes cm -1 , and p = 1 gm cm -3 . 

1-2. Let a driving force of variable frequency, co, but constant amplitude, 
S, be applied to produce simple harmonic motion of a mass X, with 
moment of friction p. Show that the frequencies for maximum velocity 
and maximum displacement are, respectively, 

r 

7X 






_ jS_ 

w x = max — \l x — 2\2 



1-3. When, in the problem above, co goes to the limit zero, show that x 
becomes 7JF and that v vanishes. 

1-4. In Problem 1-2, if p is small so that co+co_ ^ — > show that the fre- 

y\ 

quencies co + and w_ on either side of the resonant frequency, co„ = max , 

gr 

where v Wd , = — ^> are different by the amount 
v2p 

(co + - co_) = ^ 

1-5. Show that, at the frequencies above, the phase of the motion becomes 
<p = ±~ when p is small. 

1-6. Consider tension in a spinning bicycle tire such as that produced by 
the centrifugal force. If the tire's peripheral velocity is v, and if its 
mass per unit length is n, show that this tension, SF, is such that 



" = Vm 



One way to solve for v is to equate the sum of all vertical forces in half 
the tire to 2JF. 
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CHAPTER II 



2-1. Imagine a drumhead provided with x- and ^-coordinates, and let the 
drumhead be excited by the waves 



®2 = Ae ju { l -l) 



Show that the resultant motion along a line through the origin of co- 
ordinates, and at 45° inclination to the a>axis, is described by 



a 



- wO-tff*) 



2-2. Consider three wave motions passing through some point P, either all 
transverse or all longitudinal. Furthermore, let the propagation direc- 
tions (and polarizations, if the wave motion is transverse) be such that 
the three motions lie, respectively, along the three edges of a regular 
tetrahedron with its apex at P. If the three motions are 

show that the resultant motion, perpendicular to the tetrahedron side 
that lies opposite P, is 6~* e i(^+»). 

2-3. If two unequal but geometrically parallel fields of the same frequency, 
Ei and E 2 , are superimposed, and if only their phases vary with time, 
each varying randomly and without restraint, show that the time aver- 
age amplitude of their sum is Vfii 2 + g 2 2 . 



2-4. We may express a circular wave motion that is propagating in the 
2-direction by the sum of two motions, one horizontal and parallel 
to the z-axis, and the other vertical and parallel to the y-axis. For 
example : 

® R = e^-S) i + e i ("*"2 + 2) J 
or 

W L = e j ( ut ~^) i + ei^'t'l) J 
Here i and j are the unit vectors directed along the x- and y-axes. Wr 
and Wl are right and left circular motions. If — =5, and if 

Vl Vr 

8 <3C 1.0, show that the total motion, if both waves are superimposed, 
is a linear oscillation oriented at the azimuth angle 6 = — 8. 
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2-5. Show that the superposition sum of two wave motions of equal ampli- 
tude, a, but of slightly different frequencies, w and co — Aw, can be 
described as the product of 2A and two circular functions. And show, 
further, that the frequency of one of these circular functions is the 
mean frequency while that of the other is the difference frequency. 

2-6. Is the helix referred to in § 2-4 a right- or left-handed screw; and in 
which sense is it rotating? 



CHAPTER III 

3-1. The tangential boundary conditions on E and H for electromagnetic 
waves that are incident in vacuum on a glass surface at angle i, for 
the electric vector polarized in the plane of incidence, are 

E cos i — E' cos i = E % cos r 

Ho + H ' = H s 

taking the vectors as shown in Fig. 3-4a. Eliminate the fields in the 

F" 
glass, and solve for r, = -=r Using the identities 

sin i cos i — sin r cos r = sin (i — r) cos (i + r) 
sin i cos i + sin r cos r = sin (i + r) cos (i — r) 

show that 

_ tan (i — r) 
Xr ~ tan (i + r) 

3-2. When the electric vector of incident light is polarized in a plane per- 
pendicular to the plane of incidence, the tangential boundary condi- 
tions are 

E Q + E' = E s 

Ho cos i — H' cos i = H & cos r 

when we ignore the change of sign shown in Fig. 3-4b. Show that these 
equations yield 

_ sin (i — r) 
r * ~ "sin (i + r) 

Eliminate the fields in the glass, as above, in order to solve the bound- 
ary conditions for r ff . 



3-3. 



Problems 




The accompanying figure illustrates notation used to describe the in- 
cident, reflected, and transmitted rays involved when light strikes a 
plane parallel glass plate. The letters here represent S, the amplitudes 
of the oscillating electric fields. Illuminations are proportional to 
%ckoN& 2 . By applying the principle of conservation of energy, or equal- 
ity of power influx and efflux at each surface, show that 

A, 



£1 = 



VN 



vr= 



d = Ao(l - r 2 ) 
A 2 = xA (l - r 2 ) 
C 2 = v 2 A (l - r 2 ) 
A 3 = x s A (l - r 2 ) 



3-4. 



A hollow sphere coated inside with a diffusing, highly reflecting, white 
paint is much used in photometry. It is called an integrating sphere. 
Show that diffusely reflected light from any elementary facet of the 
inside surface casts a constant illumination on any other inside facet. 



CHAPTER IV 



4-1. The index of refraction of thermally evaporated dielectric films, such 
as those deposited on camera lens surfaces to reduce surface reflection, 
is less than the index of the massive dielectric material evaporated. 
For example, a cubic crystal with an index 1.39, when evaporated as 
a reflection-reducing film, may exhibit an index 1.38. Assuming the 
reduced index of the film to be due to its being an optically homogene- 
ous mixture of crystal and voids (N = 1.0), show, from the formula 
of Clausius and Mossotti, that the fraction of the film that is occupied 
by the voids is .02. 
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4-2. Show that, when the oscillators that represent a dilute gas are charac- 
terized by a p that is small enough to make p « 2co, the maxima and 
minima of (n — 1) occur at co = «o ± |p- 

o 

4-3. If, after a sodium atom in vacuum emits a wave train (X = 5892 A) 
that is three centimeters long, the oscillator friction term will have 

caused the emitted light to decay to - of its original illumination, show 

that p = 10 10 . To get this result, solve for the constants in the par- 
ticular solution that applies when the forcing function is set equal to 
zero: 

x = xoiAeP* + Be** 1 ) 



4-4. Show that the flux transmitted normally through a very thin absorbing 
prism of unit height, neglecting reflection losses and refraction, is 

— ^- (g. Here jk is the imaginary part of the complex index of refrac- 

2cdk<p 

tion of the prism material. Its prism angle is <p; and (§ is the incident 
illumination. 



4-5. Show, for normal reflection from silver and aluminum, that 9U g = .98, 
9?ai = -90, <pa s = -28°, and <pai = —18°. Use the values of n and k 

given in Table 4-1. Here $ = ft*, and r = re* = I ^ \ 

4-6. Solve for reflections at a glass-metal interface, taking iV g = 1.5, and 
$ai and N Ag values from Table 4-1. Show that ^Ag-giass = .96, 9?Ai-giass 

= .86, and <p = -41° and -27° respectively. Use f = i * ^ m Y 



4-7. Show that the A's and B's in Cauchy's formula are 1.602 and 1.577, 
and 0.89 X 10 6 and 1.78 X 10 6 , for flint glass and liquid CS 2 , using 
the following values for N: 

Flint 

X glass CS2 

C 6563 A 1.624 1.618 

D 5892 A 1.628 1.628 

F 4861 A 1.641 1.652 
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4-8. The prism of the accompanying figure is worked at minimum devia- 
tion; i.e., it is penetrated symmetrically. If a is the extinction coefl> 



cient, it will exhibit an overall flux transmission of 

rive this formula, assuming that reflection losses are negligible 



/ l - e~ 2ab \ 
\ 2ab )' 



De- 



CHAPTEK V 

5-1. In the formula for water waves and ripples of § 1-6, show that the 
group and phase velocities are related as follows: 

a X 
\~ b 



5-2. 



0^)- 



a X 
X + b 



Here a and b are coefficients under the radical sign of the formula 
for v. 




The accompanying figure shows an idealized rotating mirror apparatus 
for measuring the group velocity of light in CS 2 . When M x rotates 
slowly, the light rays will strike the scale S at x = 0. But if M x rotates 
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rapidly, the point where the light strikes S will be deflected, the red 
light, \r, being less deflected than the blue light, X B . Let the difference 
of wavelengths be (X B — X B ) = AX; and let the spot separation, of de- 
flections for red and blue, be Ax, with an average deflection x. Show 
that 

Ax " d\ 2 



^ 2 N\d\) 



AX 

x 



(»+>S) 



5-3. Show that the flux scattered per electron, when an oscillator is en- 
gulfed in a light flux of unit illumination, is approximated by g~ 2~1m' 

which is independent of wavelength. Here we may take co ^> co for our 
oscillator, and neglect p. This is J. J. Thomson's approximation. It 
was the formula used by Barkla in the early days of atomic physics 
to determine the number of electrons in an atom from the measured 
scattering of X-rays. 

5-4. Show that 15.1 seconds is the maximum apparent lengthening or short- 
ening expected in the measured period of the one of Jupiter's moons that 
is eclipsed regularly (on an average of once every 1.75 days). It will be 
assumed, for our present purpose, that Jupiter is stationary and many 
times farther from the sun than the earth; and we shall consider that 
the plane of the earth's orbit contains Jupiter, and that that orbit is 
of such size that it takes 990 seconds for light to cross its diameter. 

5-5. Using dimensional analysis, determine the relationship between the 
period of a simple pendulum, supposing it to depend on a suspended 
point mass, its length, and the acceleration of gravity. 

5-6. Calculate the number of air molecules in a cube that is one wavelength 
(0.5 m) on an edge. Consider the air to be at 1 atm pressure and 0°C 
temperature and composed of molecules of molecular weight 29. How 
many molecules lie on an edge of this cube? For purposes of this cal- 
culation, consider the molecules to be in cubic array, as in a crystal. 



CHAPTER VI 

6-1. Consider polarized light incident on a glass plate of index N = 1.732 

at the angle i = 60°. Let the incident illumination be taken as unity, 

N N 
and show that the illuminations within the glass are — and — for the 

parallel and perpendicular planes of polarization. Use the results of 
problems for Chap. Ill to obtain these results. 
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6-2. The Pulfrich refractometer has the main optical component shown in 
the accompanying figure. In addition, it has an illuminator, and a 
telescope and circle to determine the angle e. The Pulfrich refractome- 
ter may be used to measure Ni (the index of the liquid on top of the 
90° prism of index N ). Here N > Ni. If i is the angle of incidence 
at one facet of the 90° prism, and e is the angle of emergence at the 
other facet, taking N = 1 f or air, show that 



Ni 



J N * - 
V 1-c 



snr e 



cos- 5 1 



^ VjV 2 - sin 2 e 



In the approximation above, if i is within Si = .01 of -> an error in iVi 

Jit 

of about one unit in the fourth decimal place is introduced (taking 
Ni ^ 1.5 and N = 1.7). 



6-3. Referring to the accompanying figure, show by differentiation that 
errors, Si and Se, introduce the uncertainty SNi that is given below. 



SNi / sin e cos e \ . . . , „ „ . 

TF~ = ( im ~ T~ ) 5e + (cot l)Sl 

Ni \N 2 — sin 2 ej K ' 



Assuming Si = 0, show that Se = l min yields N\ good to better than 
one unit in the fourth decimal place (taking iVi = 1.5 and A^ = 1.7). 



6-4. Show that the ratios of incident to transmitted illuminations at the 
Ni — N interface above, for v- and ^-components, are 



4 ^ sec 2 r(Si) 2 



and 4 -77- sec 2 r(8i) 2 
iVo 



Furthermore, assuming Se = 0, calculate these transmissions for a 
value of Si that introduces an error of just one unit in the fourth 
decimal place (of Ni) . 



Problems • 665 

6-5, The degree of polarization of m parallel plates, of index N, penetrated 
at the polarizing angle, and when account is taken for multiple reflec- 
tions, is given as follows: 

P , ( 2N V 

Calculate 8 f or N = 2.4 (selenium) and for m — 2, 4, and 6. 

6-6. Show that, at Brewster's angle, the reflectivity of a selenium surface 
(N = 2.4) for the o--component is approximately 50%. Neglect k for 
selenium. 

6-7. Show that r ff 2 = r x for any dielectric at i = 45°. 

CHAPTER VII 

7-1. Calculate the transmission of three ideal Polaroids laid one on another. 
Let the top and bottom have their azimuths of easy passage crossed, 
with the middle one lying with its azimuth oriented at 45° between 
them. 

7-2. Show, from the following table (from Jenkins and White), that the 
rotary power of crystalline quartz along its optical axis is given by the 
following Cauchy-type formula: 

6.7 X 10- 8 



(R 


= 0.912 + - 


X 2 




F 


4861 A 




32.76 


D 


5892 A 




21.72 


C 


6438 A 




18.02 



7-3. All the faces of a natural calcite rhomb are parallelograms with corner 
angles either 101° 55' or 78° 05'. These faces meet to form the dihedral 
angles, 105° 05' or 74° 55'. The optical axis is inclined symmetrically 
to all the faces that form the blunt corner, as shown in Fig. 7-4. Show, 
by spherical trigonometry, that the angle at which it penetrates those 
faces is $ = 45°. 4. 

7-4. Consider two ideal analyzers forming a Lippich analyzer, as shown in 
Fig. 7-27, with the angle 2A0 between their azimuths of easy passage. 
Show that the azimuth of polarized light, that gives the same trans- 
mission through both parts of the field, does not quite bisect the two 
azimuths of easy passage of the Lippich, but makes an angle 86 with 
that bisector; and that 

86 = tan 3 Ad 

Neglect transmission losses for electric fields parallel to azimuths of 
easy passage. 
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7-5. It is claimed that a trained observer in saccharimetry can match two 

93 
brightness fields, such as above, to 1% ; i.e., A$8 = ttjx- Show that this 

leads to an angle uncertainty 

e = i5o tanM 

and that, when A0 (of the problem above) is 2°, then e < 20 seconds 
of arc. For a bright source Ad can be set small, making e only a few 
seconds of arc; whereas, without the Lippich device, the accuracy of 
setting would be a minute or more. 



7-6. Consider Fresnel's compound prism of L- and .R-quartz, for demon- 
stration of the velocities of circular polarized light along the optical 
axis. Show that the angular separation of R- and L-circular polarized 
components of incident plane polarized sodium light, produced by it, 
is 4 minutes of arc. For calculation of the refractions at the 152° prism 
faces use 

Nl sin i = Nr sin (i ± 8i) 

Since 8i is small, it is helpful to expand the right sine. Do not neglect 
to take account of the refractions at the final face. 



7-7. Show that, for sodium light, the half deviations, 8r and 8 L , produced 
by the 30° half-prisms of quartz differ by ±11.5 seconds of arc. It is 
because of the canceling of one of these deviations by the other that a 
Cornu prism produces undoubled lines. 

7-8. Consider the Rochon and Wollaston prisms of Fig. 7-21 with 10° prism 
components, both cut from calcite. Calculate the deviations at the in- 
clined face. 



CHAPTER VIII 

8-1. Set up expressions for (Sbsot + fee) for a Young experiment with 
yellow sodium light illumination. Let (Ssssw = 2(£&m in the incident 
light, and in the order k = 0. Next, set up an expression for composite 
maximum and minimum total illumination as function of the variable, 

&6890. Using the mathematics of modest rigor, with — - = 1 — €, solve 
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for &589o(l + k), the fractional order where composite maxima and 
minima occur. Here e « 1.0; and even for high orders, k « 1.0. Show 
that the fractional order corresponding to maxima and minima is 
k = .074 when k = 250. 

8-2. Show that the visibility of fringes, when k = 400, in the situation 
depicted above, is V = 0.43. 

8-3. Consider a broad spectrum line at X — its spectral illumination being 

Here £ is a constant, small compared with unity; and x = — - 

Show that the illumination contributed by a narrow wavelength band, 
dx, in a Young pattern, is 

d@ = 2@* [l 4- cos 2 ^| 2/(1 - x)~\ dx 

Here, since x <3C 1.0, we write (1 + x)* 1 = 1 — x. 

Using this expression for d(S, show that the total illumination, ex- 
pressed in terms of the phase difference on the observing screen ap- 
propriate to the point yi from the pattern center, i.e. 



A** = 2 — yi 



is given by 

( 2 />*) 



/_«, ^* cos (^a^O cfc 

1 4- cos A<pi roo h 

/_ Qtxdx 



f (§„ sin (xA<pi) dx 

sin A<*i . 

/_. ®*^ 

Finally, integrating (use Peirce's A Short Table of Integrals), and 
using the fact that one of the functions is odd, show that the visibility 
of the interference bands at y\ is given by 



8-4. Using the above result, together with numbers that can be estimated 
from the visibility curve of Fig. 8-7, determine £ and the approximate 
half width of the red cadmium line. 
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chapter IX 

9-1. The figure shows a circular aperture of radius y in an opaque screen. 
It is illuminated with plane waves of wavelength X that are propagating 
normally to the screen. Show that the illumination at P, on the <fc, at 

the distance r beyond the screen, is given by (§/>' = 2ck So 2 sin 2 ^ 

where 80 defines the incident illumination So, and 

Here y e is the largest radius that is contained by the aperture within 
which there is an even number of Fresnel half-period zones. 

9-2. Let the screen with circular opening, above, be replaced by a circular 
obstruction of the same radius, y. Show that (£?" = @ . 

Furthermore, considering that the superposition sum of the electric 
fields at P, Ep, and E P " must give no diffraction at P, and therefore 
that (&p = (§>" = Q? , it would appear that we have run upon a 
violation of the principle of conservation of energy. Show that super- 
position of Ep and Ep" gives the incident field, S , at P; and explain. 

9-3. Fluctuations (see Fig. 9-10) of the electric field in the Fresnel diffrac- 
tion fringes produced by a straight edge, as P moves from darkness into 

full light, become closely approximated by ( 1 ± r= ) 8 as y P 

moves into the light, and as the bands begin to fade out. Demonstrate 
this. 

9-4. In the case set forth above, show that the visibility of fringes, just 

\^2 
before the bands disappear, is given by V = — • 
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9-5. Show that the zone plate of § 9-3 focuses parallel light at the distance 

/ = — beyond, where AS is the area of each zone. And further, show 

that a source point, at the distance u to the left of the plate, will be 
finally focused at the distance v beyond it, to the right; and that 

1 i 1 = I 

u v f 

This expression is the same as the thin lens formula. To obtain this 
expression, consider the zone plate as two superimposed congruent 
plates, and consider the rays from the source as diffracted parallel to 
the <fc, after the first plate, and as diffracted to converge onto the final 
focus beyond, by the second congruent plate. The constant optical 
path difference per zone, associated with the first diffraction, plus that 
per zone associated with the second diffraction, must give a total 

path difference per zone of ~ at the focus. 

9-6. Predict qualitatively, by means of Cornu's spiral, the Fresnel diffrac- 
tion pattern that is produced by the straight edge of a thin, partially 
transparent, metallic film. Consider that the metallic film absorbs 1/9 
of the incident illumination and reflects none. Assume that the propa- 
gation constant in the metal is unity. To obtain the desired result, 
consider the unabsorbed wave front as resolved into two superimposed 
in-phase components. Make the resolution so that one of these com- 
ponents will have the same amplitude as the amplitude that is trans- 
mitted by the absorbing film. Thus, together, the film-transmitted 
wave front and this contiguous component, equally strong, form a 
coherent constant-phase plane background wave, of infinite extent. The 
other resolved component, falling on the observing screen, alone, would 
produce diffraction bands on the observing screen qualitatively the 
same as if produced by an opaque straight edge. Predict the Fresnel 
pattern for both components together on the observing screen from 
these considerations. 



CHAPTER X 

10-1 . Whereas Rayleigh's criterion for angular separation gives a dip between 
the two maxima of two superimposed single-slit diffraction patterns, 
of two equal incoherent line sources, Sparrow's more realistic criterion 
for resolving power calls for an angular separation that just fails to 

give any such dip. Whereas the Rayleigh separation is 8a R = ~ (giv- 
ing £ = for one pattern at the point where £ = ±7r for the other), the 
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10-3. 



Sparrow separation is slightly less. If £ = ±(t — 0.4) for one pattern 
at the point where £ = for the other, then the superposition sum of il- 



snv 



luminations midway between the equal patterns, 2 



will be approximately equal to 1 + 



sin 2 (t - 0.4) 



(j-°- 2 ) ' 

L (i - °- 2 ) 2 J 

• The purpose of 



,_ (t - 0.4) 2 

this problem is to find out how much £ = ±(ir — 0.4) is in error. To 
accomplish this, set £ = (tt — 0.4 + e) ; and, using the mathematics of 
modest rigor, determine the value of e that satisfies Sparrow's criterion 
to the next degree of approximation, making the aggregate illumina- 
tion at this £, and at £ = 0, for one of the patterns, equal. 

10-2. It is found by experiment that a recording monochromator, worked 
with equally wide slits, draws a response curve for a monochromatic 
line that is well represented by the Gaussian shape, y = y e~ xi (using 
the meanings of x given in Problem 8-3). Consider the case where the 
wavelength separation of two equal recorded spectrum lines gives a 
record that just satisfies Sparrow's criterion. Taking y = 1.0, show 
that the wavelength separation is x = V2, whereas the width of a 
line alone, at half maximum, is x = log € 2 = 0.69. 




The figure shows a lamellar grating contour. Consider the equally wide 
facets to be perfectly reflecting, each of width 2x , and with groove 
depth d. Show that the phase difference between beams diffracted from 
adjacent grooves in the direction a, when the grating is normally il- 
luminated, is 



A<p 



. (1 + cos a) + —~ sin 



in a 



10-4. 



In a manner similar to that employed for the amplitude grating, show 
that the fraction of the amplitude diffracted at angle a, for the lamellar 
grating above, is given by 

K = E X S {?Z}BC, where G = (l + e*) 
(Here other terms have the meanings defined in § 10-3.) 
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10-5. From the above expression we get the illumination in the direction a as 

da = |c,<oSo 2 X s X/{fZ}{yZ}*M*cos 2 Tf 

sin £ 
From these considerations show that (g a is proportional to 2 > as is 

characteristic of a rectangular aperture of width 49lz , in the limiting 

case where £ becomes ^r > and where 5 = 0. 



CHAPTER XI 
11-1. Derive the formula for Newton's rings, 



P 



= VkKR 



11-2. For an evaporated dielectric 7-film of index n onto glass of index N t 
show that, for normal incidence, the term 

/ ft 2 - N \ ff 

expresses the approximate sum of the first two reflected beams and 
that it gives the exact sum when all the reflected beams are accounted 
for. 

11-3. Consider a transparent high-index film on black glass that is found to 
produce maximum and minimum reflectivities of 4% and 30%, re- 

/jV 8 - IV 

spectively, for normal incidence. Show that r e 2 reduces to ( N 1 J 

when A<p is an even number of it's; and, from this, determine the glass 
index, N 3 . Then solve for the approximate film index, N 2 , considering 
only the first two reflected beams. Use this approximate value for N 2 
to fix the small term in the denominator of the exact expression for r , 
that takes account of multiple reflections, and solve for N 2 to the next 
approximation. Compare this result with that obtained by the formula 
of the problem above. 

11-4. It seems proper that a transparent film on a perfectly reflecting surface 
should show interference bands in reflected light; but such is not the 

case. Show that rf* = 9? = 1.0 from Eq. ll-8a, r = 1 •_ r -,V for 

any transparent film of index (ri, 2 ) , and for any thickness (A<p) whatever. 
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11-5. 



The accompanying figure shows (a) incident light normal to the first face 
of two slightly tipped partially transparent plane silver films immersed 
in a medium of index N, and (b) the light incident normal to the 
second face. Let the tip be small, « 1.0. To second approximation, 
show that the path differences at P between the direct beam and the 
twice internally reflected beam are, respectively, 

2Nd(l - 2d 2 ) and 2Nd{l - 2 ) 

In demonstrating the validity of these expressions, neglect phase shifts 
at reflection. 




11-6. 



The accompanying figure shows Brosell's method of determining suc- 
cessive path differences at P for the arrangement shown at b above. 
The multiple reflection images of the partially silvered reflector R 2 in 
Ri are shown. They all pivot about the point where the silver films, 
extended, intersect. Normals to these images, dropped from P, repre- 
sent the successive total internal paths. Show, for « 1.0, that the 
path difference for successive beams through P is 

where m is 2, 4, 6, etc. 
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11-7. Consider the reflectivity to be averaged over the channeled-spectrum 
light reflected from a transparent thick plate (d >>> X, and ti,2 = — £2,1). 
Show by integration, using formula No. 860.1 in Dwight's Tables of 
Integrals, that the averaged intensity reflection coefficient is 

2r 2 

^ i = rr7 2 

Consider JV to be independent of wavelength; and use Eq. ll-8a for 
the amplitude reflection coefficient, r. 

This result says, when r 2 is small, that the intensity reflection coeffi- 
cient is the sum of the intensity reflection coefficients for the two 
surfaces of the plate. Thus the reflectivity of plate glass, r 2 = .043, to 

2 X 043 
a precision of 4.3%, is 2 X 4.3% or exactly l Q43 • 



11-8. Show that the same result is obtained if we take account of multiple 
reflections of a thick plate, and if we use %>, the intensity reflection 
coefficient for either surface of the plate rather than the amplitude 
reflection coefficients (ri, 2 and r 2 ,i, with the phase difference accounted 
for). That is, the overall reflection of the two surfaces, 8fr, is 

Ml ~ 1 + $o 
We consider that the first surface reflects 9? and transmits (1 - %,). 
The second beam emerging from the glass, accordingly, is SRo(l — %>) ; 
the third is 9? 2 (1 - SRo), etc. In summing these beams, the expression 



6^ 



1 °° 

l-x v 
is used. The overall transmission becomes 

11-9. By a similar logic show that the overall reflectivity of two thick equal 
parallel transparent plates, separated by a distance that is large com- 
pared with X, is 

% - rrfe and Xt = tt»i 

Now generalize this result to the cases of four, eight, sixteen, e;c. r 
plates. Show finally that the overall reflection of an infinite number oi 
plates is 9£» = 1.0. 

The result of this problem suggests why layers of finely divided clear 
crystals (e.g. paint pigments) are white. 
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chapter XII 

12-1. Consider a train of transparent 60° prisms, their indices all being 
N = 1.5. Let them be arranged in series so that light of wavelength X 
penetrates each one, successively, at minimum deviation. Show that 
ST* . 
~ is approximately 1.5 for a train of two prisms and 2.5 for a train of 

four. 

12-2. Calculate %(T r + £») 37 to determine the energy-limited resolving 

power at X = 10m for one prism of prism angle 60° and another of 
angle 80°. Let these prisms be made of the same material, with each 

worked at minimum deviation. Take N = 1.5, and ^p- = 0.007 per 

micron (approximating the properties of the prism material NaCl). 

dot 
12-3. Calculate -jt for a blazed grating with groove spacing a = 10/z. From 

this dispersion, and assuming % = % for both tt- and <r-polarizations, 
compare the energy-limited resolving power for this grating with that 
of the prisms above, taking the same projected working aperture, S, 
for both prism and grating. 

12-4. Consider a transmission grating that is blazed in the first order for 
X = 0.5/x when it is illuminated at normal incidence from the back. 
It is made of plastic with N = 1.5. It has 15,000 grooves per inch 
(a ^ 1.7/i). Now consider that this grating is aluminized to become a 
blazed reflection grating for normally incident light. Which order (for 
X = 0.5/j.) will lie nearest its reflection blaze? 

12-5. Let the student show, by means of the integral of the product, 



/-".(^ 



YsinterLiilJ^^gini? 



that the final image in Fig. 10-15c has the same width as the inter- 
mediate image. Here £i is the phase parameter for the first image over 
which we integrate; and & is that for the final image, here held con- 
stant. Both lenses, L x and L 2 of Fig. 10-15c, are assumed to be stopped 
by slits (of the same width, 2x ) . 

This equality of images may be established by means of the following 
hints, referring to tables for integrals. 



/: 



sin x 7 

ax = 7r 

x 



Substituting (£ 2 — £i) = x and d£i = dx gives our answer. 
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12-6. Integrate the illumination in the Fraunhofer diffraction pattern over 
the area of the observing screen to get the total flux falling on it. Let 
the diffraction aperture be a square of area (4:X yo) that is illuminated 
with a plane wave. Let this illumination be represented by |ck So 2 . 
Show that the calculated flux, integrated over all observing screen area, 
is exactly equal to that passed by the square aperture. 



12-7. A principle of spectral resolving power says the resolving power is 

8 V = — cm -1 , where t is the extreme time spread between the arrival 
tc 

of beams at the detector that were emitted simultaneously at the 

source. 

I 



Show that the zigzag path time is 

plate; and, using this principle, that 

1 



v sin i 



t, in a Lummer-Gehrcke 



8p^ 



cm" 



l(W - 1) 

Similarly, from this principle, derive the spectral resolving power for 
a grating having 91 lines (a) illuminated normal to its surface; and 
(b) when it is worked in the Littrow arrangement, with a = a', as 
shown in Fig. 10- 14b. 




12-8. Referring to the accompanying figure, where a plate of index N = 1.5 

is covered by two - films of index N H = 5.3, with one of index N L = 1.5 

between, calculate xj, the resultant of multiple reflections involving 
only the two top interfaces; then calculate x e " for the bottom two 
interfaces; finally calculate x e for both xj and x e " together: 



v e = 



Xe' + X e 



J- Tg vg 

Finally, from dt = r e 2 show that two plates, each coated with three 
films as shown, will form a Fabry-Perot interferometer that is charac- 
terized by 31 = 186 beams. 
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12-9. Show that the expression 

(N — cos a)d — a sin a = k\ 

applies to the downward diffraction of a transmission etalon; and 

furthermore, show that, in the limit when a — »■ 0, where - = tan <p, the 

expression for the k = order of diffraction reduces to the expression 
for the minimum deviation for a half prism : 

sin (<p + a) = N 
sin <p 



CHAPTER XIII 

13-1. By means of the sagitta formula determine the range at which a ship 
goes "hull down" because of the curvature of the sea's surface (that 
is, the range at which a man on the deck of one ship will see an equal 
ship hull down) . Assume that eyes and hull top are both 26.4 feet above 
sea level. Take the radius of curvature of the sea's surface as 4000 miles. 

13-2. This problem is concerned with Wight's test for mass-produced convex 
lens surfaces. Consider a surface of radius r to be tested by a true 
concave contact test surface, by reading the Fizeau interference bands 
between the true and the manufactured surfaces. Let the radius of the 
true surface and the nominal radius of the tested surface both be r. 

Show that, when the outside radius for the transparent test glass is -> 

o 

and parallel incident light is used, the interfering beams will be normal 

to the tested surface. Here N = 1.5. 

13-3. Consider two paraxial rays and a marginal ray that strikes a glass 
sphere of index N = V2 and radius r at i = 45°. Show by ray tracing 
that the distance from the paraxial focus to where the marginal ray 
crosses the (£ is 0.48 r. 

13-4. By the trigonometry and geometry of rays, show that the longitudinal 
spherical aberration of a spherical mirror that is used to focus parallel 
light is 



\sin 2i 2 sin i) 



Furthermore, using the mathematics of modest rigor, show that this 
longitudinal aberration is approximately 

8/ + 128 p 
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13-5. If h represents the marginal parallel ray that is focused by a spherical 
mirror, show that all the rays inside h that are focused by the mirror 

are contained within a circle of radius b = r^»» lying somewhere be- 
tween the paraxial focus, at Ax = 0, and the marginal <fc cross-over, at 

8/ 



A "0' 

Ax = 



13-6. Whereas a non-uniform metallic reflecting film of proper thickness, 

Sxi = ° , — > deposited on a concave sphere of radius r , will parabo- 
8r 3 

lize it, show that a second non-uniform film that is at most only 1/4 as 

thick as the maximum thickness of the first, namely 8x 2 = ^—^ > 

will also parabolize it; but that such a second parabolization is accom- 
panied by a fractional change of the central radius of curvature of j— 2 - 

13-7. Consider a plane wave reflected by a spherical mirror of radius r , 
that is converging onto a paraxial focus F. Let be the angle of 
obliquity of its rays with respect to the (|). Show that the radial 
difference between the wave front and a sphere that is centered about 

a point on the (|>, at a distance A/ from F, of — O 2 is zero at = 0, 

and at = O . Here = O represents the marginal rays; and O <$C 1.0. 
Show further that the maximum difference, at = 6 /V2, is i of 
that at for A/ = 0. 

13-8. Consider a rectangular wave front of width w that is focused to a point 
by a lens. If the wave front is plane, it will give a diffraction pattern 

of angular half width, a = — Furthermore, it seems logical that an 

out-of-plane facet of this wave front cannot be inclined away by more 

than the angle ^ and give a good point image. Consider the wave front 

to be divided into two halves, each plane, and with a relative tip -• 

Show how this consideration leads to Lord Rayleigh's approximate 
criterion that a lens must not distort the wave front more than by 

- if it is to yield a good point image. 



CHAPTER XIV 

14-1. If the plate in a spectrograph holder is photographically focused and 
then a glass filter of index N and thickness d is put in the plate holder 
in front of the emulsion of a second unexposed plate, pushing the emul- 
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sion back with respect to the plate holder's edge, show that the plate 
holder must b< 
establish focus. 



holder must be moved a distance ^ toward the camera lens to re 



14-2. Calculate the ratio of longitudinal spherical aberrations, A ( - Ys, for 

a plano-convex lens for two cases: one where parallel light is incident 
on the convex surface of the lens, and the other incident on the plane 
surface. Take N = 1.5 and/ = 1 meter. Compare this with the aber- 
rations when the lens of the same / is properly "bent" following the 
teaching of §14-6 and Fig. 14-11. 

14-3. Calculate the thick lens JF, and H and H', for a glass sphere of index 
N = 1.5 and radius r. This locates the principal foci. Now check this 
result by ray-tracing an initially parallel paraxial ray through the 
two spherical surfaces. 

14-4. Show that the separation of the principal planes of a bi-convex lens of 
index N = 1.5, radius r, and thickness d is 



d 



( 2r - d \ 
\Qr - d) 



14-5. (From T. Smith) "Show that, as the thickness of any lens (of N = 1.5) 
diminishes, the distance between the unit points approximates to one- 
third of the thickness of the lens." 

14-6. Calculate prism angles for a compound Amici prism. Let the outside 
prisms be made of flint glass, with CS 2 for the center prism. Consider 
prism angles small. Design two compound prisms that will (a) disperse 
the spectrum without deviation of the D-rays and (b) deviate the C- 
and F-rays equally. In case b calculate the angle between these rays 
and the D-rays, assuming that the small CS 2 prism angle is 5.74°. 

14-7. (From T. Smith) "The axial distance between a fixed object and the 
image formed by a thin lens in air is X and this distance is unaltered 
when the lens is moved through an axial distance a. Show that the focal 
length of the lens is 

J 4X 

14-8. For a prism of angle A, producing deviation D, we have D — A = 
i\ + r 2 ' and A = n + r 2 '. From Snell's law, and differentiation, show 

that -T7- = only if we have symmetrical penetration of the prism — 

ii = r 2 ' and n = i 2 '. 
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14-9. Some instruments use a thin spherical glass hood or dome with con- 
centric spherical optical surfaces through which one may look radially. 
Show qualitatively that the optical power of such a hood is negative ; 
and, quantitatively, that the power is approximately equal to the 
power of either surface multiplied by the ratio of thickness to radius, 
and divided by N. 

14-10. Two equal, long, cylindrical lenses, of focal length/, are arranged with 
their axes of symmetry parallel in the x-z plane of a Cartesian coordi- 
nate system. The surfaces of one lens lie normal to this plane near the 
plane z = +/; those of the other lens lie near the plane z = — /. This 
combination acts as a stigmatic image inverter when put in front of a 
telescope, in parallel light. However, astigmatism enters when this 
combination is inserted between the objective and eyepiece of a tele- 
scope, in converging light. Set up equations for the meridional image 
position for this combination as function of the location of a point 
object. 



CHAPTER XV 

15-1. In the accompanying figure, at a, we see two paths from A to C, with 
reflection at a mirror. Show that the path via B' is greater than that 




A' 
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--, 
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via B when B lies in the plane containing A and C that is perpendicular 
to the mirror, and if B' lies opposite B. And, furthermore, referring 
to b, show that the path is less for the path via B than for that via B' 
when both are in the perpendicular plane, if the angle of incidence at B 
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is equal to the angle of reflection there. It is of interest that Hero of 
Alexandria formulated the law of reflection (first stated by Euclid) as 
the "path of shortest distance." 

15-2. Referring again to the figure of Problem 15-1, at c, show that, similarly, 
the path from A to D that lies in the plane that is perpendicular to a 
refracting surface and contains both A and D, with refraction at B, is 
shorter than the path with refraction at a point just outside this plane, 
at B' opposite B. And, finally, referring to d, show that the path ABD 
is shorter than an adjacent path in the plane AB'D if SnelPs law 
applies to the angles at B. To accomplish this, show that the Snell 
relationship between i, r, and N satisfies 



■/ 



5[ / n(s) ds] = [AB + N(BD)] - [AB' + N(B'D)] = 

15-3. In § 15-9 we calculated the average transmission for a Pfund cell when 
the entrance window was a slit of length 2y s . Make a similar calcula- 
tion for a circular entrance window of diameter 2y s . 

L5-4. Show that the linear magnification of a Galilean telescope for an object 

fe f 

at great distance, but not at infinity, is — -f' and not —f as for an- 

Jo Je 

gular magnification. 

15-5. A Keplerian telescope and an equivalent Galilean telescope have ob- 
jectives of diameter 2 and focal length 20, and eye lenses of diameter 1 
and of focal lengths, respectively, + 10 and — 10. 

When used as relay systems to transform parallel light to parallel 
light, show that they have magnifications —2 and +2; and further, 
that they have fields 1/30 and 1/10. 

When used as viewing telescopes, show that the viewing fields, with 
eye rings of diameter 1 located a distance 10 behind the eye lenses, 
are, respectively, 1/10 and 1/30. 

Finally, show, for the case above, that field lenses of power F P = 
0.067 and Fv = 0.05 are required, located at the common focus, to 
give maximum projection field (no eye ring) and maximum viewing 
field (with the eye ring as specified above). 

15-6. Show that the effective reciprocal aperture of a camera lens is increased 
by the factor (1 + m) when an object lies closer than infinity. Here m 
describes the magnification for the photographed image. 

CHAPTER XV I 

16-1. In Huygens' time telescopes made from a single thin lens were given 
long focal lengths (100 feet or more). The purpose was to increase the 
ratio of planetary image size to the blur circle arising from chromatic 
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aberration. Show that ~f gives this ratio— a being the planet's angu- 

lar radius; f D the focal length; hi the half-diameter of the lens; and v 
its reciprocal dispersion. 
16-2. Check the results for Problem 13-3 with the Seidel correction term 
given in § 16-1. 

16-3. In considering curvature of field, we have shown that the locus of 
circles of least confusion for a simple lens is a sphere. Determine the 
character of the locus of sagittal and meridional foci. 

16-4. By means of the sagitta formula of Fig. 13-6a, show that the slant 
distances for a spherical mirror of radius r, say u and v of Fig. 13-7c, 
are related to (£ distances, p and q, as follows: 

(p - r\ h 2 ( g - r \ h? 

D — T U 

Furthermore, show that = — 

' r — q v 

Combine these expressions to get a measure of spherical aberration 

q q r 3 \ pq) 
which yields q = q for a sphere worked near its center of curvature, 

and confirms the value 7- of p. 294 when the sphere is worked in par- 
4r 

allel light. Here q is the value of the (£ distance for ft = that is 

given by — = -• 

6 p qo r 

16-5. Extend the considerations of the problem above to the single refraction 
shown in Fig. 14-5b : 

First establish the following relationships between the <£ distances, 
p = p x Ci and q = C1P1, in terms of the angle of the radius to the 

point of refraction, a = -'• 

Defining q by - -\ = > show that 

p qo r 

— £(^X*-'X'-') 

q q- 2r*qqo\ q ° J \p ^ qo/ 

16-6. By means of the formulas of the two problems above, show that 
spherical aberrations cancel for a Mangin mirror (c/. Fig. 14-12) when 
N = 1.5 for its glass, and when F and d are coincident (with n = fr 2 ). 
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Abbe, 533, 537; deduction of sine condition, 
333-336; on optical glass, 324; sine con- 
dition, 329-330, 534; theory of micro- 
scope, 533 

Aberrations: astigmatism, 303, 362, 365, 
367, 399; chromatic, 319; coma, 356-357; 
curvature of field, 366; distortion, 368; 
of light (manifest by starlight), 81-82; 
longitudinal and lateral chromatic, 356; 
measurement of longitudinal spherical, 
297; spherical, 314, 315, 355; spherical, 
formula for single refracting surface, 681 ; 
spherical, formula for spherical mirror, 681 

Absorption: cell, White's, 347; constant, 
65-66; and emission, spectral lines in, 83; 
law of, 65-66; lines, water vapor, 433 

Achromatic doublet, 319-320, 323, 356; 
origin of, 320 

Achromatic lens, 320 

Achromatized fringes, 394-395 

Aiiy's disk, 203, 277, 293 

Amici prism, 305 

Amplifier time constant, 505 

Amplitude: division of, 161, 223, 374, 381 

Amplitudes: vector addition of, 25 

Analog computer, 552 

Analysis: dimensional, Lord Rayleigh's, 104; 
of polarized fight, 144; spectral, with two- 
beam interference, 172; vector, 633 et seq. 

Analyzer: error of, 665; Lippich, 148; for 
polarized light, 105, 112, 146-148, 665 

Anderson: calcite achromat, 323 

Angle, critical, 116; and plane of incidence, 
50, 679-680 

Angular aperture, 306; and angle of pro- 
jection, 341-342 

Angular and lateral magnification, 680 

Anisotropic compliance (mechanical), 134 

Anisotropic oscillator (electromechanical), 
127 

Anomalous dispersion, 97 

Aperture: angular, 306; circular, diffraction 
pattern of, 417; numerical, 337, 342, 535; 
rectangular, diffraction by, 190, 201; 
stop, 341 



Aplanatic points, 314, 332 

Apodizing, 206; screens, 410, 413, 415 

Arago: interference of polarized light, 178; 
rediscovery of Poisson's spot, 186 

Artificial dielectrics, 520, 521 

Astigmatism: of concave grating, 608 et seq.; 
and curvature of field, related, 367; of 
curved refracting surface, 362; of lens, 
365; of mirror, 365; of plane-refracting 
surface, 303; testing for, 399 

Averted vision, 488 

Azimuth of polarized light, 146 



Babinet, compensator of, 143 

Babinet, principle of, 200 

Bartholinus: description of Iceland spar, 111 

Beam splitting, 379-381, 383-384 

Bees, perception of light by, 109 

Bell: origin of achromatic doublet, 320 

Bentonite for Kerr cell, 155 

Biaxial crystals, 138 

Billet: split lens, 166-167, 375 

Birefringent filter, 585 

Blackbody radiation, 75-76 

Blazed grating, 217-218 

Blur circle, or circle of least confusion, 276, 
367 

Bohr, 447 

Bolometer: detectors, 479; thermistor, 482; 
time constant, 482 

Boundary conditions: Fresnel's reflection 
coefficients from, 50; at interface, 48, 124 

Bouwers: catadioptric optical system, 318, 
370 

Boyle: discoverer of Newton's rings, 222 

Boys' rainbow cup, 224 

Bradley: velocity of light from stellar aber- 
ration, 81 

Brewster's angle, 110, 385, 523 

Brightness, 54; and flux, interrelation of, 
photometric magnitudes, 57; and illumi- 
nation, interrelation of, photometric mag- 
nitudes, 59 

Broca-Pellin prism, 305 
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Broglie, de, 440 

Brownian motion, 473, 485 

Bunsen and Kirchhoff on Fraunhofer lines, 

84 
Burch interferometer, 383 
Butler-Edser interference bands, 225 



c — the "velocity" or speed of light: early- 
determinations, 81; history of, 451; by 
Kerr cell experiment, 462; by molecular 
spectra, 461; by permittivity method, 
457, 465; by phase velocity, 459 

Calcite: achromat, 323; extraordinary wave 
surface, 133; optical axis, direction in, 129; 
ordinary and extraordinary rays, 128; 
refraction for normal incidence, 130; re- 
fractions generally, 135; rhomb angles, 
665; rhomb, Malus' polarization detector, 
139; rhombs in series, 131; spheroidal 
wavelets in (Huygens), 129 

Camera, 343, 369 

Candela, 55 

Cardioid reflector, 314 

Carpenter's rule method of considering peri- 
odic film structures (Turner), 252 

Cauchy: formula for dependence of N on X, 
68-69 

Caustic, 298 

Channeled spectrum, 225, 232, 673; thick- 
ness determination by, 234 

Chief ray, 349 

Chopping: optimum frequency, 504; selec- 
tive, 503 

Christiansen: anomalous dispersion, 97; fil- 
ter, 584, 588 

Chromatic aberration, 319; longitudinal and 
lateral, 356 

Circle of least confusion, 276, 367 

Circularly polarized light, 119 et seq. 

Clausius and Mossotti formula, 68, 521 

Coherence of light, 158 

Coherent beams, 377 

Collinear transformations, 327 

Colors: complementary, 167; interference, 
167 

Coma, 332; of parabolic mirror, 357; pure, 
testing for, 399; of thin lens, 356 

Compensator of Babinet and Soleil, 143-144 

Complementarity, 447 

Complex numbers, 10, 616 et seq. 

Complex refractive index, 65 

Compton effect, 439 

Concave grating, 608 et seq.; astigmatism of, 
608 et seq. 

Cones: optical, 487 

Conic sections, 281 

Conjugate points and planes, 326 

Conrady: equation, 398 



Conservation of energy, 164 

Constant: dynamic dielectric, 65; optical, 

at low frequencies (metal), 69; optical, 

for visible light (metal), 71; Planck's, 

438; time: detector for, 470; of wave 

motion, 65 
Conventions of sign: for electromagnetic 

fields, 52; for geometrical optics, 286, 288, 

308 
Cooke: photo- visual triplet, 323 
Cornu prism, 151, 666 
Cornu spiral, 193; Ditchburn's comments 

on approximation of, 196 
Cornu-Jellett analyzer, 148 
Corpuscular theory, 8 
Cotton and Mouton effect, 155 
Counter: Geiger-Muller, 499 
Counting efficiency, 502 
Critical angle, 116 
Crystals: biaxial, 138; positive and negative, 

149; right- and left-handed, 149 et seq.; 

uniaxial, 149 
Curvature of field, 366-367 
Curvature of surface, 282 
Curve of shape, 299 
Czerny-Turner optical arrangement, 371 



D lines: Fraunhofer, 84-85; of sodium, 82 

Dark current, 498 

Davis and Sinton: double monochromator 
resolving power, 220 

Dennison-Hadley filters, 588 

Detectable power, minimum, of photocon- 
ductive cells, 495 

Detector: bolometer, 479; classification, 
474-475; Ektron, 472; Golay cell, 484; 
human skin as, 475; indium antimonide, 
496; noise, 470; phototube, 496; thermo- 
pile, 475; time constant, 470 

Deviation minimum, 214, 303-304, 678; of 
prism, 304 

Dextrorotatory quartz, 150 

Dielectric constant: dynamic, 65 

Dielectrics: artificial, 520, 521 

Diffraction, 374; beam splitting, 379; of 
diffraction pattern, 674; double slit, 160; 
Fraunhofer, see Fraunhofer diffraction; 
Fresnel, see Fresnel diffraction; fringes 
and interference bands contrasted, 226; 
grating, 207, 215, 216; and interference 
combined, 207; Kirchhoff 's elaboration 
of Fresnel's theory, 4; limitation on re- 
solving power, 210; in microscope, 425, 
527; microwave, 511; pattern of circular 
aperture, 417; single slit, 29, 198, 203, 
422; theory, Fresnel's essay on, 186; 
theory, Kirchhoff's, 180 

Direct-vision prism, 678 
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Dispersion: angular, of prism, 304; anoma- 
lous, 97; of optical glass, 319; reciprocal 
00, 319 

Displacement: electric, 42 

Displacement (electric) current, 44 

Distortion, 368 

Ditchburn's comments on approximations 
of Cornu spiral, 196 

Dolland: patentee for achromatic doublet 
lens, 320 

Doppler line width, 86 

Double refraction, 128 et seq. 

Double slit, 160 

Doublet: achromatic, 319-320, 323, 356; 
origin of, 320 

Drude: remarks of on light rays, 276 

Dyson: alignment interferometer, 389; in- 
terferometer, 385; visibility theorem, 379 



Ebert, 373; optical system of, 371 
Echelle grating, 267 
Echelon, 264; reflection (Williams), 266 
Edser-Butler interference bands, 225 
Einstein, 436, 439 
Ektron detector, 472 
Ektron lead sulfide cell, 494 
Elby: oscillator knife-edge test, 362 
Electric displacement, 42 
Electrical polarization and index of refrac- 
tion, 64 
Electromagnetic fields: conventions of sign 

for, 52 
Electromagnetic spectrum: from gamma 

rays to radio, 39 
Electromagnetic wave motion: history of, 

40 
Electro-optical shutter, 92, 156 
"Elliptical" mirror, 362 
Elliptically polarized light, 119 et seq. 
Emission and absorption: spectral lines in, 

83; of electrical dipole, 73-74 
Energy: conservation of, 164 
Energy-limited resolving power, 270, 674 
Entrance and exit pupils, 341-342 
Equations: differential, for light waves, 45; 
Fresnel, 659; lens, 306, 311; Maxwell, 
40-42, 46; microscope, 290; of motion for 
harmonic oscillator, 64; second-order dif- 
ferential, 651 
Etalon, 238, 265 
Ether, 1, 435, 436 
Evans, 586 
Exit pupil, 341-342 
Extraordinary ray, 128 
Extraordinary wave surface in calcite, 133 
Eye, 485; dark-adapted, 487; Gullstrand's, 
313; optical efficiency of, 488; time con- 
stant of, 488 



/-number, 342 

Fabry-Perot interferometer, 231; film pack 
for, 675; resolving power of, 260 

Fan of rays, 303 

Faraday effect, 155; for microwaves, 524 

Faraday's "Thoughts on Ray Vibrations," 
41 

Fastie: optical system, 371 

FECO interference bands, 232 

Fermat: law, 333, 679-680; principle, 363 

Fibers: bent, 560; composite glass, 574; field 
flattener, 567; image transfer by, 570; loss 
of light in, 556; quartz, 562; refractive in- 
dex of, 562; resolving power of, 571; scan- 
ning with, 571 

Fiberscope, 565 

Field: angle, 345; curvature of, 366-367; 
depth of, 343; flattener with fibers, 567; 
of Galilean and Keplerian (or astronomi- 
cal) telescopes compared, 680; lens, 349; 
stop, 345; of view of optical system, 344 

Figuring: of optical surfaces, 293; by ther- 
mal evaporation, 677 

Film structures: periodic, carpenter's rule 
method of considering (Turner), 252 

Films, evaporated: aluminum, for gratings, 

609; -> reflectance formula for, 671; 

metal, reflection of, 72; metallic, 245; mul- 
tilayer, 252; multiple, 252; non-reflecting, 
244, 248; non-uniform, 251; reflection- 
eliminating, 248; reflection-enhancing, 
245; reflection-reducing, 248; silver, 72, 
262, 587; stack, for Fabry-Perot inter- 
ferometer, 675; tellurium, 594; thermal 
evaporation of, 408 

Filters: alkali metal, 587; birefringent, 585; 
Christiansen, 584, 588; Dennison-Hadley, 
588; germanium, 590; glass, 581-582; in- 
dium antimonide, 590; infrared, 591, 595; 
interference, 253, 385, 582-583; multi- 
layer, 587; silicon, 590; silver film, 72, 587; 
Wratten, 581-582 

Fizeau interference bands, 226 

Flicker frequency, 489 

Flux, 54; and brightness, interrelation of, 
photometric magnitudes, 57 

Focal isolation, 419-420 

Focal power, 287, 308, 309 

Focal ratio, 342 

Focus, sagittal and meridional (i.e. tangen- 
tial), 366, 367 

Foucault: knife-edge test, 294; velocity of 
light in air and water, 2, 10 

Fourier: integral, 35, 630; series, 621 et seq. 

Fourier transforms, 421-422, 631; grating 
pattern by, 424; monochromaticity of 
pulse by, 426; two-beam interference by, 
428 
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Francon, 401, 406 

Fraunhofer: D lines, 84-85 

Fraunhofer diffraction: by circular aperture, 
203; multiple- and single-slit patterns 
compared, 209; by rectangular aperture, 
190, 201; by single split, 29; by square 
aperture, square-on, and along diagonal, 
205; square and circular patterns con- 
trasted, 203; transition fromFresnelto, 192 

Free spectral range, 258-259, 583 

Frequency, 18 

Fresnel: biprism, 375; double mirror and 
double prism interference experiments, 
166-167; elaboration of Huygens' ideas, 4; 
equations, 659; fringes, visibility of, 668; 
integrals, 192; interference of polarized 
light, 178; mirror, 375; prism for demon- 
strating theory of circular light in crys- 
tals, 150; reflection coefficients from 
boundary conditions, 50; rhombs, 118; 
theory of diffraction, Kirchhoff's elabora- 
tion of, 4; two-beam interference experi- 
ments, 161, 172 

Fresnel diffraction: by circular aperture, 
211; essay on theory of, 186; by slit and 
strip, 198; by straight edge, 197 

Fringes: achromatized, 394-395; contrasted 
with interference bands, 226; of equal in- 
clination, 231; of equal thickness, 227; 
localized, 228, 229; visibility of, 168, 668; 
white-light, 167, 171, 237 

Froome interferometer, 460 

Frustrated total reflection, 124; at fiber sur- 
faces, 573 

Full wave or tint plate, 143, 154 

Galilean telescope, 338; field compared to 
telescope of Kepler, 680 

Galileo: attempt to measure c, 81 

Gases: refractive index of, 66 

Gaussian formulas, 287 et seq. 

Gaussian line: visibility of interference 
bands for, 667 

Gaussian pulse, and spectrum, 631 

Gaussian spectrum lines: resolving power 
with, 670 

Gaussian theory, 352 

Gaviola: caustic test, 298 

Geiger-Muller counter, 499 

Geometry of optical surfaces, 280 

Gerhardt interferometer, 375 

Germanium filters, 590 

Gibson: thumbnail biography of Thomas 
Young, 164 

Glare, 120 

Glass: composite fibers, 574; dispersion of, 
319; filters, 581-582; model for, 67; opti- 
cal, 323 et seq.; strain in, device for ob- 
serving, 155 



Glasses: polaroid, 120 

Golay cell, 484 

Graphical ray tracing, 546 

Gratings: aluminum films for, 609; blazed, 
217-218; blazes, 597, 604; concave, 608 
et seq.; diffraction, 207, 216; echelle, 267; 
echelon, 264; efficiency, 606; energy- 
limited resolving power, 674; etalon, 238, 
265; lamellar, 431, 671; merit factor, 607; 
mounting, Wadsworth, 612 et seq.; pattern 
by Fourier transform, 424; production of, 
218, 608; reflection, 216, 608 et seq.; rep- 
lica, 216; resolving power, 215; Rowland 
circle, 609; types of, 216 

Grimaldi, 22 

Group velocity, 92, 93; experiments, 453 

Gullstrand's eye, 313 

Hagen and Rubens formula for metallic re- 
flection, 71 

Haidinger: brush, 106, 111; interference 
bands, 231 

Half-wave plate, 142, 146, 388; for micro- 
waves, 523 

Hall: maker of first achromat, 320 

Hamilton, 539 

Harmonic oscillator: equations of motion 
for, 64; in light field, 63 

Harrison: originator of echelle grating, 
267 

Hartmann test, 355 

Heisenberg, 442 

Helmholtz, 490 

Hendrix, 552 

Herschel, 475 

Hertz, 437; discovery of electromagnetic 
waves, 47 

Hgi 9 ", 168 

Hooke: early proponent of concept of light 
as wave motion, 1, 222 

Hutchins: thermoelectric alloys, 478 

Huygens: ideas about nature of light, 1-2; 
ideas, Fresnel's elaboration of, 4; sphe- 
roidal wavelets in calcite, 129; wave 
trainlets, 158 

Hydrogen line spectrum, 172 

Hyperfocal distance, 344 

Iceland spar, 111 

Illumination, 54; and brightness, photo- 
metric magnitudes, 59; and energy den- 
sity, photometric magnitudes, 60 

Images: of coherent sources, 219; real and 
virtual, 274; stabilized retinal, 487; test- 
ing of, 353; transfer with fibers, 570; 
transformer or sheer, 577 

Impedance: electrical and mechanical, 13 

Incidence: angle and plane of, 50, 679-680 
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Index of refraction, 65; for artificial dielec- 
trics, 521; complex, 65; of fibers, 562; of 
gases, 66 

Indium antimonide detector, 496 

Indium antimonide filters, 590 

Infraction, 222 

Infrared: double reflection in, 135 

Infrared filters, 591, 595 

Infrared polarizers, 123, 124 

Intensity, 54 

Interference, 374; analysis for two-beam, 
161, 172; colors, Young's and Lloyd's, 
167; and diffraction combined, 207; dif- 
fraction pattern, multiple-slit, 207 et seq. ; 
double-slit, experiment (Young), 160; ex- 
periments, Fresnel's double mirror and 
double prism, 166-167; filters, see Inter- 
ference filters; microscope, 387-389; of 
microwaves, 511; multiple-beam, 255; 
order of, 163; of polarized light: Arago and 
Fresnel, 178; spectrometer, 259; by thin 
dielectric plate, 223 ; two-beam, by Fourier 
transform, 428; used for spectrum anal- 
ysis, 172 

Interference bands: Butler-Edser, 225; and 
diffraction fringes contrasted, 226; FECO, 
232; Fizeau, Haidinger and FECO, con- 
trasted, 226; for Gaussian line, visibility 
of, 667; of Haidinger, 231; localized, 228; 
versus fringes, 226; visibility of, 168, 233; 
with white light, 167, 171, 237 

Interference filters, 253, 582-583; at Brew- 
ster's angle, 385; polarization by, 386 

Interferogram, 430 

Interferometer: Burch, 383; common-path, 
384; Dyson, 385, 389; Fabry-Perot, 231; 
film stack for Fabry-Perot, 675; Froome, 
460; Gerhardt, 375; inverting, 395; 
Lummer-Gehrcke, 268; Michelson, 235 
et seq., 381; for microwaves, Michelson, 
515; quartz plate, 420; Rayleigh, 375, 377; 
stellar, 173, 395; Twyman and Green, 375, 
382 

Interferometric modulation, 431 

Interferometry: low-order, multiple-beam, 
256 

Internal reflection, 114 

Inverse square law, 40 

Isoplanasie curves, 542 

Jacquinot: apodizing, 206 
Jellett-Cornu analyzer, 148 
Johnson noise, 471; for thermopile, 478 
Jupiter: satellites of, 81 

Keplerian, or astronomical, telescope, 338, 

680 
Kerr cell experiment to determine c, 462 
Kerr effect, 155 



Kingslake, 398 

Kirchhoff: differential, 181, 598; diffraction 
theory, 180; Fraunhofer lines (with Bun- 
sen), 84; Fresnel's theory of diffraction, 
4 

Knife-edge test, 294 

Knife-edge test oscillator (Elby), 362 

Kosters, double-image prism, 393 et seq. 

Lambert surface, 57 

Lateral and angular magnification, 680 

Lead compound photoconductor cells, 472, 
493, 495 

Lead sulfide cell: Ektron, 494 

Lebedev: microscope, 388 

Lens aberration: astigmatism, 362 et seq.; 
coma, 356; curvature, 366; spherical, 314, 
315, 355 

Lens: achromatic, 320; coma of thin, 356; 
equations, 306, 311; equivalent refracting 
surface, 331 ; field, 349; field of compound, 
344; focal power, 287, 308, 309; immer- 
sion, 312; optical power of system of 
lenses, 310; rim, 341; secondary spectrum, 
322; split (Billet), 166-167, 375; tele- 
photo, 339; Tessar, 539; testing of, 396- 
397; thick, 309; thin, 308 

Levorotatory quartz, 150 

Light: Huygens' ideas on nature of, 1-2; 
loss of, in fibers, 356; Maxwell's equations 
on nature of, 46; Michelson's interferom- 
eter for, 235, 237; monochromatic, 168; 
natural, 106; Newton's ideas on nature of, 
8; particle nature of, 436; polarized, 105, 
112, 119, 120, 144, 146-148, 152, 178, 665; 
polarizing, Wollaston prism for, 139, 390, 
406; source, pinhole, 296; velocity of, 81, 
see also c; as wave motion, Hooke early 
proponent of concept of, 1, 222 

Light-chopping experiment: Rupp's, 92 

Light waves: differential equation for, 45; 
velocitv of, in glass, 48 

Line width: collision, 88; Doppler, 86; due 
to various line-broadening factors, 91; 
natural, 85 

Lippich analyzer, 148; error of, 665 

Lloyd: mirror, 166-167, 375 

Localized fringes, 228 

L-R-C circuit, 13 

Lumen, 55 

Luminance, 55 

Lummer-Gehrcke interferometer, 268 

Lyot, 401, 405 

McAlister, 584 

Mach: comment on transverse wave motion, 

178; description of Huygens' ideas, 2 
Magnesium oxide crystals, 594 
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Magnification, 327, 328, 330, 336; angular 

and lateral, 680; normal, 348 
Magnifiers, 336 
Magnitudes: photometric, 54 
Maksutov: optical system, 371 
Malus: discovery of polarization by reflec- 
tion, 110; law, 113; polarization detector, 
calcite rhomb, 139 
Mangin mirror, 317 

Maraldi: discoverer of Poisson's spot, 186 
Maxwell: commutator bridge, 458; equa- 
tions, 40-42, 46; perfect optical system, 
326 
Maxwellian view, 294 
Meissner: highest resolving power, 263 
Mercury (Hg 198 ): radiation "from gold," 

168; vapor, scattering by, 103 
Metal: films, reflection of, 72; optical con- 
stants, at low frequencies, 69; optical con- 
stants for visible light, 71 
Metallic reflection: Hagen and Rubens for- 
mula, 71 
Meter expressed in cadmium wavelengths, 

241 
Mica, 143; cleavages, terraced, Tolansky's 

measurement of, 255 
Michelson: measurement of meter, 238; and 
Morley experiment, 436; transmission 
echelon, 265 
Michelson interferometer, 381; for micro- 
waves, 515; for monochromatic light, 235; 
for white light, 237 
Microscope: Abbe theory of resolution, 533; 
defined, 336; diffraction in, 425, 527; 
equations, 290; interference, 387-389; 
Lebedev, 388; magnification and depth of 
focus, 338; numerical aperture for, 335; 
phase contrast, 379, 530 
Microwaves: Brewster's angle for, 523; 
Faraday effect for, 524; generator and re- 
ceiver for, 507; interference and diffrac- 
tion, 511; Michelson interferometer for, 
515; polarization of, 522; reflection, 517, 
519; standing, 510; transmission, 509 
Minimum deviation, 214, 303-304, 678 
Minnaert: description of Haidinger's brush, 

111 
Mirrors: astigmatism of, 365; "elliptical," 
362; Fresnel, 375; Lloyd, 166-167, 375; 
Mangin, 317; parabolic, 291, 357; spheri- 
cal aberration formula for, 681 ; telescope, 
292; test with auxiliary flat, 294; test of 
"flat," 364-365 
Modulation : periodic, 503 ; see also Chopping 
Modulation line broadening, 90 
Molecular spectra method for c, 461 
Monochromatic light, 168 
Monochromaticity of pulse by Fourier 
transforms, 426 



Monochromator, 213; double, resolving 
power (Sinton and Davis), 220 

Morey, 325 

Mossotti. See Clausius. 

Motion, Brownian, 473, 485; simple har- 
monic, 11 

Mouton and Cotton effect, 155 

Muller-Geiger counter, 499 

Multilayer films, 252 

Multilayer filters, 587 

Multiple reflections, 242 et seq. 

Multiple-beam, high-order spectroscopy, 257 

Multiple-slit interference-diffraction pat- 
tern, 207 et seq. 

Natural light, 106 

Natural line width, 85 

Negative and positive crystals, 149 

Newton: black spot, 225; ideas about nature 
of light, 8; rings, 222, 225 

Nicol prism, 139 

Nitrobenzene for Kerr cell, 155 

Nodal points, 547 

Noise: background, 471; current, 471; detec- 
tor, 470; equivalent, 479; in interferome- 
tric radiometry, 431; Johnson, for thermo- 
pile, 478; shot, 471, 498 

Nonreflecting films, 244, 248 

Normal magnification, 348 

Norremberg doubler, 116 

Nu (v), reciprocal dispersion, 319 

Numerical aperture, 337, 342, 535 

Nyquist formula, 471 

Object: real and virtual, 274 

Object and image space, 327 

Obliquity factor, 181 

Operator, B^, 16 

Optical activity, 152; specific rotatory pow- 
er of quartz, 153; in turpentine liquid and 
vapor, 153 

Optical axis, or center line, (|), 127; direction 
in calcite, 129; velocity in quartz along, 
150 

Optical constants of metals, 71 

Optical defects, 549 

Optical efficiency of eye, 488 

Optical glass, 319, 323 et seq. 

Optical path, 225, 333 

Optical polishing, Twyman, 294 

Optical power: of surface, 287; of system of 
lenses, 310; of thick lens, 309; of thin lens, 
308 

Optical surfaces, 278; figuring of, 293; figur- 
ing of by thermal evaporation, 677; geom- 
etry of, 280; proving of, 229 

Optical systems: Bouwers' catadioptric, 318, 
370; Czerny-Turner, 371; Ebert, 371; 
Fastie, 371; field of view of, 344; Maksu- 
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tov, 371; Maxwell's perfect, 326; power 

of combination of lenses, 310; telecentric, 

348 
Order of interference, 163 
Ordinary ray, 128 
Oscillator: harmonic, equations of motion 

for, 64; in light field, 63 
Oscillator knife-edge test: Elby's, 362 
Oscillators of optical medium, 62, 127 
Overcoats evaporated on glass, 248 et seq. 

Parabolic mirror, 291, 357 

Parallax, 349; stellar, 81, 82 

Paraxial rays, 276 

Particle nature of light, 436 

Path: difference, 225-226; optical, 225, 333 

Pellin-Broca prism, 305 

Penetration on total reflection, 124 

Period of wave motion, 19 

Periscope, 349 

Permittivity method, c by, 457, 465 

Perot-Fabry: absorption cell, 346; interfer- 
ometer, 231; resolving power, 260 

Perspective, 344 

Pfund: selenium polarizer, 123 

Phase change: on internal reflection, 118; on 
external reflection, 25 

Phase contrast, 407; in microscopy, 379, 530 

Phase plate, 531, 532 

Phase retardation plate, 141 

Phase reversal zone plate, 189 

Phase velocity, 96; method for determina- 
tion of c, 459 

Phases: random, 31 

Photoconductive cells: minimum detectable 
power of, 495; time constant of, 494-495 

Photoconductivity, 492 

Photoelasticity, 154 

Photoelectric effect, 437 

Photoelectric surfaces: composite, 497 

Photoemissive surfaces: quantum efficiency 
of, 497 

Photographic plate, 491 

Photographic sensitizing, 492 

Photography: quantum efficiency of, 490 

Photometric magnitudes, 54; interrelation 
of, 57, 59, 60 

Photometry: heterochromatic, 56 

Photomultiplier tubes: refrigeration of, 498 

Photons, 439 

Photopic (high fight level) vision, 487 

Photorefractometer, 574 

Phototube, 496 

Photovisual triplet: Cooke, 323 

Pile-of-plates polarizer, 122 

Pinhole light source, 296 

Planck: constant, 438; hypothesis, 469; radi- 
ation law, 76-79 

Plane and angle of incidence, 50, 679-680 



Planes: conjugate points and, 326; princi- 
pal points and, 309 

Plate: focal length of zone, 669; geometrical 
optics of plane parallel glass, 301; phase, 
531-532; quarter wave, 142, 385, 386; re- 
tardation phase, 141 ; reversal zone phase, 
189; tint, 143, 154; tipping, for measuring 
small deflections, 301; zone, 188 

Points: conjugate, and planes, 326; princi- 
pal, and planes, 309 

Poisson's bright spot, 186 

Polariscope: Savart, 401 

Polarization: for beam splitting, 384; detec- 
tor, calcite rhomb as (Malus), 139; elec- 
trical, and index of refraction, 64; by in- 
terference filter, 386; of microwaves, 522; 
by reflection, 109, 110; by scattering, 108; 
of sky light, 107; state of, 107 

Polarized light: analysis of, 144; analyzer 
for, 105, 112, 146-148, 665; azimuth of, 
146; circular and elliptical, 119-120; 
right- and left-circular, 120, 152 

Polarized wave motions: superposition of, 27 

Polarized waves in string, 16 

Polarizer: for infrared radiation, 123, 124; 
parallel plate, 665; pile-of-plates, 122 

Polarizing light: Wollaston prism for, 139, 
390, 406 

Polaroid, 105 

Polaroid glasses, 120 

Polish, 278 

Polishing: optical (Twyman), 294 

Porter, 425 

Positive and negative crystals, 149 

Power: of combination of lenses, 310; mini- 
mum detectable, of photoconductive cells, 
495; resolving, see Resolving power; of 
surface, 287; of thick lens, 309; of thin 
lens, 308 

Pressure: radiation, 75 

Principal points and planes, 309 

Prism: Amici, 305; angular dispersion of, 
304; Broca-Pellin, 305; Cornu, 151, 666; 
deviation of, 304; direct-vision, 678; en- 
ergy-limited resolution of, 674; Fresnel's, 
for demonstrating theory of circular fight 
in crystals, 150; Kosters' double image, 
393 et seq.; Nicol, 139; resolving power of, 
214; Rochon, 139, 406; Thallon, 305; 
transmission of, 662; Wadsworth arrange- 
ment, 305; Wernicke, 305; Wollaston, 
139, 390, 406; Zenger, 305 

Probability concept, 448 

Pulfrich refractometer, 664 

Pulse, Gaussian, and spectrum, 631 

Pupils, 341-342 

Quantum efficiency: of photoemissive sur- 
faces, 497; of photography, 490 
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Quantum mechanics, 442 
Quarter wave plate, 142, 385, 386 
Quartz: dextrorotatory, 150; fibers, 562; 
levorotatory, 150; plate interferometer, 
420; refractive indices, 149, 150; specific 
rotation of, 153, 665; velocity in, along 
optical axis, 150 

Radiation: blackbody, 75-76; infrared, po- 
larizers for, 123, 124; laws, intercompared, 
78; Planck, Rayleigh-Jeans, Stefan-Boltz- 
mann, Wien laws, 76-79, 476; pressure, 75 

Random phases, 31 

Ray: chief, 349; extraordinary, 128; graphi- 
cal ray tracing, 546; ordinary, 128; plot- 
ters, 546; tracing, 277, 545, 550 

Rayleigh: comments on blazed gratings, 
218; dimensional analysis, 104; failure of 
superposition in sound, 35; interferom- 
eter, 375, 377; - criterion, proof for, 677; 

resolving power, 211; superposition with 

random phases, 33 
Rayleigh-Jeans: radiation law, 77-79 
Rays: fan of, 303; light, Drude's remarks on, 

276; paraxial, 276; skew, 537, 551 
Rectangular aperture: diffraction by, 190, 

201 

Reflectance formula for - films, 671 
4 

Reflection: coefficients from boundary con- 
ditions, Fresnel, 50; double, in infrared, 
135; echelon, Williams, 266; external, 
phase change on, 25; frustrated total, 124, 
573; grating, 216, 608 et seq.; internal, 114, 
118; of metal films, 72; metallic, Hagens 
and Rubens formula, 71; microwaves, 
517, 519; penetration on total, 124; polar- 
ization by, 109, 110; total, 117 

Reflection-eliminating films, 248 

Reflection-enhancing films, 245 

Reflection-reducing films, 248 

Reflections: multiple, 242 et seq. 

Reflectors: conical, 556 

Refracting surface: equivalent (lens), 331; 
single, spherical aberration formula for, 
681 

Refraction: calcite, 130, 135; theory, third- 
order, 352-353, 540 

Refraction index, 65; for artificial dielectrics, 
521; complex, 65; of fibers, 562; of gases, 
66 

Refractions: double, 128 et seq.; at single 
surface, 282 

Refractive indices: quartz, 149, 150 

Relativity, 436 

Replica gratings, 216 

Residual-ray crystals, 592-593 

Resolving limit, 262 



Resolving power: and beam retardation, 
675; criterion, Sparrow, 669; diffraction 
grating, 215; diffraction-limited, 210; 
double monochromator (Sinton and Da- 
vis), 220; energy-limited, 270, 674; Fabry- 
Perot, 260; with fibers, 571 ; with Gaussian 
spectrum lines, 670; highest, Meissner, 
263; prism, 214; Rayleigh's, 211; spectro- 
scopic, 212; telescope, 340 

Retinene, or visual yellow, 489 

Reversibility: principle of, 114, 221 

Rhodopsin, or visual purple, 489 

Right- and left-circular polarized light, 120, 
152 

Right- and left-handed crystals, 149 

Ripples, 21 

Rochon prism, 139, 406 

Rods, 487 

Roemer: velocity of light by Jupiter's 
moons, 81 

Rotary power of quartz, 665 

Rough surfaces, 278 

Rowland circle for gratings, 609 

Rubens and Hagen: formula for metallic 
reflection, 71 

Ruling of diffraction gratings, 216 

Rupp: light-chopping experiment, 92 

Saccharimetry, 146; angle uncertainty in, 
666 

Sagittal and meridional (i.e. tangential) 
focus, 366, 367 

Savart, 401; plate, 391; polariscope, 401 

Scattering, 100; beam splitting by, 383; co- 
efficient, 104; by ether, liquid and vapor, 
101; of light, Wood's experiments, 101- 
103; by mercury vapor, 103; polarization 
by, 108; single and multiple, 108; by sky, 
104; by sodium vapor, 102; Thomson's 
formula, 663 

Schmidt camera, 369 

Scotopic (dark-adapted) vision, 487 

Secondary spectrum of lens, 322 

Seeing: astronomical, 577 

Seidel: third-order theory, 353, 540 

Selenium polarizer: Pfund's, 123 

Sensitizing: photographic, 492 

Shape factor, 316 

Shot noise, 471, 498 

Shrodinger, 449 

Shutter: electro-optical, 92, 156 

Sign: conventions of, 52, 286, 288, 308 

Silicon filters, 590 

Simple harmonic motion, 11 

Sine relationship (or condition), 329-330, 
534; deduction of, 333-336 

Single-slit diffraction, 29, 198, 203, 422 

Sinton and Davis: double monochromator 
resolving power, 220 
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Sirius and its companion, 205 

Skew rays, 537, 551 

Sky light: blue color of, 104; polarization of, 
107 

Slit diffraction: Fraunhofer, 203; Fresnel, 
198 

Smith, 286, 309, 545, 546, 550, 551, 678 

Sodium: D lines of, 82 

Sodium vapor: anomalous dispersion in, 98; 
phase velocity in, 96; scattering by, 102 

Soleil compensator, 144 

Solid angle, 58 

Sparrow: resolving power criterion, 669 

Spectral analysis with two-beam interfer- 
ence, 172 

Spectral brightness, 54 

Spectral lines in absorption and emission, 
83; breadth of, 85 et seq. 

Spectrograph: contrasted with spectrom- 
eter, spectroscope, and monochromator, 
213 

Spectrometer: contrasted with spectro- 
graph, spectroscope, and monochromator, 
213; interference, 259 

Spectroscope: contrasted with spectrograph, 
spectrometer, and monochromator, 213 

Spectroscopic resolving power, 212 

Spectroscopy: high-order multiple-beam, 
257 

Spectrum: analysis, interference used for, 
172; channeled, 225, 232, 234, 673; elec- 
tromagnetic, from gamma rays to radio, 
39; hydrogen line, 172; secondary, of lens, 
322; spots, contrasted to lines, 206 

Speed of light, see c 

Sphere: aplanatic points of, 314 

Spherical aberration, 314, 315, 355 

Spherical aberration formula: for single re- 
fracting surface, 681 ; for spherical mirror, 
681 

Spiral: Cornu, 193 

Spot diagrams, 538, 541 

Stabilized retinal images, 487 

Standing waves, 24 

State of polarization, 107 

Stef an-Boltzmann : radiation law, 78-79, 
476 

Stellar diameters, 177 

Stellar interferometer, 173, 395 

Stellar parallax, 81, 82 

Stigmatic mounting of grating, 612 et seq. 

Stokes: proof that r' = — r, 114 

Stop, 341, 345 

Straight edge: diffraction by, 197 

Strain in glass: device for observing, 155 

String: polarized waves in, 16 

Superconducting bolometer, 482 

Superposition: general procedures of, 28; of 
polarized wave motions, 27; principle, 



373; with random phases, Rayleigh, 33; 
in sound, failure of, Rayleigh, 35; of two 
cosine functions, 23; of waves of different 
frequency, 34; of waves with random 
phase, 31 
Surface: liquid, wave motion on, 21; power 
of, 287; rough, 278; single refracting, 
spherical aberration formula for, 681; 
single, refraction of, 282; unit, 309 

T-number, 343 

Telecentric optical system, 348 

Telephoto lens, 339 

Telescope, 336-338; Keplerian (or astro- 
nomical) and Galilean, compared, 680; 
mirrors, 292; resolving power, 340 

Tellurium films, 594 

Tessar lens, 539 

Tests: knife-edge, 294; mirrors, 294, 364- 
365; oscillator knife-edge, Elby, 362 

Test plate: Wight, 676 

Testing: of gauge blocks, 395; of images, 
353; of lens, 396-397; for pure coma and 
astigmatism, 399 

Thallon prism, 305 

Thermal evaporation figuring, 677 

Thermal evaporation films, 408 

Thermistor bolometer, 482 

Thermoelectric alloys, Hutchins, 478 

Thermopile detector, 475; Johnson noise 
478 

Thick lens, 309 

Thickness determination by channeled spec- 
trum, 234 

Thin lens, 308, 356 

Third-order refraction theory, 352-353, 540 

Thomson scattering formula, 663 

Time constant: amplifiers, 505; bolometers, 
482; detectors, 470; eye, 488; photocon- 
ductive cells, 494-495; thermopile, 478 

Tint plate, 143, 154 

Tolansky: measurement of terraced mica 
cleavages, 255 

Total internal reflection of microwaves, 519 

Total reflection, 117, 124 

Tourmaline, 105 

Transients, 34 

Transmission: of crystals, 589; echelon, 
Michelson's, 265; microwaves, 509; of 
prism, 662; of silver, 72 

Triplet: Cooke photovisual, 323 

Turner: carpenter's rule method of consider- 
ing periodic film structures, 252 

Turner-Czerny optical arrangement, 371 

Twyman: optical polishing, 294 

Twyman and Green: interferometer, 375, 
382 

Uncertainty principle, 441 
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Uniaxial crystals, 149 
Unit surfaces, 309 

Vector addition of amplitudes, 25 

Vector analysis, 633 et seq. 

Velocity: group velocity, 92-93; group- 
velocity experiments, 453; of light in air 
and water, Foucault, 2, 10; of light waves 
in glass, 48; of longitudinal waves, 20; 
phase, in sodium vapor, 96; in quartz, 
along optical axis, 150; signal, 100; of 
sound waves, 21; of transverse waves, 20; 
see also c 

Vignetting, 346 

Visibility: of Fresnel fringes, 668; of fringes, 
168; of interference bands, 168, 233; of 
interference bands for a Gaussian line, 
667; theorem, Dyson, 379 

Vision: averted, 488; photopic (or high 
level), 487; scotopic (dark-adapted), 487 

Wadsworth grating mounting, 612 

Wadsworth prism arrangement, 305 

Water vapor absorption lines, 433 

Water waves, 21 

Wave: guides (cones), 556; mechanics, 449; 
nature of particles, 439; packet, 447; 
trainlets, Huygens, 158 

Wave motion: constants of, 65; in a drum- 
head, 23; electromagnetic, history, 40; 
graphical summation for, 25; Hooke, 
early proponent of concept of light as, 
1, 222; on liquid surface, 21; period of, 
19; polarized, superposition of, 27; trans- 
verse, Mach's comment on, 178 

Wave number, 262 

Wave-front division, 161, 223, 374, 381 



Wavelength, 19 

Wavelengths: cadmium, meter expressed in. 
241 

Wavelets: spheroidal, in calcite (Huygens), 
129 

Waves: amplitude division, 223; of different 
frequency, superposition of, 34; electro- 
magnetic, Hertz discovery of, 47; false 
back, 181; longitudinal, velocity of, 20; 
polarized, in string, 16; with random 
phase, superposition of, 31; sound, veloc- 
ity of, 21; standing, 24; transverse, ve- 
locity of, 20; water, 21; see also Light 
waves 

Wernicke prism, 305 

White: absorption cell, 347 

White-light fringes, 167, 171, 237 

Wiedemann-Franz law, 477 

Wien: radiation law, 76-78 

Wiener's experiment, 51 

Wight: test plate, 676 

Williams: reflection echelon, 266 

Wilson: cloud chamber, 441 

Window, 345 

Wollaston: polarizing prism, 139, 390, 406 

Wood: experiments on scattering of light, 
101-103; ultraviolet moon photographs, 
72 

Wratten: filters, 581-582 

Young, 373, 490; double-slit interference ex- 
periment, 160; Gibson's thumbnail biog- 
raphy of, 164 

Young and Lloyd: interference, colors in, 167 

Zenger prism, 305 

Zone plate, 188; focal length of, 669 
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